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PREFACE 


In 1915, the author published in the series of Hdinburgh 
Mathematical Tracts a brief introduction to “ Automorphic 
Functions.” This booklet has been long out of print. Except 
for this little volume, no book on the subject has ever appeared 
in English. This is regrettable, in view of the importance of the 
subject to those whose interests lie in the field of Functions of 
a Complex Variable and of its numerous contacts with other 
domains of mathematical thought. 

It has been the author’s aim in the earlier chapters to lay the 
foundations of the theory with all possible rigor and simplicity. 
The introduction and use of the isometric circle (the name was 
suggested by Professor Whittaker) have given the theory of 
linear groups a simplicity it has not had hitherto. The funda- 
mental region which results was given by J. I. Hutchinson, in 
1907, and independently by G. Humbert, in 1919. But the 
interesting properties of the circle itself and its utility in the 
derivation of the theory seem to have escaped the attention of 
workers in the field. It may be stated here, that much of the 
material involving the isometric circle embodies researches of 
the author which have not appeared elsewhere in published 
form. 

In the later chapters, the author’s task has been largely a 
matter of selection of material and method of treatment. Here, 
also, the use of the isometric circle has often led to a simplifica- 
tion of the proofs. The material included has been, perhaps, 
a matter of the author’s personal taste. The classical elliptic 
modular functions deserve a place as the best-known examples 
of non-elementary automorphic functions. The theory of 
conformal mapping has been presented at some length—from 
the modern function-theory point of view—as a preparation 
for the theories of uniformization which follow. The chapter 
on Conformal Mapping can be read independently of the rest 
of the book. In the final chapter, the connection between auto- 
morphic functions and differential equations is brought out. 
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This treatment, which is necessarily brief, leads up to the 
triangle functions. 

The connection between groups and non-Euclidean geometry 
has not been treated, as it now seems of less importance, in 
view of the way the foundations have been laid. A chapter 
on Abelian Integrals, treated in the light of uniformization, 
would have been of interest; however, the subject has not been 
worked out to any extent. This chapter should probably not 
be written until some geometer sets up a product for the prime 
function for the Fuchsian group of the first kind. Finally, 
the. book might have been improved by a more extensive use 
of the theory of normal families of functions. 

It is now almost fifty years since Poincaré created the general 
theory of automorphic functions, in a brilliant series of papers 
in the early volumes of Acta Mathematica. Since that time, 
the subject has had a steady growth. The material in the 
present volume will be found to spring very largely from 
researches of the past twenty years, either in content or in 
method of treatment. The theory of uniformization rests on 
the papers of Koebe and Poincaré, published in 1907. The 
first rigorous proof of the possibility of mapping one plane 
simply connected region upon another was presented by Osgood, 
in 1901, but the treatment of this and similar problems by 
function-theory methods came a dozen years later. Area 
theorems and other aspects of mapping are of still later date 
and are active subjects of investigation today. The founda- 
tions of the theory of groups, as previously stated, are based 
on the author’s studies during the past few years. 

The author wishes to thank Prof. E. T. Whittaker for various 
kindnesses while at the Mathematical Laboratory of the Uni- 
versity of Edinburgh. He is indebted similarly to Profs. Otto 
Holder and Paul Koebe, of the University of Leipzig. He 
received much profit from the lectures of Professor Hélder on 
“Elliptic Modular Functions’ and from those of Professor 
Koebe on “Uniformization.”” So much of the material in the 
latter half of the book was gleaned from the published papers of 
Professor Koebe that specific references have often not been given 
and attention is called here to that fact. The author acknowl- 
edges a debt of long standing to Prof. W. F. Osgood, whose 
inspiring teaching first aroused an interest in the subject dealt 
with in this volume and whose “‘Funktionentheorie” has been 
a mine of usefulness. 
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The preceding gentlemen are in no wise responsible for such 
defects as the book possesses. Their encouragement and their 
suggestions have been valuable; but they are busy men, and the 
author has not presumed to ask them to read the manuscript. 
The only assistance in the task of writing the book was from 
Mr. Jack Kronsbein, a student of the University of Leipzig, 
who, as a labor of friendship, typed most of the manuscript 
and checked many of the formule. 

The author’s chief debts are to the National Research Council, 
whose grant of a fellowship made the writing of the book possible, 
and to the Rice Institute, which gave him leave of absence. 

Trelis Le 


Houston, TExas. 
June, 1929. 
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AUTOMORPHIC FUNCTIONS 


CHAPTER I 
LINEAR TRANSFORMATIONS 


1, The Linear Transformation.—Let z and z’ be two complex 
numbers connected by some functional relation, 2’ = f(z). Let 
the values of z be represented in the customary manner on an 
Argand diagram, or z-plane, and the values of z’ be represented on 
a second Argand diagram, or z’-plane. To each point z of the 
first plane for which the function is defined there correspond one 
or more values of z’ by virtue of the functional relation. To 
points, curves, and areas of the z-plane there correspond, usually, 
points, curves, and areas in the z’-plane. We shall speak of the 
configurations in the z-plane as being transformed by the func- 
tional relation into the corresponding configurations in the 
z’-plane. 

We shall find it convenient to represent 2’ and z on the same 
Argand diagram, rather than on different ones. Then the 
functional relation transforms configurations in the z-plane into 
other configurations in the z-plane. In what follows but one 
plane will be used unless the contrary is stated. 

The whole theory of automorphic functions depends upon 
_ a particular type of transformation, defined as follows: 
Derinition.—The transformation 

ede 0 
c+ a 
where a, b, c, d are constants and ad — be # 0, ts called a linear 
transformation.! 

The present chapter will be devoted to a study of this funda- 
mental transformation. 


1This is more properly called a “linear fractional transformation”’; 
but we shall use the briefer designation. It is also called a ‘‘homographic 


transformation.” 
If ad — be = 0, the equation reduces to z’ = constant; but this case is 


without interest. 


(1) 


1 
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The quantity ad — bc is called the determinant of the trans- 
formation. It will be convenient to have always 


ad — be = 1, (2) 


the determinant in the general case becoming 1 if the numerator 
and denominator of the fraction in the second member be divided 
by ++/(ad — be). 

The second member of (1) is an analytic function of z. The 
linear transformation has, therefore, the property of conformal- 
ity; that is, when a figure is transformed, angles are preserved 
both in magnitude and in sign. 

We note that for each value of z, equation (1) gives one and 
only one value of 2’. There is no exception to this statement if 
we introduce the point at infinity. Thus if c # 0,2 = —d/cis 
transformed into 2 = ©, and z= « into 2 =«a/e; i ¢ — 0; 
z = o is transformed into 2’ = . 

Let equation (1) be solved for 2: 

—dz’ +6 
OOS eset gs (3) 
This transformation which, applied after the transformation (1) - 
has been made, carries each configuration back into its original 
position is called the inverse of the transformation (1). We note 
that (8) is a linear transformation; hence, 

TueoreM 1.—The inverse of a linear transformation is a linear 
transformation. 

We note that (3) is formed from (1) by interchanging a and d 
with a change of sign. When formed in this way the determinant 
is the same as in (1). 

We see from (3) that to each value of 2’ there corresponds one 
and only one value of z. We have, then, the following result: 

THEOREM 2.—The 2-plane is transformed into itself in a one-to- 
one manner by a linear transformation. 

Moreover, the linear transformation is the most general 
analytic transformation which has the property stated in Theorem 
2. We shall prove first the following theorem: 

TuHEoreM 3.—If, except for a finite number of points, the plane 
is mapped in a one-to-one and directly conformal manner upon a 
plane region, the mapping function ts linear. 

Let 2’ = f (2) be such a mapping function; and let qu, go, . . . , 
qn(= ©) be the excepted points. Owing to the conformality, 
f(2) is analytic except at the isolated points q:, . . . , qn. Now: 
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is not an essential singularity, else the function takes on certain 
values an infinite number of times in the neighborhood of the 
point, which is contrary to hypothesis. Hence, f(z) either 
remains finite in the neighborhood of g;, and hence is analytic 
there if properly defined, or has a pole. So f(z) is a rational 
function of z. 

A rational function which is not a constant takes on every 
value m times, where m is the number of its poles. Since f(z) 
takes on no value twice, it has a single pole of the first order. 
If the pole is at a finite point g, we may write 


‘gf = A, + Ao = Aw + Ai — Avge, Sake 0) (4) 
Clam Ok &— 
If the pole is at infinity, we have 
2! => A a Ao, A, == 0. ; (4’) 


In either case the function is linear, 

CoroLuary 1.—The most general one-to-one and directly con- 
formal (where conformality has a meaning) transformation of 
the plane into itself 1s a linear transformation. 

We have not defined conformality when one of the points 
involved is the point at infinity. Excepting the point z= « 
and the point of the z-plane which is carried into 2’ = o, the 
transformation is to be conformal. Theorem 3 then applies. 

CoroLuary 2.—The most general one-to-one and directly con- 
formal transformation of the finite plane into itself is the linear 
transformation 2’ = Ayz + Ao. 

We shall now consider the successive performance of linear 
transformations. After subjecting the z-plane to the transforma- 
tion (1) let a second linear transformation 


pee Oeste 
@ a ye! ae 5 (5) 
be made. Expressing 2’’ as a function of z, we have 
az+ 6 
wy fata t? _ (ant Boz + abd + 8d A 
iz a+b (ya + 6c)e + yb + éd 
cze+d 


Making the transformation (1) and then making (5) is equivalent 
to making the single transformation (6). Now, (6) is a linear 
transformation; its determinant, in the form in which the fraction 
is written, is (ad — bc)(aé — By). It is worth noting that if the 
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determinants of (1) and (5) are each unity, that of (6) is also 
unity without further change. 

If z’’ be subjected to a linear transformation, we conclude on 
combining the new transformation with (6) that the succession 
of three linear transformations is equivalent to a single linear 
transformation, and so on. We have then the following result: 

THEroremM 4.—The successive performance of a finte number of 
linear transformations is equivalent to a single linear transforma- 
tion. 

A further well-known property of the linear transformation is 
expressed in the following theorem: 

TuHErorEem 5.—The linear transformation leaves invariant the 
cross-ratio of four points. 

Let 21, 22, 23, 24 be four distinct points and let 2,’, 22’, 23’, 24’ be 
the points into which they are transformed by (1). We shall 
suppose all the points are finite. We have 


a! — pt = OO _ ate +b _ (ad — be)(% — 22) 
: * @i td ea +d (ca alle, +d) 


BAe (7) 
oh 1 2 p, 
~ (cz; + d)(czg + d)’ 
whence 
(a’ — 201) (2a! — 24’) _ (21 = 2a) (2s = 2), (8) 


(i = as’ )\G@s’ — 2y) (1 = 2s) Ga — &%) 
If one of the points is at infinity, we make the necessary change 
in (8) by a limiting process. Thus, if z22 = © and 2,’ = », (8) 


becomes 
23/ — 24" 


2. = oy ete 


&3 — &4 


2. Symbolic Notation.—For brevity in writing and for con- 
venience in combination, we shall represent the second member 


of a transformation such as (1) by the functional notation, using 
capital letters for the function; thus, 


_ ae +b 
TNE aia eae 
so that (1) becomes 
Hiatal ee 


We shall speak of this as the transformation 7, the argument z 
being omitted unless ambiguity might arise without it. If two 
transformations are the same, 7(z) = T(z), this is indicated by 
the equation 7, = T. 
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Let S be the transformation (5), so 
aS 2"), 
Then, (6) is 


x 
I 


= Ol (Z)) = ST'(a). 
Thus, the succession of two transformations is written as a 
product, the enclosing brackets of the functional notation being 
omitted. It should be noted that ST is the single linear trans- 
formation resulting from making first the transformation 7 and 
then the transformation S, the order of performance being from 
right to left. T'S is, in general, different from ST. 

It is easily seen from the meaning of the symbols that the 
associative law of multiplication holds, 

UCT) = (UST, 
and there is no ambiguity in writing simply UST. Ina product, 
any sequence of factors may be combined into a single linear 
transformation. 

The transformations equivalent to performing T twice, thrice, 
etc., are represented by T?, T%, etc. Thus, T?(z) means T[T(2)]. 
The inverse of 7 is written T-'; hence, from (8) 

T-1(z) = ade + 
) Co 
The result of applying the inverse n times is represented by 
T—. If we represent the identical transformation, 2’ = z, by 
1 so that 1(z) means z, we observe that positive and negative 
integral powers of 7’ together with unity combine in accordance 
with the law of the addition of exponents in multiplication. 

The inverse of a sequence of transformations can now be 
written down. ‘To find the inverse of ST’ we make on the plane 
transformed by ST the transformation S~! followed by T~!; we 
have 


CitSa (SL) = TCS 35) T= TT = 1. 
Thus, 7’-!S-! is the transformation which, applied after ST, 
carries each point back to its original position; so 7’~1S~! is the 
inverse of ST. Ina similar manner we have for any number of 
transformations 

(Si ecaca Cl Vato VO ere NSS, 

The rule for the transposition of factors by division is easily 
found. Let UST = V; then, 
CUS a= Violet or US ee. 


and 
UMUST) = Uz, onal = UV. 
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Then, in an equation connecting two products, the first (last) 
factor of one member can be transferred to the beginning (end) 
of the other member by changing the sign of itsexponent. Thus, 
symbolic division is permissible, provided the proper order of 
performing the operations is followed. For example, the inverse 
W of ST - - - UV is a transformation such that 


W SD s22 OU Vase, 


By repeated division on the right we get the result given above. 

3. The Fixed Points of the Transformation.—The points 
which are unchanged by the transformation (1) are found by 
setting z’ = zin (1) and solving the resulting equation. 


ay Oe ee Se ry 
og) Oe +(d—a)je—b=0. (9) 
Suppose, first, that c ~ 0. Then, (9) has the two roots 
—-d+~VJUM 
eee (10) 
c 
where 
M = (d — a)? + 4bce = (a + d)? — 4. CLL) 


The second expression for M is derived on the assumption that 
ad — bc = 1. We see from (1) that © is not transformed into 
itself, so there are at most two fixed points. If M = 0, that is 
ifa +d = +2, there is but one fixed point, 
a—d 
ae Oa 
If c= 0, we must have a ~ 0, d ~ 0 since, otherwise, the 
determinant would be zero. We see from (1) that © is then a 
fixed point. Solving (9) we get a finite fixed point provided 
a#d,. The fixed points are 
b 


f= Beige ty enCcls (13) 


(12) 


If c = 0 and a = d, (1) takes the form 
2 =2+0, 

a translation with the single fixed point, § = ©. In the case 
c = 0, we see from (11) that we have, as before, two fixed points 
if M # 0, and one fixed point if M = 0. 

There cannot be more than two fixed points unless (9) is 
identically zero; that is,c = 0,d = a,andb=0. Equation (1) 
then takes the form 2’ = z. Hence, 
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TuHrorEeM 6.—The only linear transformation with more than 
two fixed points is the identical transformation 2’ = 2. 

By means of this theorem we are able to prove the following 
important proposition: 

TuEorEM 7.—There is one and only one linear transformation 
which transforms three distinct points, 21, 22, 23, into three distinct 
points, 21’, 22’, 23’. 

We shall prove first that there is not more than one such 
transformation. Let 7 be one transformation carrying 21, 22, 
23 into 21’, 2’, 23’, and let S be any other such transformation. 
Consider the transformation T-18. We have S(z,) = 2;' and 
Tei’) = 213. $0 

TS(2;) = Ter) = 21. 
Hence, 21, and similarly z. and 23, are fixed points of the trans- 
formation T'S. It follows from Theorem 6 that 
TAS = 1; 
whence applying the transformation 7 to both members, 
S = T. 
There is, thus, not more than one transformation of the kind 
required. 

We shall prove that there is always one such transformation 
by actually setting it up. If none of the six values is infinite, 
consider the transformation defined by 

(2' = 2y')(22' — 23) (2 — 21) (22 — 2s) (14) 

(2! — @e/)(a1’ — 23’) — (@ — 22) (1 — 2s) 
an equation which expresses the equality of the cross-ratios 
(2’21’, 20/23’) and (221, Zo23). This is of the form (1) when solved 
for 2’ in terms of z. It obviously transforms 21, 22, 23 into 2y’, 
22, 23; for both members of (14) are equal to zero whenz = 21, 
z’ = 2,'; they are both infinite when 2 = 2s, 2’ = 2’; and they 
are both 1 when z = 23, 2’ = 23’. 

If one of the given points is at infinity, we have but to replace 
the member of (14) in which that point occurs by its limiting 
value when the required variable becomes infinite. If 2: = ~, 
Zo = ©, Or 23 = ©, we replace the second member of (14) by 


Za — 2 2—2 Z2— 2 
as 3, ey or 

oe = 29 C1 =a 8 (pS (ap 
respectively; and a similar change is necessary in the first member 
for an infinite value of 21’, 22’, or 23’. In any case, there is one 


) 
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transformation with the desired property, and the theorem is 
established. 

Equation (14) is a convenient form for use in actually setting 
up the transformation carrying three given points into three given 
points. Theorem 7 will be of great utility in our subsequent work; 
to prove that two transformations are identical, we shall have 
merely to show that they transform three points in the same way. 

4. The Linear Transformation and the Circle.—Since we are 
operating on the complex number z it will be convenient to have 
the equations of curves expressed directly in terms of z. If x is 
the real part of z and zy is its imaginary part, and if we represent 
by z the conjugate imaginary of z, we have 

£=2-- 1, 2 = 2 iy, (15) 
From these we have 


c=Mets), y=3@-2, @=2+y. (16) 


From the first two equations of (16) we can readily express the 
equation of any curve in terms of 2 and Z. 

We shall now get the general equation of the circle and of the 
straight line. The equation 

A(x? + y?) + biz + boy + C = 0, 
where the constants are real, is the general equation of the circle 
(possibly of imaginary or zero radius) if A # 0, and is the general 
equation of the straight line if A = 0 and b; and be are not both 
zero. Substituting from (16) we have 
Azz + (bi — ibe)e + 1601 + ib2)Z + C = 0. 
Putting B = 14(b; — ib), this takes the form 
Az + Be+ BBe+C=0 (17) 

where A and C are real. Equation (17) is the general equation 
of the circle if A # 0 and of the straight line if A = 0, B ¥ 0. 

The center and radius of the circle are easily found. Writing 
(17) in the form 


€ ar BN te a SS 


we see that the first member is the square of the distance of z 
from —B/A. Hence, (17) is a circle with center —B/A and 


BB — 
radius a Since we shall be interested only in real 
circles, we shall require that BB > AC. 
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Now let us see what the circle or straight line (17) becomes 
when the linear transformation (1) is applied. Substituting 
- from (3) 


= — dz! na b i — dz! of b 
cz! — a ~ =o” 
we have 
(—dz’ + b)(—a2’ + 6) = Mell a oem aoa 
(ca — a)(cz’ — @) TLE pe ees ef ay, ia cae 


(18) 
Clearing of fractions and collecting terms, we have 


Add — Béd — Bed + Ccé]e’2' 
+ [—Abd + Bad + Bbc — Cac]! 
+ [—Abd + Bbée + Bad — Caé]z’ 
+ Abb — Bab — Bab + Cad =0. (19) 


In this equation the coefficient of 2’2’ is real, for dd and cé are 
real, being each the product of a number by its conjugate; 
and Béd + Bcd is real, being the sum of a number and its con- 
jugate. Similarly the constant term is real. Also the coefficient 
of 2’ is the conjugate of the coefficient of z’. Therefore (19) 
is of the form (17). We have then the following result: 

TueorEM 8.—The linear transformation carries a circle or 
straight line into a circle or straight line. 

It will often be convenient to consider the straight line as a 
circle of infinite radius, in which case we say briefly that a circle 
is carried into a circle. 

It is easy to see when the transform will be a straight line. 
The straight line is characterized by the fact that it passes 
through the point ». Hence, if the point which is carried to 2 
lies on the original circle or straight line, the transform will 
be a straight line; otherwise the transform will be a circle. 
This is easily shown analytically. For the coefficient. of 2’2’ 
will vanish if (dividing by cé) 


1X9 a(-2)+4(-2) 40-0 


that is, if —d/c lies on the original circle or straight line. 

Since three points determine a circle, we can set up a trans- 
formation which carries three distinct points of the first circle 
into three distinct points of the second circle. Having chosen 
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the first three points, the transformed points can be selected in 
an infinite variety of ways («* ways, in fact); and each different 
selection gives a different transformation. Hence, 

TurorEeM 9.—There exist infinitely many linear transformations 
which transform a given circle into a second given circle. 

In particular, we may choose the second circle to be the 
same as the first. Hence, there are ©? linear transformations 
which transform a given circle into itself. 

5. Inversion in a Circle-——There is an intimate relation, 
as we shall now show, between the linear transformation of the 
complex variable and the geometrical transformation known as 
“inversion in a circle.” 

Consider a circle Q with center at K and radius r. Let P be 
any point of the plane and construct the half line KP, beginning 
at K and passing through P. 
Let P; be a point on the half 
line KP such that KP; - KP = 
r?; then P, is called the ‘‘in- 
verse of P with respect to the 
circle Q.”’ The relation is a 
reciprocal one; P is the inverse 
of P;. We speak of P and P; 

Fig. 1. as points inverse with respect 
to Q. 

Inverse points have the property that any circle passing 
through P and P,, the inverse of P with respect to Q, is orthogonal 
to Q. For, let Q’ be any circle through P and P,; and draw KT 
tangent to Q’, T being the point of tangency. We have 

KT? = KP, - KP = 1°, 
whence, 7’ lies on Q. The radii to 7 are perpendicular and the 
circles are orthogonal. 

We shall now get an analytic expression for the transformation. 
Let P, P:, and K be the points z, 2), and kin the Argand diagram. 
The equations of the transformations are 


|(@1 — k)(@ — k)| = r?, arg(z: — k) = arg(z — k). 
The first equation expresses the condition KP,-KP = r*; the 
second expresses the collinearity of K, P, and P;. Since arg(z — 
k) = —arg(@ — k), the two equations are satisfied if, and only if, 
(2; — k)\(2 — k) = 7°, (20) 
This is the equation of inversion in terms of complex variables. 
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If Q is the circle, 
Az + Bz + Bz+C =0, (17) 


equation (20) becomes, on substituting the center and radius 
previously found, 


yo B\ BB AC 
(a+ 3)e+4) - Dee 


which on simplification is 
Azz + Bz, + BB+C =0, (21) 


We thus get the relation between z and its inverse 2, from the 
equation of Q by substituting z, for z and leaving 2 unchanged. 
Solving (21) we have the explicit form of the transformation, 


—Bz—C 
Az+B- 
When A = 0 so that (17) is a straight line, we shall still 
use formule (21) and (22) for the inversion. It is not difficult 
to show geometrically that when A approaches zero, P and P, 
attain positions such that Q is the perpendicular bisector of the 
segment P P;. Inversion then becomes a reflection in the line 
@. To show this analytically, let z. be a point on Q. Then, 
\22 — 2| is the distance from z: to z.. The distance from 2: to 2, 
using the equation of the transformation and the equation of Q 
(with A = 0) which 2, satisfies, is 
= Bz, —C Bz +C 
ae 3 
Thus all points of the line Q are equidistant from P and P. 
We shall now prove the following proposition: 


THEOREM 10.—The linear transformation carries two points 
which are inverse with respect to a circle into two points which 


are inverse with respect to the transformed circle. 

Let z and 2; be inverse with respect to the circle (17); then (21) 
is satisfied. Make the transformation (1) and let 2’, 2;’, be the 
transformed points. We have 


= B gx) 


lz2 — al = = |Z. — 2]. 


whence, substituting in (21), 


eee) ee Ye pea ok 0, 


(czy’ — a)(é’ — G) czy’ — a cz’ — a 
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This equation is the same as (18) except that 2’ is replaced by 
z:/; hence, on simplifying we shall get (19) with 2’ unchanged 
and z’ replaced by z;’. But this is the condition that 2’ and 2,’ 
be inverse points with respect to the transformed circle (19). 

Let us return to our study of the inversion. We see from 
(22) that to each z there corresponds one and only one 2;._ Like- 
wise to each 2, corresponds one and only one z; hence, the 
transformation is one-to-one. The fixed points of the inversion 
are seen, from the geometrical construction, to be the points of 
Q itself. This appears analytically if we set 2: = zin (21). 

The inversion (22) can be written as the succession of the two 
transformations 


The first of these is a reflection in the real axis; the second is a 
linear transformation. The first preserves the magnitudes of 
angles but reverses their signs; the second makes no alteration. 
Hence, the inversion is inversely conformal. This follows also 
from the fact that the second member of (22) is an analytic 
function of 2. 

The reflection in the real axis obviously carries circles into 
circles, and the succeeding linear transformation does likewise. 
Again the reflection carries a circle and two points which are 
inverse with respect to it into a circle and two inverse points; 
and this relation, by Theorem 10, is preserved by the linear 
transformation. 

We summarize the results in the following theorem: 

Tueorem 11.—Inversion in a circle is a one-to-one inversely 
conformal transformation which carries circles into circles, and 
carries two points inverse with respect to a circle into two points 
inverse with respect to the transformed circle. 

Since the inversion is a one-to-one transformation of the plane 
which preserves the magnitude of the angle but changes its 
sign, the result of performing two inversions, or any even number 
of inversions, is a one-to-one transformation which preserves 
both the magnitude and the sign of the angle. According to 
Theorem 3, Corollary 1, such a transformation is a linear trans- 
formation. Hence, we have the theorem: 

THEeorEM 12.—The successive performance of an even number of 
inversions vs equivalent to a linear transformation. 
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We shall prove that, conversely, any linear transformation 
is so constituted. First, let us examine some of the simpler 
linear transformations and find equivalent pairs of inversions. 

(a) The translation, 2’ = z+ 6. 

By this transformation each point of the plane is translated 
parallel to the line Ob (Fig. 2) a distance equal to the length of 
Ob. Let Ly; and Ly be two lines perpendicular to the line Ob 
and at a distance apart equal to half the length of Ob. A 
reflection in L, followed by a reflection in Le, the lines being 
designated as in the figure, is equivalent to the given trans- 
lation. It is sufficient to note that three points are transformed 
in the proper manner (Theorem 7), We observe at once that 


| 
| 
| 
| 
| 


EG a2: Wee, Bie 


the points of L,, which are unchanged by the first reflection, are 
translated in the desired manner by the second reflection. 

(b) The rotation, 2’ = ez. 

Each point is rotated about the origin through an angle 
6. A reflection in L,, followed by a reflection in Le, arranged 
as in Fig. 3, clearly rotates the points of L; as required; hence, 
the two reflections are equivalent to the desired rotation. 

(c) The stretching from the origin, 2’ = Az, A > 0. 

Each point is transformed into a point with the same argument, 
but with the modulus multiplied by A. There is a stretching 
from the origin, or, if A < 1, a contraction toward the origin. 
This is equivalent to an inversion in a circle Q; with center at 
the origin and radius 7; (Fig. 4) followed by an inversion 


in a circle Q. with center at the origin and radius r2 = r1~/ A. 
For, if 21, 2’ are the successive transforms of 2, we have 
22 = Pim 2/21 = r2A; 


9 
rZA 
2! = = 712A 0 


21 teat 
(d) The transformation 2’ = —1/z. 


whence, 
Z 


= Ae. 


i) 
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This can be written 
. 1 
(Gil —é@, zg! a Zz. 
It is, thus, a reflection in the imaginary axis, z + Z = 0, followed 
by an inversion in the unit circle, 22 = 1 (Fig. 5). 
Consider now the general transformation (1). If ¢c 4 0, we 
can write this 
ee be — ad 


il 
4 — -— = > OS — 
c c(cz + d) f d 
e(e+2) 


| 
Z rie eae 7; 
Qe ere: 
ae 
1 
| 
| 


Fia. 4. Bre: 5 


(22’) 


supposing ad — be = 1. This can be written as the following 
sequence of transformations: 


d 
i Osi 23 = C721, 64° SSS =e cae an a 


The first, third, and fourth of these transformations have each 
been shown to be equivalent to a pair of inversions. The second 
can be broken into two, putting c? = Ae”, A > O, 

22> eZ, 23 = A2s, 


each of which is equivalent to a pair of inversions. 
If c = 0, the transformation has the form 


2 =azt+ 8B. 
Putting a = Ae”, this is equivalent to the following sequence: 
2, = e"2, 25 = AZi, @a== 224-6: 


We have proved the converse of Theorem 12. 

TuHEorEeM 13.—Any linear transformation is equivalent to the 
successive performance of an even number of inversions in circles. 

A linear transformation can be expressed as the sequence of 
inversions in an infinite number of ways. Later, we shall show 


Sec. 6] THE MULTIPLIER, K 15 


that any linear transformation is equivalent to four suitably 
chosen inversions, and that a transformation of the class subse- 
quently called ‘‘non-loxodromic”’ can be expressed as a succession 
of two inversions. 

Let us consider now the most general one-to-one inversely 
conformal transformation of the plane, 


z’ = V(2), 


where, of course, V is not an analytic function of z. If we first 
make a reflection in the real axis, z; = Z, and then apply the 
preceding, we have a one-to-one directly conformal transforma- 
tion, and hence, by Theorem 3, Corollary 1, a linear transforma- 
tion of z. That is, 


a5 aan az+b 
Ve) = Ve) =o 
and 
fo err Ls az oie b 
2’ = V(z) = Sand (23) 


Inversion is seen to be a special case of this general transforma- 
tion. 

Equation (23) is a reflection followed by a linear transforma- 
tion. So we can state the following general result: 

TuHErorEM 14.—The most general one-to-one conformal trans- 
formation of the plane into itself 1s equivalent to a succession of 
inversions in circles. The transformation is directly or inversely 
conformal according as the number of inversions ts even or odd. 

6. The Multiplier, K.—We have already noted a separation of 
linear transformations into two classes. Putting aside the 
identical transformation 2’ = z, a transformation has either two 
fixed points or one fixed point. The number of fixed points and 
the behaviour of the transformation with reference to the fixed 
points furnish a useful basis of classification of linear transforma- 
tions. We treat, first, the larger class with two fixed points. 

Suppose, first, that in the transformation (1) ¢c #0. The 
finite points £1, £ [Equation (10)] and the point © are carried 
into £1, &, and a/c, respectively. Hence, from (14), the trans- 
formation may be written 


oes 


(2’ ox a(2 ae ) ae és 
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or 
A ed AN De de net 
eae a 24 
@. = £5 aes Se 
where 
_ a Ch 
_ Cian C&o i 


K is called the “multiplier” of the transformation; its value, as 
we shall see, determines the character of the transformation. 

To get an expression for K in terms of the coefficients of the 
transformation, we form the following symmetric function of 


&, and &: 


Fee tes eS a — cke 


Kee a — C&e G 76k) 
__ 2a” — 2ac(é1 + be) + c%(&:7 + £2?) 
Cae ac(&y =f Ga) oe eee 


Since £, and bo are the roots of 
cz? + (d — ajze — b = 0, (9) 


_ (a — d)? + 2%e 
= oer. 


we have 
nthe She =) Bete 


Making these substitutions and simplifying, we have 


ie (a +d)? — 2ad + 2bc 
HG ES 
or, if ad — be = 1, 


K+ = (ata —2, (26) 


We observe from (26) that the value of K depends solely upon 
the value of a-+ d. If we replace K by 1/K, equation (26) is 
unaltered; hence, the two roots of (26) are reciprocals. The 
particular root to be used in (24) depends upon which fixed 
point is called £; and which &£». 

Another simple equation satisfied by K is got from (26) by 
transposing the 2 and extracting the square root: 


= i : 
Ve ee d. 27 
VE a (27) 
We now make the change of variables 
a pei ne eo hadee ome et 
LZ = Giz) fear Lh) SG eye STEN (28) 


transformations which carry £; and £ to 0 and ~, respectively. 
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Then, (24) takes the form 
ey OM (29) 
Call this transformation K so that K(Z) = KZ, and we have for 
the original transformation 
e=G (2) =G1K(Z) =G'KGC). 
Writing for the original transformation 2’ = T(z), we have 
T = G"'KG, whence K = GTG-!. “30) 


Let F be any configuration (point, circle, region, or what not) 
and let F be carried into F’ by K. Operating with T on G-!(F), 
we have 

TGP) = GKGG4() = G4K) = ¢G '): 


that is, T carries G-!(F) into G-1(F’). We shall use this fact in 
the following manner: We shall investigate the simple transfor- 
mation (29) and, having found how configurations are trans- 
formed, we shall carry the results back to the case of z and 2’ by 
applying G71. 

The transformation with c = 0, 


Pe eas Gaal. 
can be put in the form (29) and treated similarly. One fixed 
point is , the other is & = rae We find easily that 

Z— & = Ke &) mcs) 
where 

a 
K-= 1 (32) 

Putting 


Z=Ge@)=2-8, 2 =G@) =2 —- &, 


transformations which carry £; and ~ to 0 and ~, respectively, 
we have (29) as before. We have also 

1 a,d a-+d  (a+d)? — 2ad ; 
eed! air ad, — ad 5 Chastity 
hence, for this case also K satisfies equations (26) and (27). 

An advantage in writing a transformation in terms of K lies 
in the ease with which powers of the transformation can be 
written down. If the transformation (1) be repeated n times, 
the equivalent single transformation becomes rapidly complicated 
if expressed in terms of a, b, c,d. But, if we use (24) or (31), we 
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have, obviously, as the result of mn applications of the 
transformation 

/ 

— : = Ki, Ope Sk Se Rae a ee 
Thus, we merely replace the multiplier K by A”. Similarly, 
for the inverse we use the multiplier K—!; and for n applications 
of the inverse we use K~". 

Writing K in terms of its modulus A (>0) and its amplitude 

0, SO 


fom Ae: 
we distinguish the three classes of transformations treated in 
the following sections. 
7. The Hyperbolic Transformation, K = A.—We assume 
that A ~ 1, since, otherwise, we have the identical transforma- 
tion. The transformation Z’ = AZ is the stretching from the 
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origin studied in Sec. 5(c). We observe at once the following 
facts concerning it: (1) a straight line through the origin (that is, 
a circle through the fixed points 0 and «) is transformed into 
itself, each half line issuing from the origin being transformed 
into itself; (2) the half plane on one side of a line through 0 is 
transformed into itself; (3) any circle with center at the origin 
(and hence orthogonal to the family of fixed lines) is transformed 
into some other circle with center at the origin; (4) the points 
0 and © are inverse points with respect to any circle with center 
at the origin. 

We now make the transformation G-! which carries 0 and « 
to £; and &. We have, then, the following facts concerning the 
hyperbolic transformation: (1) any circle through the fixed 
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points is transformed into itself, each of the two ares into which 
the circle is separated by the fixed points being transformed into 
itself; (2) the interior of a circle through the fixed points is 
transformed into itself; (8) any circle orthogonal to the circles 
through the fixed points is carried into some other such circle; 
(4) the fixed points are inverse with respect to each circle of (3). 

Figure 6 shows the two families of circles just mentioned. 
The way in which regions are transformed is indicated in the 
figure, each shaded region being transformed into the next in the 
direction of the arrow. 

From (26), we get the condition that the transformation be 


hyperbolic in terms of a +d. The quantity K + ie has for 
real positive values of K the minimum value 2 when K = 
1. Since K #41, we have K +z > 2; whence, from (26), 


(a +d)? >4. Hence, in order that the transformation be hyper- 
bolic it ts necessary that a +d be real and |ja+d| > 2. That 
this condition is sufficient will appear presently. 

8. The Elliptic Transformation, K = e‘*.—Here, 06 # 2nr. 
The transformation Z’ = eZ is the rotation about the origin 
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Fig. 7. 


discussed in Sec. 5(b). The straight lines and circles of the 
preceding section have their rdles interchanged. The circle with 
center at the origin is transformed into itself, the interior of the 
circle being transformed into itself. The points 0 and © are 
inverse with respect to each fixed circle. A line drawn through 
the origin is transformed into a line through the origin which 
makes an angle @ with the first line. 
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Applying the transformation G-!, which carries 0 and ~ to 
£, and é, respectively, we have the following facts: (1) an arc 
of a circle joining the fixed points is transformed into an arc of a 
circle joining the fixed points and making an angle @ with the 
first arc; (2) each circle orthogonal to the circles through the 
fixed points is transformed into itself; (3) the interior of each 
circle of (2) is transformed into itself; (4) the fixed points are 
inverse points with respect to each circle of (2). 

The character of the transformation, with 6 = 147 is shown 
in Fig. 7. The shaded regions are transformed into shaded 
regions as indicated by the arrows. 

For the elliptic transformation, (26) gives 


(a + d)? = 2+ e% + e-# = 2 + 2 cos 0. (34) 


The second member is positive or zero and less than 4. Hence, 

a + dis real and |a + d| < 2. From (27) we have 
ci 6 

a+t+d= +(e? + ea) = +2 cos . (35) 

ff @ is commensurable with 7, there will exist an integer n 

such that n@ = 2mr;and K” = e?""*= 1, The result of applying 

the transformation n times is that each point is returned to its 

original position. The transformation is then said to be of 

pertod n. We shall find that the only transformations possessing 

this periodic property are certain of the elliptic transformations. 

We illustrate with two or three useful cases. If @ = 7 the 


transformation. is of period 2._Then K = e*= —1, and 
a+td= +2 cos 5 = 0. 

If @ = 27/8, the period is 3.' Then K = e?*/8 = 1g(—1 + 
iv/3), anda+d = +2 C08 3 = +1. 


If 6 = 7/2, the period is 4. Then K = e™/2 = 7, and a+ 
d= +2 cos 7 = 4/9. 


9. The Loxodromic Transformation, K = Ae”.—Here A is 
positive and unequal to 1 and 6 4 2nr. The transforma- 
tion Z’ = Ae”Z can be written as the succession of the trans- 
formations 

Z’ = €°2Z,, £1, = AZ, 
of which one is hyperbolic, the other elliptic. There is a stretch- 
ing from the origin followed by a rotation about the origin. Each 
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circle with center at the origin is carried into another circle with 
center at the origin; and each half line through the origin is 
carried into a half line making an angle @ with the first. 

For the original transformation, there is a combination of 
the motions shown in Figs. 6 and 7. Each circular are joining 
the fixed points is carried into another such are making an angle 
@ with the first. Each circle orthogonal to the circles through 
the fixed points is carried into another such orthogonal circle. 

The loxodromic transformation has, in general, no fixed 
circles. There is an exception when @ = 7. Then, any circular 
are joining the fixed points is carried into another arc joining 
the fixed points and making an angle 7 with the first, the two 
ares thus forming a circle. Any circle through the fixed points 
is then carried into itself. There is, however, this difference 
from the preceding cases: the interior of a fixed circle is trans- 
formed into tts exterior. 

For the loxodromic transformation, (26) gives 


(a+d)?=2+ Ae 4 Je 
= 2+(4 ae 4) cos 6 + (4 — 4) sin @. (86) 


In general, the second member is not real. If, however, 0 = 7 


the second member becomes 2 — (4 a. a) which is real. But 


we found that A + + > 2; so in this case the second member is 


negative. Without exception 7 the loxodromic transformation 
a+d is a complex (non-real) number. In the loxodromic 
transformation with fixed circles a + d is a pure imaginary. 

10. The Parabolic Transformation.—There remains the trans- 
formation with one fixed point, which is called a ‘parabolic 
transformation.”’ The condition that there is a single fixed 
point (Sec. 3) is that a +d = +2. Then the multiplier, if 
defined by (26), has the value K = 1. 

If c $ 0, the fixed point is £ = (a — d)/2c. The transforma- 
tion carries ©, £, —d/c into a/c, —, ~, respectively; hence, by 
the use of the formula (14), it can be written 


ee a d 
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Subtracting 1 from each member, 


d 
g-S E+ = 
Chase Cos 
Gre iaae ; 
Now, ‘ ie ; 
a a a a ab 
er 96 Nee Opa fe 
d a—d d actd il 
_ = -_= = +-. 
Sener; 26 ore 2c te 


Hence, the transformation can be written in the form 
jh 1 


RET ee (37) 
In (37), we have +cifa+d = 2,and —cifa+d= —2 
Making the change of variable, 
Z=Ge)= pip W =Ge)=52y (38) 
a transformation which carries £ to ~, we have 
Be Le EG: (39) 


If c = 0, so that © is the single fixed point, we have already 
found, in Sec. 3, that the transformation is of the form (39) 
without further change. We have, in fact,a = d = +1, and 

go = 2 +b, (39) 

The transformation (389) is the translation discussed in Sec. 
5(a). The plane is translated parallel to the line joining the 
origin to the point +c. Any line parallel to this line is trans- 
formed into itself. The half plane on one side of a fixed line 
is carried into itself. Any other straight line is carried into a 
parallel line. 

On applying G-!, © is carried to & Parallel straight lines, 
intersecting at © only, are carried into circles intersecting only 
at &, and, hence, tangent at & Hence, in the parabolic trans- 
formation: (1) any circle through the fixed point is transformed 
into a tangent circle through the fixed point; (2) there is a one 
parameter family of tangent circles each of which is transformed 
into itself; (3) the interior of each fixed circle is transformed into 
itself. 

The manner in which the plane is transformed is shown in 


Fig. 8. Each shaded region is carried in the direction of the 
arrow. 
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It is clear from the Figs. 6 to 8 and from the reasoning on 
which they are based that if a linear transformation is hyper- 
bolic, elliptic, or parabolic there passes through each point of 
the plane, other than a fixed point, a unique fixed circle. In 
particular, there is in each case a single fixed circle through ©; 
that is, there is one fixed straight line. This line is easily 
constructed; for it passes through the point —d/c which is 
carried to © and the point a/c into which © is carried. 

At this point we shall combine certain of the results of the 
latter sections into a theorem for reference. We exclude the 
identical transformation 2’ = z. 
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Tueorem 15.—The transformation 2 = (az + b)/(cze +d), 
where ad — be = 1, ts of the type stated if, and only 7f, the following 
conditions on a + d hold: 

Hyperbolic, if a + dis real and |a + d| > 2. 
Elliptic, if a + dis real and |a + d| < 2. 
Parabolic, ifa+td= +2. 

Loxodromic, if a + d is complex. 

We have proved that these conditions are necessary. That 
they are sufficient follows, by elementary reasoning, from the 
fact that they are mutually exclusive. Thus, if a + d is real 
and |a + d| > 2, the transformation can be neither elliptic, 
parabolic, nor loxodromic, so it must be hyperbolic; and so on. 

11. The Isometric Circle—In an analytic transformation 
z' = f(z), a lineal element dz = 2, — 2: connecting two points 
in the infinitesimal neighborhood of a point z is transformed 


>. 
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into the lineal element dz’ in the neighborhood of 2’. We have 
dz’ = f’(z)dz; hence, the length of the element is multiplied by 
if’(z)|, and the element is rotated through an angle arg f’(z). 
For the linear transformation 


az +b 


“= Te) = Taye 


d — be = 1, (1) 


we have the following theorem: 

TuEeorem 16.—When the transformation (1) is applied, infin- 
itesimal lengths in the neighborhood of a point z are multiplied by 
\ce + d|-2; infinitesimal areas in the neighborhood of z are multi- 
plied by \cz + d|-4. 

For we have 


@ = T'@) = 


dz a) 


1 
(cz + d)? 
whence, lengths are multiplied by |7’(z)|, or |cz +d|-2. An 
infinitesimal region is carried into a similar region with cor- 
responding lengths multiplied by |7’(z)|; hence, the area is 
multiplied by |T’(z)|?, or |ce + d|-*. 

We get alternative forms for 7’(z) from (24) and (37). Differ- 
entiating (24) and simplifying, we obtain the first of the following 
results: inverting and differentiating, we find the second. For 
the transformation with two fixed points, 


doe iene (BGO Se ey 
Psi Senses Se 


For the parabolic transformation (37), we have 


T'(z) = G a ey (42) 


the same as (41) with the value K = 1. 
From (41), we have 


Th) =K, T(s) = % (43) 


At & which is fixed, dz’ = Kdz. For the hyperbolic transfor- 
mation, K = A, the infinitesimal neighborhood of £, undergoes a 
stretching from &; for the elliptic transformation, K = e’®, there 
is a rotation about £ through the angle 6; for the loxodromic 
transformation, K = Ae’, there is a combination of stretching 
and rotation. Analogous remarks apply to the neighborhood of 
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&. Since = = —e 7 the stretching and rotation are in the 


opposite sense. 

In the parabolic transformation, we find, on substituting 
€ = (a — d)/2c into (40), that T’(£) = 1. The infinitesimal 
neighborhood of € is unaltered. 

Lengths ae areas are unaltered in magnitude if, and only if, 


\cz ae 1. If ¢ #0, the locus of z is a circle. ee 
Z +2 = ic a we see that the center is a the radius is a 
eh iok The circle I, 
Lower di= 1, e's 0, (44) 


which is the complete locus of points in the neighborhood of which 
lengths and areas are unaltered in magnitude by the transformation 
(1), zs called the isometric circle of the transformation. 

The isometric circle will play a fundamental part in many 
of our later developments. In this section we shall investigate 
some of its properties. 

‘We note, first, that if c = 0, so that © is a fixed point, there 
is no unique circle with the property of the isometric circle. 
The derivative 7’(z) is constant and equal to K (Equations (31) 
and (39’)). Either |K| #1, and all lengths are altered in 

“magnitude; or |K| = 1, and all lengths are unaltered. The 
latter case comprises the rigid motions—the rotations (31) and 
translations (39’). 

Turorem 17.—Lengths and areas within the isometric circle are 
increased in magnitude, and lengths and areas without the isometric 
circle are decreased in magnitude, t) the ey 


For, if z is within J, 2+ - <i ia or |cze + d| < 1, and 


|T’(z)| > 1. A length or area within J is thus magnified in all 
its parts. Similarly, if zis without J, |T’(z)| < 1; and a length 
or an area without J is diminished in all its parts. 

TuEoREM 18.—A transformation carries its isometric circle into 
the isometric circle of the inverse transformation. 

The inverse transformation, 2’ = (—dz + b)/(cz — a), has the 
isometric circle 

(2° — asa): (45) 


Its center is a/c, its radius 1/|c|. Now T carries J into a circle 
I, without alteration of lengths in the neighborhood of any point, 
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hence 7'-! carries Ip back to J without alteration. But I’ 
is the complete locus of points in the neighborhood of which 7 
effects no change of length; hence, J coincides with J’. 

(a) Geometric Interpretation of the Transformation.—The trans- 
formation T carries J into I’ (Fig. 9) without alteration of any 
arc. Let a point P on J be carried into P’. Then, if I be set 
down upon I’ so that P coincides with P’, with proper orientation, 
corresponding points will coincide. Any sequence of an even 
number of inversions which will effect the proper transformation 
on I will be equivalent to 7 (Theorem 7). 


Fia. 9. 


As a point moves from P counterclockwise around J, suppose 
that the corresponding point moves from P’ counterclockwise 
around J’. Then, J can be carried into I’ by a rigid motion so 
that corresponding points coincide. But © is fixed for a rigid 
motion, so c = 0; hence, this case is impossible. Consequently, 
as a point moves counterclockwise around J the corresponding 
point moves clockwise around J’. The circle J must be turned 
over before being applied to I’. 

An inversion in J, leaving the points of J invariant, followed by 
a reflection in L, the perpendicular bisector of the line segment 
joining the centers, carries J into I’ with the desired change of 
order. Piscarriedintoa point P;. A rotation with a/c fixed will 
carry P; into P’. The two inversions together with the rotation 
are equivalent to 7. 

Since a rotation is equivalent to two reflections (Sec. 5(b)), 
four inversions at most are adequate for the representation of the 
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transformation. If P’ coincides with P, two inversions are 
sufficient. 

Several alternative geometric transformations are possible. 
Thus, instead of inverting in J and then reflecting in L we may 
reflect in L and then invert in J’. Or we may rotate about 
—d/c at the start; and so on. 

The preceding construction fails if J and J’ coincide, for then 
L is not defined. In this case a = —d, ora +d = 0; and T is 
an elliptic transformation of period two (Sec. 8). P’ lies on J. 
An inversion in J followed by a reflection in L, the line joining 
—d/cto the midpoint of the are PP’ is equivalent to 7’. 

(b) The Types of Transformations—The distance between the 


* +e at the sum of the radii is 2/|c|. The 


circles will intersect, touch, or be totally exterior according as 
|a + d| is less than, equal to, or greater than 2. Hence, applying 
Theorem 15, if 7’ is hyperbolic, the isometric circles of 7 and 
T— are external; if T is elliptic, they intersect; if Tis parabolic, 
they are tangent. If 7 is loxodromic, |a + d| may have any 
value other than zero, and the isometric circles may have any 
relation to one another other than coincidence. 

A distinction between the loxodromic and the three non- 
loxodromic transformations appears when we study the geometri- 
cal transformations which are equivalent to the transformation. 
Let P, P;, P’ (arranged as in Fig. 9) have the coordinates z, 21, 2’. 


Since z, —d/c, and a/c lie on a line, z + : and : a. : have the 


centers of J and I’ is 


same argument, the moduli being 1/|c| and |a + d|/|c|, respec- 
tively, hence, 


GO td 

oa c |ja+dlc 

Similarly, : 
Gen 5 Site 
Ee oa Metaictedic 


Making the transformation 7’, using (22’), 
fy aga} 1 la aj a+6 


“"¢ &@+d/ce) (td  |la+dle 
From these equations we see that 2’ coincides with z, if, and only 
if,d +d=a-+d; that is, if a + dis real. The transformation 
is then non-loxodromic. 
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If the transformation is loxodromic, writing a +d = re’’, 
yo ~ nr, we have 


i oe ON tae =) 
: oe tae, ) me (2 c 


To carry 2; to z’, there is a rotation about a/c through the angle 
—2y. We have the result: 

TuroreM 19.—If the transformation 1s hyperbolic, elliptic, or 
parabolic, it is equivalent to an inversion in I followed by a reflection 
in L; if tt is loxodromic there is in addition a rotation about the 
center of I’ through the angle —2 arg (a + d). 

Consider now the fixed points. Since 7’(é) = K, T’(é) = 
1/K (Equation (43)), we have, if |K| # 1, increase of lengths at 
one fixed point and decrease at the other; if |K| = 1, there is no 
alteration. Hence, for the hyperbolic and loxodromic trans- 
formations one fixed point is within J, the other without; for the 
elliptic transformation both fixed points, and for the parabolic 
transformation the single fixed point, are on J. Identical state- 
ments are true of J’ for similar reasons. 

In the elliptic transformation J and J’ intersect and LZ is the 
common chord. The points of intersection are fixed for both 
the inversion in J and the reflection in L; hence, they are the fixed 
points. We found that the lineal elements issuing from the fixed 
point are rotated through an angle 0, where K = e®. Since an 
arc of J issuing from the fixed point is transformed into an arc of 
I’ issuing from the point, it follows that J and I’ intersect at the 
angle 6. 

If a+ d= 0, so that J and I’ coincide, the line L is the line 
joining the fixed points, which are then at the ends of a diameter. 

In the parabolic transformation, L is the common tangent to 
I and I’ at their point of tangency. The point of tangency is 
then the fixed point. 

(c) The Fixed Circles—We consider now the non-loxodromic 
transformations. Each such transformation has a one-para- 
meter family of fixed circles, including, as we found in Sec. 10, 
the line joining the centers of Zand I’. The family of fixed circles 
is easily constructed. It consists of the circles with centers on L 
orthogonal to J. For, being orthogonal to J, such a circle is 
transformed into itself by an inversion in J; and a reflection in L, 
a diameter, transforms it again into itself. Hach fixed circle is 
also orthogonal to I’ from symmetry. 


—— 
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.THEOREM 20.—In a non-loxodromic transformation the isometric 
circle vs orthogonal to the fixed circles. 

For use later we shall prove the following theorem: 

THEOREM 21.—Let Q be a fixed circle of a non-loxodromic trans- 
formation and I its isometric circle. Let h be the distance of a point 
2 from q, the center of Q, and h’ be the distance of the transformed 
point z’ from q; then 

kh’ = h, of 21s on I or Q; 

h’ < h, if 2 ts within both I and Q, or without both; 

h’ > h, uf 2 is within either I or Q, and without the other. 

An inversion in J carries z to a point 2, which is carried to 2’ 
by a reflection in L (Fig. 10). Obviously, the reflection does not 
alter distances from g. The 
proposition hinges, then, on 
what happens when ¢ is in- 
verted in J. 

The distances of a point and 
its inverse from the center of 
a circle orthogonal to the circle 
of inversion is clearly inde- 
pendent of the orientation of 
the circles, and their relative 
magnitudes are independent 
of the scale used; hence, it will 
suffice to take for J the unit 
circle 22 = 1 and to take q on 
the real axis. The equation of Q is (2 — ¢)(2 — q) = r?, where, 
for orthogonality, r? + 1 = q?; whence, 

22 — g(z+2) +1=0. 
The expression in the first member of this equation is positive 
for points without Q and negative for points within. Now, 


h? = (2 — g)\@ — q) = 2 — ge@ +2) +147", 
and, since 2; = 1/2, 


pe = Ae = q(é1 4- 21) + 1 4. (Pe 


Fie. 10. 


1 = 98 + 2) a 2 


ez 


aha Gias 
whence, 
[ez — lez - o@ +2) +1, 

zz 


The theorem follows immediately from this equation. If z is 
within both circles or without both circles, the factors in the 


W —h? = 
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numerator of the second member are both negative or both 
positive, and h’ < h; if z is within one circle and without the 
other, the factors differ in sign, and h’ > h; if z is on one circle, 
one factor is zero, and h’ = h. 

The following theorem relative to the fixed straight line is 
easily seen to hold: 

TuEorEeM 22.—In a non-loxodromic transformation let k and k’ 
be the distances of 2 and 2’, respectively, from the fixed straight line 
M; thenk’ = kif zis onI or on M; otherwise, k' > k if zis within 
ITandk’ < kif zis without I. 

12. The Unit Circle-——We shall, subsequently, have much 
to do with sets of linear transformations which have one fixed 
circle in common. It will usually be convenient to take as the 
common fixed circle some simple circle such as the real axis or 
the unit circle with center at the origin. It is this latter circle, 
which we shall henceforth designate by Qo, that we shall study 
in this section. : 

We proceed to find the conditions on the constants in (1) 
in order that Qo be a fixed circle. The equation of Qo is 


z—-1=0. (46) 
The transform of Qo by (1) is, from Equation (19), 
(dd — cé)z'2’ + (—bd + ac)e’ + (—bd + ad)z’ + bb — ad = 0. 
This circle is identical with Qo if, and only if, 
—bd + adc = 0, —bd + aé = 0. (a) 
dd — cé = ad — bb ¥ O. (b) 
Each equation in (a) is a consequence of the other; from the 
second, 


Een 
C0 
say; then 
Grea Ne, a = dd. 
Substituting in (b) 
dd — cé = \X(dd — cé) # 0, 


whence, AA = 1. 
From ad — be = 1, we have 


Mdd-— cé) = 1; 
hence, d is real, so X = +1. The sign of \ depends upon the 


sign of dd — cé. If the interior of Q» is transformed into its 
interior, the point —d/c which is carried to © is outside the 
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circle and |—d/c| > 1; so dd — ce > 0 and X= 1. We have, 
then, 
b = 6, a =d, d= da. 
These values obviously satisfy the conditions (a) and (b). We 
have the following result: 
THEOREM 23.—The most general linear transformation carrying 
Qo into itself and carrying the interior of Qo into itself is the 


transformation 
A ee Re 
7 2 + @ 
The most general linear transformation carrying Qo into itself 
and carrying the interior of Qo into its exterior is found similarly. 
Then, —d/c is within Q) and dd — cé < 0; so that \ = —1. 
The most general transformation is the resulting loxodromic 

transformation 


aa—ceo= 1. (47) 


ie ee ine = ager], (48) 
Ce. =, 


The transformation (47) maps the interior of Qo in a one-to- 
one and directly conformal manner on itself. It is a remarkable 
fact, which we shall now prove, that it is the most general such 
transformation. We first prove the following proposition: 

The most general transformation which maps the interior of 
Qo in a one-to-one and directly conformal manner on itself and which 
leaves the origin fixed is a rotation about the origin. 

Let 2’ = f(z) be such a transformation. Owing to the con- 
formality f(z) is analytic in Qo. Further, |f(z)| < 1 when 
|2| < 1, since an interior point is carried into an interior point. 
Since z’ = 0 when z = 0, f(z) has a zero at the origin; hence 
f(z)/z is analytic in Qo. 

Consider now |f(z)/z| in a circle Q’ with center at the origin 
and radius r< 1. Since the absolute value of a function which 
is analytic in and on the boundary of a region takes on its 
maximum value on the boundary, we have, since |z| = r on Q’, 


so =a vin Q’. 


Since r may be taken as near to 1 as we like, we have 


A ae 


lg! 
Fe 


lz 


<a lin Qo. 


Considering the inverse function, z2 = ¢(2’), we have by the 
same reasoning |z/z’| < 1 in Qo. Consequently, |z’/z| = lin Qo, 
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whence 2’/z = e’*. But, if the absolute value of an analytic 
function is constant, so also is its argument; hence a is constant. 
We have, thus, 

Z = 22, 
a rotation about the origin. 

We shall now remove the restriction that the origin be fixed. 
Let 2’ = f(z) map the interior of Qo on itself in a one-to-one 
and directly conformal manner, and let f(0) = 2. Let 2’ = S(z) 
be a linear transformation of the form (47) such that S(O) = Zo. 
(It is easy to determine the constants of (47) so that ¢/@ = 
Zo < 1.) If we make the transformation f and then make 
S—!, the interior of Qo is carried into itself and the origin is fixed. 
Hence, Sf = U, a rotation; and f= SU. We thus have a 
linear transformation. Since it carries the interior of Q» into 
itself, it is of the form (47). 

THEOREM 24.—The most general transformation which maps the 
anterior of Qo in a one-to-one and directly conformal manner on 
atself 1s the linear transformation (47). 

The proof of the following more general theorem is now easily 
made. 

THEOREM 25.—The most general transformation which maps the 
anterior or exterior of one circle in a one-to-one and directly con- 
formal manner upon the intertor or exterior of another circle is a 
linear transformation. 

Let z’ = f(z) carry the interior or exterior of Q; into the 
interior or exterior of Q2 in the manner stated. Let S; and S» 
be linear transformations carrying Q; and Qs, respectively, into 
Qo, the interior or exterior of each which is involved in the map- 
ping being carried into the interior of Qo. Then, the sequence 
of transformations, S,—!, followed by f, followed by Ss, carries 
the interior of Q» into itself, and is equivalent to a linear trans- 
formation T' of the form (47). 


SfS-? = T, orf = STS. 


The transformation is thus a linear transformation. 


CHAPTER II 
GROUPS OF LINEAR TRANSFORMATIONS 


13. Definition of aGroup. Examples.—The automorphic func- 
tion depends for its definition on a set of linear transformations 
called a “group.” In the present chapter we shall make a 
study of groups of linear transformations, after which we shall 
be in a position to pass to the definition of the automorphic 
function and to a study of its properties. 

DeEFiniTion.—A_ set of transformations, finite or infinite in 
number, ts said to form a group if, 

(a) the inverse of each transformation of the set is a transformation 
of the set; 

(b) the succession of any two transformations of the set is a 
transformation of the set. 

The definition applies to all kinds of transformations, but 
we shall be concerned only with sets of linear transformations. 
The two group properties, expressed in symbolic notation, are: 
(a) if 7 is any transformation of the set so also is J—'; (b) if Sis 
a transformation of the set, not necessarily different from 7’, so 
also is ST. It follows by a repeated application of (b) that the 
transformation equivalent to performing any sequence of 
transformations of a group belongs to the group. In particular, 
all positive and negative integral powers of a transformation 7 
of the group belong to the group. Also 7J~!7(=1) belongs to 
the group; that is, every group contains the identical transforma- 
tion, 2’ = 2. 

Given a set of linear transformations, we may test whether 
or not it constitutes a group by applying (a) and (b) to the 
transformations of which it is composed. There are, however, 
certain cases in which the group properties obviously hold. For 
example, if the set consists of all linear transformations which 
leave some configuration / in the z-plane invariant, then the set 
is a group; for, clearly, the inverse of any transformation or 
the successive performance of any two transformations will leave 
F invariant and, being themselves linear transformations, will 
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then belong to the set. Thus, all linear transformations with 
a common fixed point constitute a group. All linear transforma- 
tions of the form (47), Sec. 12, leaving Q» and its interior invari- 
ant, form a group. The set of all linear transformations which 
carry a given regular polygon into itself, consisting of certain 
rotations about its center, form a group. 

Similarly, the set of all linear transformations which leave 
invariant some function of z constitute a group. For example, 
all linear transformations 2’ = T(z) such that sin 2’ = sin z 
form a group. Such transformations as 2’ =z+ 27, 2’ = 
2+ 47, 2’ = 7 — 2, etc., belong to this group. It is by virtue 
of this property, as we shall see later, that sin z is called an 
‘automorphic function.” 

Given a set of linear transformations 71, Ts, ..., Tn, we 
may form a group containing them in the following way: Let 
the set contain the given transformations, their inverses, and 
the transformations formed by combining the given transforma- 
tions and their inverses into products in all possible ways. Then 
it is easily seen that the inverse of any transformation or the 
product of any two is itself some combination of the given 
transformations and their inverses and, consequently, is included 
in the set. Hence, the whole set forms a group. The group is 
said to be ‘‘generated”’ by the transformations 7), To, ..., 
T,, and the transformations are called “generating transforma- 
tions” of the group. 


Examples.—The following are a few examples of well-known groups, some 
of which will be discussed later. 

1. A Group of Rotations about the Origin.—The m transformations, 
2’ = 2, eemi/m, eAwi/my | |, , e2(m—I1)ni/mz form a group. They are the 
rotations about the origin through multiples of the angle 27/m. The group 
is generated by the transformation 2’ = e2"/™g, 

2. The Group of Anharmonic Ratios.—The six transformations 

; 1 1 e=1 zZ 


Z=24 = h=2z -<—— = =—— 
Los BEE: oe Rae z z- 


1 

forma group. It can be verified by forming the inverses and by combining 
the transformations that both group properties are satisfied. The group 
is so named for the reason that if z is any one of the anharmonic ratios of 
four points on a line, the six anharmonic ratios are given by the trans- 
formations of the group. 

3. The Group of the Simply Periodic Functions.—The set 2’ = z + ma, 
where w is a constant different from zero, and m is any positive or negative 
integer or zero, forms a group. The group is generated by the transforma- 
tion 2? =z+o. 
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4. The Group of the Doubly Periodic Functions.—The set 2’ = 2 + mw + 
m'w', where w and »’ are constants different from zero and the ratio w’/w is 
not real, and where m and m’ are any positive or negative integers or zero, 
formsagroup. Itis generated by the transformations z’ = z + w, 2’ = z+ 

, 
WwW. 

The restrictions on w and w’ are not necessary for establishing the group 
properties. 

5. The Modular Group.—The infinite set of transformations 2’ = (az + 
b)/(cz + d), where a, b, c, d are real integers such that ad — be = 1, consti- 
tutes a group. For, a reference to Equations (3) and (6) of See. 1 shows 
that the inverse of such a transformation and, also, the product of two 
such transformations are transformations with integral coefficients and of 
unit determinants. Since the coefficients are real, each transformation 
carries the real axis into itself. 

6. The Group of Picard——The set of transformations 2’ = (az + b)/ 
(cz + d), where a, b, c, d are either real or complex integers (i.e. of the form 
m + ni, where m and 7 are real integers) such that ad — be = 1, constitutes 
agroup. The proof is as in the preceding case. 

7. A Group Allied to Qo.—In a similar manner, the transformations 2’ = 
(az + c)/(cz + a), where a and ¢ are real or complex integers such that 
ad — cc = 1, form a group. The transformations of this group (Theorem 
23, Sec. 12) have Q» as a fixed circle and carry the interior of Qo into itself. 


14. Properly Discontinuous Groups.—If we compare the 
group of the simply periodic functions, 2’ = z + mw, with the 
group of all translations, z’ = z + b, where 6 is any constant, we 
observe the following difference: In the former case there is no 
transform of a point z within the distance |w| of z; in the latter 
group we get transforms of z as near to z as we like by taking b 
small enough. These two groups bring out an essential 
distinction. 

DEFINITION.—A growp is called properly discontinuous in the 
z-plane if there exists a point Zo and a region S enclosing 2 such that 
all transformations of the group, other than the identical transforma- 
tion, carry 2) outside S. 

The automorphic functions are founded on the properly 
discontinuous groups, and these only will appear in our subse- 
quent study. The groups whose transformations contain con- 
tinuously varying parameters, which have given rise to so many 
and so profound researches, play no part in the theory to which 
this book is devoted and will not be considered further. 


A group is said to contain infinitesimal transformations if there is, for some 
region A and any given « > 0, a transformation 2’ = (az + b)/(cz + d), 
ad — be = 1, such that for all points z of A we have |z’ — z| <«. It is 
found without difficulty that a necessary and sufficient condition for this 
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is that there be transformations.for which c, d — a, and bare all arbitrarily 
small (but not all zero, for then we have the identical transformation). 

Not all groups which are free of infinitesimal transformations are properly 
discontinuous. The group of Picard, for example, does not contain infini- 
tesimal transformations, since c, d — a, and b are complex integers and can- 
not be made arbitrarily small without being all zero. It can be shown, 
however, that the points into which any point is carried are everywhere 
dense in the whole z-plane. Such a group, that is, one which does not con- 
tain infinitesimal transformations and yet which is not properly discontinu- 
ous in the z-plane, is called “‘improperly discontinuous” in the z-plane. 


15. Transforming a Group.—From a given group of linear 
transformations infinitely many other groups can be derived by 
applying linear transformations to the plane in which z and its 
transforms are represented. Let 7 be any transformation of 
the given group, and let T carry z into z’. Let a transformation 
G be applied, z and 2’ being transformed into z; and 2;’, respec- 
tively. Then z, is carried into z,’ by the transformation S where 

S =GTG; (1) 
for 
GTG"(@;) = GT (2) = Ge) = ar: 

Let all the transformations of the original group be altered in 
this manner, so that to each 7 of the group there corresponds an 
S given by (1). We shall show that the new set of transforma- 
tions forms.a group. We have S!= G7G)“* =GT G1 
which belongs to the set since 7’! belongs to the original group. 
If S: = GT7,G" is a second transformation of the set, SS; = 
GTGGT,G"! = GTT,G—', and SS, belongs to the set since TT, 
belongs to the original group. Thus, both group properties are 
satisfied. Two groups whose transformations can be made to 
correspond in a one-to-one manner, as the S and 7 transforma- 
tions are paired by virtue of (1), so that the product of any num- 
ber of transformations of one group corresponds to the analogous 
product of the corresponding transformations of the other, are 
said to be “isomorphic.” 

It will often facilitate the study of a group to transform it in 
the manner indicated. For example, an important point can be 
carried to ©, or an important circle can be carried into the real 
axis or the unit circle Qo. Having found how figures are trans- 
formed by the new group, we can then carry the results back to 
the old by applying G-!. For if S carries a figure / into F’, T 
carries G~'(F) into G-'(F’), as we see at once from the equation 
T = G-18G. 
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It should be mentioned that the transformations S and 7 of 
(1) are of the same type, whatever G may be. Let 


and form the product in (1), using the equations (3) and (6) of 
Sec. 1, 


c= (—ada + ayb — Bic + Byd)z + aBa — ab + B2e — abd 
(—yéa + 2b — 6c + ydd)z + Bya — ayb + Bic — add 


the determinant of S being 1. Then, 


(—aéa + ayb — Bic + Byd) + (Bya — ayb + Bde — add) 

= —(¢ 0), 
It follows that K has the same value for S as for T (Equation (26), 
Sec. 6). 

16. The Fundamental Region.—Before proceeding to the study 
of the general properly discontinuous group it is desirable to 
introduce the important concept of the fundamental region. 

DEFINITION.—Two configurations (points, curves, regions, etc.) 
are said to be congruent with respect to a group wf there is a trans- 
formation of the group other than the identical transformation, which 
carries one configuration into the other. 

DEFINITION.—A region, connected or not, no two of whose points 
are congruent with respect to a given group, and such that the 
neighborhood of any point on the boundary contains points congruent 
to points in the given region, vs called a fundamental region for the 
group. 

The accompanying figures show fundamental regions for cer- 
tain simple groups. The reader is probably already familiar 
with some of them. 

For the group of rotations about a point through multiples of 
an angle 6, which is a submultiple of 27, we draw two half lines 
from the fixed point forming an angle 6. The region Ro 
within the angle is a fundamental region. In Fig. 11, Ro is a 
fundamental region for the group 2’ = ez, The neighbor- 
hood of any point on the boundary of Ro contains points which 
can be carried into the interior of Ry by a rotation through the 
angle +27/6. 

In Fig. 12, Ro, whose construction is evident from the figure, is 
a fundamental region, or period strip, for the group of the simply 
periodic functions, 2’ = 2 + mw. 


» (2) 
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In Fig. 13, Ro is a fundamental region, or period parallelogram, 
for the group of the doubly periodic functions 2’ = z+ mw + 
m'w’. 

In Fig. 14, Ro, which is bounded by circles with centers at the 
origin and with radii 1 and A, is a fundamental region for the 
group of stretchings from the origin, 2’ = A”z. 


Ro 
= Wd 
aa 
Ro 


Fiq@. 11. Bre. 12: 


Attention may be called to certain properties that are common 
to the four fundamental regions constructed in the figures and 
which we shall find to be more or less generally true—to what 
extent will appear from later analysis—of the fundamental 
regions we shall use for less simple groups. We note first that the 


Ro 


Bray 13; Fig. 14. 


boundaries of Ro in each case consist of congruent curves. In 
Figs. 11, 12, 14, each of the two boundaries can be carried into the 
other by a transformation of the group. In Fig. 13, the lower 
boundary can be carried into the upper by the translation 2’ = 
z+ w’, and the left into the right by 2’ = z+ wo. 


Src. 17] THE ISOMETRIC CIRCLES OF A GROUP 39 


Further, the transformations connecting congruent boundaries 
are generating transformations of the group. The two transla- 
tions just mentioned generate the group of doubly periodic 
functions. In Fig. 11, all transformations are formed by succes- 
sive applications of the rotation 2’ = ez, which carries one 
boundary into the other. The like fact is true of the other 
examples. 

We note that we can add to the open region Ry one, but not 
both, of two congruent boundaries without getting two congruent 
points in the region. But Ro must remain in part an open region. 

The region Ry and the regions congruent to it, some of which 
are shown in the figures, form a set of adjacent, non-over- 
lapping regions covering practically the whole plane. The 
origin in Fig. 14, however, is not in any region congruent to Ro. 

The angle at the vertex of Ro in Fig. 11 is a submultiple of 
27. The sum of the angles at the four congruent vertices of Ro 
in Fig. 13 is equal to 27. These facts will reappear, suitably 
generalized. 

It is clear that the fundamental region is in no wise unique. 
Any region congruent to Ry will serve asa region. Furthermore, 
we can replace any part of Ro by a congruent part and still have a 
fundamental region. Thus, we can subtract a part at one bound- 
ary and add a congruent part at another. In this way the 
character of the bounding curve can be altered freely. 

Tureorem 1.—If no two points of a region are congruent, the 
transforms of the region by two distinct transformations of the group 
do not overlap. 

Let A be a region containing no two congruent points. Sup- 
pose that two transformations of the group, S and 7, carry A into 
two overlapping regions. Any point 2 in the common part 
is the transform by S of a point z; of A and the transform 
by T of a point z of A. If 2, and 2, are different for any Zo, 
then 2; and 2, are congruent points of A, which is impossible. If 
2, and 2, coincide for every 2) in the common part, S and T are the 
same transformation (Theorem 7, Sec. 3). 

Since a fundamental region contains no two congruent points, 
we can state the following useful corollary: 

CoroLuary.—The transforms of a fundamental region by two 
distinct transformations of the group do not overlap. 

17. The Isometric Circles of a Group.—We shall now investi- 
gate the properties of the most general properly discontinuous 
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group. For such a group there exists, by hypothesis, at least 
one point 2 such that there are no transforms of 29 in a suitably 
small region about 2. Let G be a transformation carrying Zo 
into «©; and let the group be transformed by G as explained in 
Sec. 15. It is this transformed group which we shall study. 
There is no point congruent to © outside or on a circle Q, 
with a given center and with radius p suitably large. In particu- 
lar, © is not a fixed point for any transformation of the group. 
Hence, in any transformation T = (az + b)/(cz + d) we have 
c ~ 0, except in the case of the identical transformation. The 
center of an isometric circle is congruent to » (—d/c is carried to 
o by 7’); hence, the centers of all isometric circles lie within Q,. 
(a) The Isometric Circle of the Product of Two Transformations. 
Certain relations between the isometric circles of two transforma- 
tions and the isometric circle of their product will be of use now 
and subsequently. Consider any two transformations 
) a0 ga X@tsb ad — be = 1,¢ #0; 
ca td yet 8 ad —By=1,7 +0. 


(aa + Be)z + ab + Bd 3) 
(ya + 6c)z + yb + dd 
In what follows we assume that S # T~! so that ST is not the 
identical transformation; then, the isometric circle of ST is 
(ya + éc)e + yb + 6a] = 1. (4) 
Represent by I;, J.’, I:, I:’, Ise the isometric circles of S, S—!, 
T, T-'!, ST, respectively; by gs, gs’, 9t, gi’, gst their respective 
centers; and by 7;, 7, 7s: their radii. We have 


Then, 
Sf = 


we Lae ee SS eo _._ Goo e@) 
Oh = - phy = ay Ce z (fs a= a Ist = (yao bey 
1 1 1 
t=? r= >? ey Wied pene a gal 5 
I oe | ‘  lya + be] ©) 
From these values, we derive the following relations: 
1 1 ret 
is = —- —_- «= = 7 
‘ya + be] | q “48 ge’ — gs| Se 
oy c y 
and 
wg ee Oe eee ae 
Fee iat a eeeak Curae rane), (7) 
whence, 
2 
lau — g| = St = —t . (8) 


Ts ge—=rgel 
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(b) The Arrangement of the Isometric Circles—By means of the 
preceding equations we can derive certain simple facts concerning 
the isometric circles of the transformations of the group. 

The radti of the isometric circles are bounded. 

Let T (#1) be any transformation of the group and S (#1) a 
transformation of the group different from T-!. Then, from 
(8), 

P= ger — Gel” |ge = gals 
But each factor in the second member, being the distance between 
points of Q,, is less than 2p; hence, 
ry (4p? i top. (9) 

The number of isometric circles with radii exceeding a given 
positive quantity is finite. 

Let J, and J;’ be any two different isometric circles with radii 
greater than k, a positive quantity. Then ST is not the identical 
transformation, and, from (6), 
rere ke 
lst Dy 


lg.’ — gel = (10) 
The distance between the centers of two isometric circles with 
radii exceeding & has thus a positive lower bound. Since the 
centers of all such circles lie in the circle Q,, their number must 
be finite. 

It follows from this fact that the transformations of the group 
are denumerable. 

Another consequence may be stated in the following manner: 

Given any infinite sequence of distinct isometric circles I, I2, I3, 
. .. , of transformations of the group, the radii being ri, r2, 73, . «+ 5 
then lim r, = 9. 


meso 

18. The Limit Points of a Group.—In this section and the 
remaining sections of the present chapter we suppose that no 
transformation of the group has a fixed point at infinity, so that 
the isometric circles exist for all transformations except the 
identical transformation; and that there are no points congruent 
to infinity in the neighborhood of infinity. This assumption 
involves no essential restriction since, as we have already noted, 
any properly discontinuous group can be transformed into one 
with the properties mentioned. 

Consider the centers of the isometric circles. If the group 
contains an infinite number of transformations, the centers are 
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infinite in number and, hence, have one or more cluster points. 
We lay down the following definitions: 

Derinitions.—A cluster point of the centers of the isometric - 
circles of the transformations of a group is called a limit point of 
the group. 

A point which is not a limit point is called an ordinary point. 

It is clear that all limit points lie within or on the circle Q, of 
Sec. 17, since the centers of all isometric circles lie within that 
circle. If the group contains only a finite number of trans- 
formations, there are, of course, no limit points. 

TurorEeMm 2.—In the neighborhood of a limit point P there is an 
infinite number of distinct points congruent to any point of the 
plane, with, at most, the exception of P itself and of one other point. 

Since only a finite number of isometric circles have radii 
exceeding a given positive quantity, there are isometric circles 
of arbitrarily small radius in the neighborhood of P. Let Q be 
a small circle about P and let J’, 72’, . . . be an infinite sequence 
of isometric circles contained in Q, where the center g,’ approaches 
P as n becomes infinite. Let these be the transforms of the 
isometric circles I;, Jo, ... , and let S, be the transformation 
carrying J, into J,,’. 

The centers g, of J, have at least one cluster point. Suppose 
first that there is such a point P’ distinct from P. It will suffice 
to show that for any point P; distinct from P and P’ there is a 
congruent point in @ distinct from P; for, by decreasing the 
region Q, we then have an infinite number of congruent points. 
Let I, be near P’ and of small enough radius that J, encloses 
neither P; nor P. Then, since P; is outside In, S,(Pi) is inside 
I,/ and in Q. If S,(P1) is different from P, the proposition is 
established. If S,(P:) coincides with P, then P is not a fixed 
point for S, and S,?(P1), or S,(P), is in Q and different 
from P. 

There remains the case that the only limit point of the centers 
gn is P itself. Let A and A’ be any two points distinct from one 
another and from P. A and A’ are outside an infinite number of 
circles J,. For these circles the congruent points, An = S,(A) 
and A,’ = S,(A’) areinZ,’ andinQ. At least one of the points 
A, and A,’ is distinct from P. It follows that at least one of the 
points A and A’ has an infinite number of congruent points in Q 
which are distinct from P. Hence, there is not more than one 
point, distinct from P, which does not have an infinite number of 
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congruent points distinct from P and in Q. This establishes 
the theorem. 

THEOREM 3.—The set of limit points is transformed into itself by 
any transformation of the group. 

The centers of the isometric circles consist of all points con- 
gruent to infinity. The transform of the center of an isometric 
circle is the center of another isometric circle or is © itself. 

Let P be a cluster point of the centers gi, go, ... Then a 
transformation S which carries P into P’ carries g:, g2, . . . into 
gv’, go’, . . . with P’ as cluster point. The points of the latter 
set, with the possible exception of one point at ©, are centers of 
isometric circles. Hence, P’ is a limit point. 

Furthermore, no point which is not a limit point is carried 
by S into a limit point, since otherwise S-! would carry a limit 
point into a point not a limit point. 

THEroREM 4.—/f the set of limit points contains more than two 
points, it is a perfect set. 

A set is perfect, by definition, if it has the following two 
properties: (1) each cluster point of the set belongs to the set; 
that is, the set is closed; and (2) each point of the set is a cluster 
point of points of the set; that is, the set is dense in itself. 

That the set is closed follows at once. For, since each limit 
point contains an infinite number of centers of isometric circles in 
its neighborhood, a point at which limit points cluster has also 
an infinite number of centers of isometric circles in its neighbor- 
hood; hence, a cluster point of limit points is itself a limit point. 

To establish the second property we must show that any limit 
point P has an infinite number of limit points in its vicinity. If 
P, and P, are two other limit points, at least one of them has an 
infinite number of transforms in the neighborhood of P (Theorem 
2). As these transforms are limit points, the second property 
of the perfect set is established. 

There are groups of transformations—the finite groups— 
with no limit points. Groups with a single limit point and groups 
with two limit points exist. A group other than these simple 
kinds has an infinite number of limit points. Furthermore, by a 
well-known property of perfect sets, the limit points are non- 
denumerable. 

TuroreM 5.—If a closed set of points X, consisting of more than 
one point, is transformed into itself by all transformations of the 
group, then = contains all the limit points of the group. 
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Suppose, on the contrary, that there is a limit point P not 
belonging to =. Then, since = is closed, there is no point of 
> within a suitable neighborhood of P. Let P:, P2 be two 
points of >. At least one (Theorem 2) has transforms in the 
neighborhood of P. This contradicts the hypothesis that 2 
is transformed into itself. 

As an example of the use of the last theorem, suppose that all 
the transformations of the group are real. Then the real 
axis is always transformed into itself. It follows that the limit 
points all lie on the real axis. 

19. Definition of the Region R.—R will consist of all that 
part of the plane which is exterior to the isometric circles of all 
the transformations of the group. More accurately, a point 
z will belong to FR if a circle can be drawn with z as center which 
contains no point interior to an isometric circle. We thus rule 
out those limit points, if any, which are not themselves within or 
on an isometric circle but which have arcs of isometric circles in 
any neighborhood of them. Later, we shall adjoin to R a part of 
its boundary, but for the present it shall consist only of interior 
points. It may be a connected region, or it may comprise two or 
more disconnected parts. We see from (9) that it contains all 
of the plane lying outside a circle concentric with Q, and of 
radius 3p. 

It is clear that no two points of R are congruent. A trans- 
formation T carries all points exterior to J; into the interior of J;’. 
Any transformation of the group, except the identical transfor- 
mation, carries a point of R into an isometric circle and, hence, 
outside &; so no point of Ris congruent to another point of R. 

20. The Regions Congruent to R.—If we apply to R the 
various transformations of the group, there results a set of 
congruent regions no two of which overlap (Theorem 1). Con- 
cerning the distribution of these regions, we have the following 
important theorem: 

THEOREM 6.—R and the regions congruent to R form a set of 
regions which extend into the neighborhood of every point of the 
plane. 

Suppose, on the contrary, that there is a point 2) enclosed by 
a circle Q with 2) as center and of radius r sufficiently small that 
Q contains neither points of R nor points congruent to points 
of k. Then, all transforms of Q contain neither points of 
# nor points congruent to points of R. In particular, Q and 
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its transforms contain the centers of no isometric circles, 
since these are congruent to ©, which is a point of R. The 
interior points of @ and of its transforms are ordinary points. 

Since 2) is not a point of R, zo is within or on the boundary of 
some isometric circle. Similarly, the center of each circle 
congruent to Q lies within or on the boundary of some isometric 
circle. 

The proof consists in showing that there is a circle congruent 
to Q of arbitrarily large radius, which constitutes a contradiction. 
Let S be a transformation whose isometric circle J, has 20 for 
an interior or boundary point. The center of J, is exterior to 
@. Consider the circle Q; into which S carries Q. SS is equiva- 
lent to an inversion in J, followed by a reflection in a line and 
possibly a rotation. The magnitude of Q; is determined by the 
inversion. 

It is a matter of simple algebra to show that if the center of 
Q is on J, the radius of Q; is 


where r, is the radius of J,. If zo lies within I,, 7, exceeds this 
value. Since 7, < 2p (Equation (9)), and r < rs; < 2p, we have 


1 
je 2 kr, p= a = iL. 
Le aR 
If we apply to Q: a transformation whose isometric circle 
has the center of Q: as an interior or boundary point, we get a 
circle Q2 of radius rz where, since 7; > 7, 


TT, > — = kry = een 
il 


Continuing in this manner, we prove the existence of a circle 
Q, congruent to Q and of radius exceeding kr, By taking n 
large enough, Q, will contain points of #& exterior to the finite 
region in which the isometric circles lie. These points are 
congruent to points of Q, a contradiction which proves the 
theorem. 

We can now establish the following result: 

Turorem 7.—R constitutes a fundamental region for the group. 
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We have already shown that. no two points of & are congruent. 
We must show further that in any circle Q about a point P 
on the boundary of # there are points congruent to points of R. 
Let 2 be a point of Q which lies in an isometric circle J. Then 
in the region common to Q and J, which contains no points of 
R, there are, by Theorem 6, points congruent to points of R. 
This establishes the theorem. 

THEOREM 8.—Any closed region not containing limit points of 
the group is covered by a finite number of transforms of R 
(including possibly R itself). These regions fit together without 
lacune. 

Let A be a closed region; for example, a region bounded by 
a simple closed curve, having no limit points of the group in its 
interior or on the boundary. Then there is a finite number of 
isometric circles containing points of A. For, if there is an 
infinite number, there are circles of arbitrarily small radius. 
Their centers then have a point of A as cluster point, contrary 
to hypothesis. 

A transformation S carries R into a region R, lying in IJ,’ 
the isometric circle of S~'. If J,’ contains points of A, R, may 
contain points of A; if A is exterior to J,’, then R contains no 
points of A. Hence, the number of regions congruent to R 
which lie wholly or in part in A is not greater than the number 
of isometric circles which contain points of A. This number is 
finite. Also, since there are points of R, or points congruent to 
points of & in the neighborhood of every point of A (Theorem 6), 
it follows that the regions fit together without lacune. A is 
completely covered, except, of course, for the boundaries sepa- 
rating the various regions. 

THEOREM 9.—Within any region enclosing a limit point of the 
group, there lie an infinite number of transforms of the entire 
region R. 

This theorem follows at once from the fact that there is an 
infinite number of isometric circles lying entirely within a given 
region enclosing a limit point. Each of these circles contains a 
region congruent to the entire region R, and the various trans- 
forms are different regions. 

The preceding theorems furnish a picture of the transforms 
of Rk. R and the regions congruent to it fit together to fill up 
all that part of the plane which is composed of ordinary points. 
They cluster in infinite number about the limit points. 
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21 The Boundary of R.—A point on the boundary of R is 
a point P not belonging to R but such that in any circle with 
P as center there are points of R. P may be an ordinary point 
or a limit point. Obviously, P cannot lie within an isometric 
circle. 

If P is an ordinary point, it lies on one or more isometric 
circles. Since there is but a finite number of isometric circles 
whose arcs lie in the neighborhood of an ordinary point, a circle 
Q can be drawn with P as center such that Q is exterior to all 
isometric circles other than those which pass through P. 

In the most general case, a boundary point P belongs to one 
of the following three categories: 

(a) P is a limit point of the group; 

(8) P is an ordinary point and lies on a single isometric circle; 

(y) P is an ordinary point and lies on two or more isometric 
circles. P is then called a ‘‘ vertex.” 

It is desirable to include under (vy) the following special case: 
If P is the fixed point of an elliptic transformation of period two, 
so that, although P lies on a single isometric circle, it separates 
two congruent ares on the circle, we shall classify P under (vy) 
rather than (8). The advantages of this classification will 
appear subsequently. 

Concerning the boundary points of category (a), there is 
nothing to be added to the theorems on limit points already 
derived in Sec. 18. We shall show subsequently (Sec. 25) that 
groups exist for which the boundary points of F# are all limit 
points. The groups of interest for our present theory, however, 
possess ordinary boundary points also. 

(a) The Sides—Consider a boundary point of category (8). 
Let P lie on J;, and let P’ on J,’ be the point into which T carries 
P. We shall show that P’ is also a boundary point of category 
(8). We put aside the case P’ = P, a situation which can arise 
only if J, and J,’ coincide and P is a fixed point of the resulting 
elliptic transformation of period two; for this case has been 
included in (vy). 

First, P’ is within no isometric circle. Suppose P’ to be within 
I,; then S magnifies lengths in the neighborhood of P’. But, 
since 7’ carries P into P’ without alteration of lengths, ST 
magnifies lengths in the neighborhood of P. Then P is within 
I, which is contrary to the hypothesis that P is a boundary 
point. 
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Second, P’ does not lie on an isometric circle other than J,’. 
For, if P’ lies on J,, the transformation ST effects no alteration 
inlengthsat P. Then P is onI,:, which is contrary to the hypoth- 
esis that P lies on a single isometric circle. It follows from 
these facts that P’ is a boundary point of category (8). 

There is no isometric circle in the neighborhood of P other 
than I;. It is clear, then, that the points on J; in the neighbor- 
hood of P are likewise boundary points of category (8); so, conse- 
quently, are the congruent points on J,’. We thus have as a 
part of the boundary an arc of J; and the congruent arc on J;’. 
These arcs may consist of the entire circles or they may terminate 
in points of category (a) or (vy). Since the ares lie on isometric 
circles, they are of equal length. We have, then, the following 
theorem: 

THEOREM 10.—The boundary points of R of category (8) form a 
set of bounding circular arcs, or sides, which are congruent in pairs. 
Two such congruent sides are equal in length. 

(b) The Vertices——There remain for consideration the bound- 
ary points of category (vy). Through a point P of this category 
there pass a finite number of isometric circles. Let Q be a circle 
about P sufficiently small that all isometric circles other than 
those through P are without Q and such that any points of 
intersection of the circles through P, other than P itself, lie 
without Q. The isometric circles through P divide Q into a 
finite number of parts. One of these parts A, owing to the 
assumption that P is a boundary point, belongs to R. The two 
arcs which bound A, on J; and J,, say, are a part of the boundary 
of R. The points of these ares other than P belong to category 
(8). That is, at a vertex two sides of R meet. 

Now make the transformation 7’, P being carried into P’ on 
I,{. By reasoning almost identical with that employed in the 
preceding case, we show that P’ is a vertex. We can show, in 
fact, that P and P’ lie on the same number of isometric circles. 
Let P lie on the isometric circles of 7, S, U, . .. 3 then. P’ 
lies on the isometric circle of 7-1, and also on those of ST-', 
UT, . . . , aS we see on considering the way in which lengths 
in the neighborhood of P’ are affected by the transformations. 
These transformations are different—thus, ST-! = UT" implies 
S = U—hence, their isometric circles are different. Hence, as 
many isometric circles pass through P’asthrough P. Interchang- 
ing the rdles of P and P’, as many pass through P as through P’. 
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(c) Extension of R—We shall find it convenient to add to the 
region Ff certain points of its boundary. Of two congruent 
sides, one, exclusive of the end points, may be added without 
including points congruent to points previously in R. A vertex 
where bounding arcs meet may be congruent to several other 
vertices, one of which may be adjoined. The resulting region is 
still a fundamental region. 


22. Example.—A Finite Group.—The following example of a finite group 
illustrates parts of the preceding discussion. The transformations 


2z —1 Zz 
OS ae ee ae es | 
32 — 1 2z —1 3z —1 
Det ee z= 3. aeeagraea 


constitute a group. This is, in fact, the group got by transforming the group 
of anharmonic ratios (Sec. 13 (2)) by G = 1/(z + 2) so that © shall not be 
a fixed point of any transformation. The isometric circles are 

Ty: |2— 34] = 3%, Ia:|2 — }6| = }, 

lee = = a7, Lazlz — 94| = 44, Is:je — 3g] = 4. 


These are shown in Fig. 15. 


Fie. 15. 


The fundamental region FR is bounded by ares of J; and J». 7’; is an ellip- 
tic transformation of period two [a + d = 0], one of the fixed points being 1. 
T carries the upper half J, of the bounding arc on J; into the lower half J_i. 
Similarly, 7’2 is of period two, the upper and lower sides, /2 and /_» being con- 
gruent. There are thus two pairs of equal congruent sides. 


Two congruent vertices are 5¢4 + iVV 344, through each of which pass all 
five isometric circles. The points 0 and 1 are also vertices. 
R and the five regions congruent to # fill up the whole plane without 


overlapping. The congruent regions are not drawn, but it is not difficult 
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to verify that the six regions consist of the six parts into which the plane is 
divided by the complete isometric circles J;, J2, and J5. 

23. Generating Transformations.—In Sec. 13, mention was 
made of the group resulting from combining a finite or infinite 
number of linear transformations in all possible ways. We shall 
now raise the question whether a knowledge of the fundamental 
region & furnishes any information as to a set of generating 
transformations of the group. 


Let 11, 11, 2, 1-2, . . . be the congruent pairs of sidesof R. Let 
T, carry 1, into 11; T, carry J, into /_2;and soon. We shall show 
that under certain circumstances 7,, Ts, ... form a set of 


generating transformations for the group. 
It is clear that the group formed by all possible combinations of 


T,, Ts, ... , and their inverses contains only transformations 
of the original group. That is, the group generated by 7), 
T, .. ., which we shall designate by T,, is a subgroup of the 


original group. The question at issue is whether I, contains all 
the transformations of the group or only a part of them. 

Let us consider the way in which # is transformed by the 
transformations of the group T;. For convenience in notation, let 
us represent 7’,-! by T_,. 71 carries R into a region R, adjoining 
R along the side /_,; T_1(= 71!) carries R into a region R_; adjoin- 
ing R along the side /;._ In general, 7, carries R into a region R, 
adjoining R along the side /_,. Hence, 7;, Ts, . . . and their 
inverses carry FR into regions adjacent to FR along all its sides. 

Let S be any transformation of the original group, and let S 
carry Rinto R,. &, is bounded by circular arcs congruent to the 
sides 1, of R. The regions R, adjoining R along its sides are 
carried by S into regions adjoining R, along all its sides. That is, 
R,(= S(#)) is surrounded along all its sides by the regions ST, (R), 
er 2 een 

In particular, let S belong to the group T;. Then, ST, belongs 
to I;, and the regions surrounding R, are transforms of R 
by transformations of the group I;. The transforms of R 
by the group I; are entirely surrounded by other such transforms, 
the regions fitting together, without lacunez and with no free sides, 
to form one or more networks of regions. If these networks 
fill up the whole plane, I; coincides with the original group; 
otherwise it does not. 

Let A be a closed region containing no limit points of the group 
and having points in common with the region R. Then R anda 
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finite number of its transforms by the group I; cover A 
completely. For, along the sides of R which lie in A, we can 
adjoin regions of the network; along the sides of the new regions 
which he in A, we can adjoin other regions of the network; and 
soon. We can continue this process as long as there are any free 
sides lyingin A. But A is covered completely by a finite number 
of regions congruent to R (Theorem 8); hence, this process must 
end in a finite number of steps. 

By similar reasoning, if the region A contains points of any 
region / congruent to R by a transformation of T;, A can be 
covered by a finite number of regions congruent to R by the 
transformations of I). 

We can now prove the following theorem: 

THEOREM 11.—If some point of R can be joined to all its con- 
gruent points by curves not passing through limit points, then the 
transformations T;,'T2, . . . by which the sides of R are congruent 
constitute a set of generating transformations for the group. 

Let S be any transformation of the group. Let 29 be a point of 
R which can be joined to any congruent point by a curve not 
passing through a limit point. Let C be such a curve joining 
Z to 2’ = S(@). C can be embedded in a closed region A 
consisting entirely of ordinary points. 

A is covered by FR and a finite number of regions congruent to 
R by transformations of the group I;. In particular, there is a 
transformation 7 of I, which carries F& into a region covering the 
neighborhood of 2’. The transforms of R by S and T' overlap, 
whence S = JT. Any transformation of the original group belongs 
to T;, which was to be provea. 

There are certain cases in which we can state at once that 
T,, To, ... are generating transformations. The first is the 
finite group. Since there are no limit points, the conditions 
of the theorem hold. For example, in the group given in Sec. 
22, T, and 7, are generating transformations. The reader can 
verify that their combinations give the remaining transformations. 

Again, the distribution of the limit points may be such that 
any two points which are not limit points may be joined by 
a curve not passing through the limit points. Then, obviously, 
the conditions of the theorem hold. The simplest examples are 
the groups with a finite number (one or two) of limit points. 

24. Cyclic Groups. Drrinition.—A cyclic group is a group 
generated by a single transformation. 
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If 7 is the transformation which’ generates the group, then 
the group consists of the transformations... T7-*, T, 1, 
T, T?, . . . The groups whose fundamental regions are shown 
in Figs. 11, 12, 14 are cyclic groups. In the examples, all 
the transformations have a fixed point at infinity. In the 
present section, we shall examine the cyclic groups arising when 
T is one or another of the various types of transformations and 
where the fixed points are finite. A knowledge of cyclic groups is 
important because of the fact that every group contains cyclic 
subgroups. For, the group generated by any transformation of 
the original group belongs to that group. 

If there are two fixed points, £, and &:, 7’ can be written in the 
form (Sec. 6, Equation 24). 


a 


j = K # 1, 18) 
PS) 2 eee aD 
and the general transformation 7” is 

Guz She Kee E1 (12) 


EES ge £5 
On solving for 2’, we have 


Ce ob ec (a eee 
fo Tn = ees . 
: ea Ties Pena, 
We find the determinant to be K”(& — £&)?, so we must divide 
numerator and denominator by K”/?(£, — &) to render the 
determinant 1. The isometric circle J, of T” is 


bo KOS) Re) 
SB IEG CSR Ra cs Sa 


fi Nee 
Kr/2 — K-7/2 


> 18) 


; 


(a) Hyperbolic and Loxodromic Cyclic Groups—If T is hyper- 
bolic, K is real and |K| #1; then the multiplier K” of 7", 
n # 0, is likewise real and in absolute value unequal to 1; whence 
all transformations of the group are hyperbolic. If K is not real 
and |K| # 1, then |K"| # 1, n # 0, although in certain cases K” 
may be real; hence, if 7 is loxodromic all the transformations of 
the group are loxodromic or hyperbolic. 

We found in Sec. 11 (6) that a fixed point cannot lie on either 
of the isometric circles J,, I,’ of a hyperbolic or loxodromic 
transformation 7” and its inverse. Clearly, there can be no 
fixed points outside both J, and J,,’, for 7” shifts the position of 
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such a point. Each J, contains a fixed point. As n increases, 
the radius of J, approaches zero; so each fixed point is a limit 
point of the group. An application of Theorem 5, where we 
let the set = consist of the two fixed points, shows that there are 
no further limit points. 

In studying the arrangement of the isometric circles we shall 
make use of the following proposition: 

THEOREM 12.—Let I;, I., I,’, I, be the isometric circles of T, 8, 
S71, U = ST, respectively. If I, and I,! are exterior to one another, 
then I, is contained in I. 

If I, and I,’ are tangent externally, then L, lies in I, and is tangent 
internally. 

The proof is simple. Suppose the circles not tangent; and 
let z be a point outside (or on) J,. Then S carries z into a 
point z’ within (or on) J,’ with decrease of lengths (or without 
alteration of lengths). Now 2’ is outside J;; so 7 transforms 
2’ with decrease of lengths. Hence, U transforms z with decrease 
of lengths, whence z is outside J,. Since every point on or 
outside J, is also outside J,, the latter circle is contained in the 
former. 

If J, and J,’ are tangent externally at a, the preceding reasoning 
holds except at the point a) on J, which S carries into a. T'S 
makes no alteration of lengths at ao, whence ap lies on I,,. 

If, in the cyclic group, 7 is hyperbolic or if 7’ is loxodromic 
and |a + d| S 2, I and I’, the isometric circles of T and T—, 
are exterior to one another (possibly tangent). We now show 
that J encloses J2, [2 encloses J3, etc., and, likewise, J’ encloses 
I,/, Io’ encloses [;’,and soon. We see at once from Theorem 12, 
taking S = 7, that J, is contained in J. Similarly, from the 
product 7-*7T-* J,' lies in I’. 

We establish the general relation by induction. Suppose that 
the circles are arranged as stated up to J, and J,’, and consider 
In41. We write T*+1 = TT”. By hypothesis J,’, the isometric 
circle of T-”, lies in IZ’, and hence is exterior to J. It follows 
from Theorem 12 that J,4+, lies within J,. By identical reasoning 
I',41 is contained in I,,’. 

It follows from the preceding that IJ and I’ contain all other 
isometric circles, whence the fundamental region F is the region 
lying outside these two circles. In Fig. 16, the isometric circles 
are drawn fora group generated by a hyperbolic transformation , 


wine Jae eae AE 
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The situation is somewhat different for a loxodromic trans- 
formation for which |a +d| < 2. In Fig. 17 the isometric 
circles are shown for the group generated by T = 1/(¢ + 1). 
Here a+d=i, whence 7 is loxodromic. The congruent 
boundaries of R are connected by the transformations T and T?. 


Fie. 16. 


According to Theorem 11, these are generating transformations 
for the group. This example illustrates the fact that the gener- 
ating transformations found by an application of Theorem 11 are 
not necessarily the best obtainable, that some of the trans- 
formations found in this way may be consequences of others. 


Hig.) Li. 


A simpler fundamental region for this case, although not bounded by 
isometric circles, is got as follows. The loxodromic transformation may be 
written 7’ = UV, where V and U are hyperbolic and elliptic transformations, 
respectively, with the same fixed points as 7’. Let J and I’ be the isometric 
circles of V and V~t. Then, it is readily shown that the part of the plane 
exterior to J and J’ is a fundamental region for the group generated by 7’. 


Suc. 24] CYCLIC GROUPS 55 


(6) Elliptic Cyclic Grouwps—If T is elliptic, all isometric 
circles pass through the fixed points. Here K = e‘®, and unless 0 
is commensurable with 7, the group is continuous. In Fig. 18, 
the isometric circles are drawn for K = e6/5, The group may 


be generated. as the figure shows, by T? which has the multiplier 
e2ni/5. 


(ec) Parabolic Cyclic Groups.—H T is parabolic, the transforma- 
tion may be written (Sec. 10, Equation 37) 


1 1 
Ap a pega ee c ~ 0. (14) 
Then 7” is the transformation 
1 1 
AN ear a (15) 
I R it 
R 
Fie. 19. 
- (nc& + 1) cs 
poe nes l)z — neg* 16 
oe nee +1 — nc& (16) 
The determinant in (16) is 1 and the isometric circle I, is 
1 1 
— ——) =,—- 17 
(: 2) |nc| oD 
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We see from (17) that £ lies on J,, and that the center of J, 
namely & — = lies on the line joining € to 1/c. Hence, all 


isometric circles have a common tangent at & If n is positive, 
the center of J, lies on one side of £; if negative, on the other. 
As n increases in absolute value, the radius steadily diminishes. 
From these facts it follows that the arrangement of the isometric 
circles is as shown in Fig. 19. This can also be shown from 
Theorem 12. The fixed point is the only limit point of the group. 

25. The Formation of Groups by the Method of Combination. 
We here explain a method of forming properly discontinuous 
groups, by the use of which a great variety of groups with very 
diverse properties can be constructed. The reader will gain some 
idea of the intricate possibilities in the broad class of properly 
discontinuous groups. 

Given a finite or infinite number of properly discontinuous 
groups T,, T; . . . Let the transformations of these groups be 
combined in all possible ways to form a group TI. We get two 
kinds of transformations: (a) those belonging to the original 
groups; and (b) cross-products resulting from the combination of 
transformations not all belonging to the same original group. 
The resulting group may be continuous or discontinuous. In 
certain cases, however, we are able to state that the group is 
properly discontinuous and to specify its fundamental region R. 

TuHEorEM 13.—Let the R-regions Ri, Ro, . .. of the groups 
T,, Te, . . . all contain some neighborhood of infinity; and let the 
isometric circles of all transformations of each group be exterior 
(possibly tangent externally) to all csometric circles of all the trans- 
formations of the remaining groups. Then the group T formed by 
combining the given groups is properly discontinuous. 

The region containing all points common to Ry, Re, . . . ts the 
region k forl. Here a point cs not counted as belonging to R unless 
a region about the point lies in Ri, Re, . . . 

R is the region lying outside the isometric circles of the trans- 
formations of I’ of the category (a). The cross-products have 
not been taken into account. We now show that the isometric 
circles of the transformations (b) contain no points of R. 

Consider the general cross-product 


C= SySner > Sas 
Here we suppose that the two successive transformations S,, 


Siz: do not belong to the same one of the groups T;, Ts, ... ; 
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otherwise, we combine them into one transformation. We apply 
the transformation U toa point 2) of R. Let I;, I,’ represent the 
isometric circles of S;, S;-!. Since 2 is exterior to I,, S carries 
Zo into 2; within J;’. Since J,’ is exterior to J, 2, is exterior to I» 
and S» carries 2; into 2; within J’; and so on. At each step, 
lengths in the neighborhood of the point are decreased. So U 
decreases lengths in the neighborhood of 29; hence zo is exterior 
to the isometric circle of U. Thus the region R of the theorem 
is the region lying outside all the isometric circles belonging to 
the group lr. The existence of R shows that T is properly dis- 
continuous. 


By the use of Theorem 12, employing reasoning similar to that of the 
preceding section, we can show that the isometric circles of 


S1,°S3S1, Ss251, 2" >, U 


form a sequence such that each circle encloses the circle which follows it. 
It follows that the isometric circle of a cross-product lies within one of the 
isometric circles of the original groups, and hence has no bearing on the 
construction of R. 


A few examples wherein we actually construct combination 
groups will throw some light on the various forms which the 
region & can take. 

Given two equal circles, we can set up infinitely many trans- 
formations 7 such that the given circles are the isometric circles 
of T and T-!. It is easily shown that the most general linear 
transformation such that J; and J,’ are, respectively, 


. lz — q| =7, l2—q|=17, 
is 

jp ae eer aa (18) 

aan! 

where @ is any real quantity. If J; and J,’ are exterior to one 
another, the region exterior to J; and J,’ is the region FR for the 
cyclic group generated by T. We shall use groups of this sort in 
applying Theorem 13. 

(a) Given 2n circles Ii, Ii’; . . . 3 In, In’, which are equal in 
pairs, and which are exterior to one another or are externally 
tangent. We set up the transformation 7; so that T; and 7"! 
have the isometric circles 7; and J;’. Then the group generated 
by 71, To, ... 7, has for a fundamental region the region 
outside the 2n circles. 
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If no circles are tangent, R is a connected region, although not 
simply connected. Its boundary consists entirely of sides, 
there being no boundary points of categories (a) or (y) (Sec. 21). 

By making the circles tangent in various ways, the region 
exterior to the circles can be separated into several regions. 
Then RF will consist of several parts. 

(b) In the same way, we can select an infinite number of 
circles equal in pairs and construct a group. Since we are assum- 
ing that the isometric circles lie in some finite domain, we shall 
have circles of arbitrarily small radius. 

These circles can be put together in such a way that & is 
composed of an infinite number of separate parts. 

(c) That R can be a region whose boundary points are all 
limit points is shown by the following example: 


ay 


Fie. 20. 


Let C be a closed curve (Fig. 20). Without going into detail, 
it is seen that pairs of isometric circles with which to form 
a combination group can be put into the interior of C in such a 
manner that every point within or on C which is not within a 
circle has an infinite number of circles in its neighborhood. 
Then & comprises the exterior of C. The boundary of R, namely 
C itself, is composed entirely of limit points. 

Constructions of this sort for other and more complicated 
forms of the region F will occur to the reader. 

An Extension. Schottky Groups.—Results analogous to 
Theorem 13 can be derived for other kinds of fundamental 
regions. Let Ty, ... , Im be groups with fundamental regions 
Fi,..., Fm. Let F; contain in its interior all points of the 
plane not interior to F;(i #7). If the combination group T 
be formed we can show that the region F’ consisting of all points 
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common to F;, ... , /m is a fundamental region for T. The 
boundary of F consists of the boundaries of Ff, .. . , Fm. 

In the neighborhood of a point P on the boundary of F, there 
exist points not belonging to /; which are congruent to points 
of F;. Further, these points can be so chosen that the congruent 
points in F; lie as near the boundary of F’; as we wish and so 
belong to F. The second requirement of the fundamental 
region is satisfied. 

Obviously, no two points of / are congruent by transforma- 
tions of the original group. We now consider the effect of a 
cross-product on a point z of F. Let U =S, - + + S;, where 
S;(#1) belongs to the group T,,,, and T,,, and T,, are different 
groups. i carries 2) into a point 2; outside F,, and hence in 
F,,; Sz carries 2; into a point z: outside F,,, and hence in F’,,,; etc. 
Finally, S, carries 2,1 into a point z, outside F, ; that is, U 
carries 2) into a point outside /, and the first property of the 
fundamental region is established. 

The Schottky group! is constructed as follows: Let Qi, Q1’; 

~ 5 Qn, Qn’ be m pairs of circles external to one another. 
Let 7; be a linear transformation (loxodromic or hyperbolic) 
carrying Q; into Q;’ in such a way that the exterior of Q; is 
carried into the interior of Q;’.. T; generates a cyclic group I; 
for which all that part F; of the plane exterior to Q; and Q,’ is 
a fundamental region. Here F; contains all that part of the 
plane not contained in F;(j #7). The Schottky group IT is 
got by combining [;,...,T,. It has as fundamental region 
all that part of the plane exterior to the 2m circles. TI is gener- 
ated by the transformations 7), ..., Tn. 

In a subsequent chapter (Chap. X) there will arise groups 
generated as is the Schottky group except that Qi, . ~~. , Qm’ 
are closed curves which are not necessarily circles. Such a 
combination group is called a “‘group of Schottky Type.” 

26. Ordinary Cycles.—Returning now to the fundamental 
region F& for the general properly discontinuous group, we shall 
make a study of the vertices. Let A; be a vertex. If either 
of the sides which meet in A; is carried into its congruent side, 
A, is carried into a vertex at the extremity of this latter arc. 
These congruent vertices may be carried into others, with the 
result that A,; may be congruent to several of the vertices of R. 


1 Orelle’s Jour., Vol. 101, pp. 227-272, 1887. 
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We may find the vertices congruent to A; by the following 
method: Let us think of the boundary of R as being traced in a 
positive sense; that is, with the region on the left. In passing 
through a vertex, we proceed along one side to the vertex and 
then proceed along a second side from the vertex. We consider 
the vertex as the end of the former side and the beginning of 
the latter. When a side is carried into its congruent side, the 
beginning and end of the former are carried into the end and 
beginning, respectively, of the latter; this results from the fact 
that the direction around the isometric circle is reversed (Sec. 
TG): 

Let J, be the side beginning at A, (Fig. 21). This side is 
carried by a transformation 7; into the congruent side /_,, Ai 
being carried into A; at the end of /_1. There isa side /. beginning 
at A». The are ly is carried by some transformation 7 into 
the congruent side lz, Ay being carried into A; at the end of J_2. 
We can continue in this manner, getting other congruent vertices 
until we return to A, and the side 1. 

We will return to A; in a finite number of steps. Suppose, 
on the contrary, that an infinite number of vertices Ae, A3, . . 
are congruent to A;. The transformation S, which carries A; 
to A, has an isometric circle passing through A; for if A, is 
outside the isometric circle of S,, A, is within the isometric 
circle of S,~!, which is impossible. Then the isometric circles 
of Se, S3, .. . , an infinite number, pass through A,, which is 
contrary to the hypothesis that A, is an ordinary point. Hence, 
in applying the process just explained, we encounter a finite 
number of vertices As, A3, ... Am, congruent to A; and then 
return to A,.! 

DeEFINITION.—A complete set of congruent vertices of a funda- 
mental region is called an ordinary cycle. 

We shall show presently that there are no vertices of R con- 
gruent to A; other than those just found; whence Aj, Ae . 
A, constitute a cycle. 

Let T;, T2, . .., Tm be the transformations in the preceding 
treatment by which we carry A; to As, Az to Az... Am to Aj, 
respectively. Some of these transformations, it will be noted, 
may be inverses of the others, but each connects a pair of bound- 

1 We continue until we encounter the vertex A: followed by the side ly. 


We may encounter A, once before this happens, in the special case that the 
sides at Ai are tangent. See Fig. 24 p. 73. 
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ing ares. The transformation S = 7, - - - 7.7, carries A, into 
itself. It may happen that S is the identical transformation. If 
not, S is an elliptic transformation. For, A, is a fixed point of 
S; and the fixed points of hyperbolic or loxodromic transforma- 
tions lie within isometric circles and the fixed point of a parabolic 
transformation (Fig. 19) is a limit point of the group. 

Consider now the way in which the transforms of FR fit 


poeevher at A;. The transformations Tn, TnTm—1, ..«, Tm 
eh ey te 2 = )-carry Ay, Ans; . .-. Ao, Ad, respec- 
tively, into Ay Further, the regions f,,, Rms, ... , Re, Bi, 


respectively, into which these transformations carry R fit together 


Ry 
A Re 
] 
1 . Rg 
1-3 
Bre. 21. Fic. 22. 


at A, (Fig. 22). Thus, 7, carries A,, into A;, R» being adjacent 
to R along the are /_,, ending at Ai. In general, 7’; carries A; into 
Ais; and carries R# into a region abutting on F along a side 
ending in A;,;, whence the transforms of these two regions by 
Tm-+ + Tiss, namely R; and R41, are adjacent along an arc 
issuing from A;. In proceeding counterclockwise around A,, 
starting from FR, we encounter in order the adjacent regions Rm, 
Rm-1, .. +, Re, Ri. The curvilinear angle of R at A, is carried 
into an equal angle of R, at Ai. 

Since there can be no overlapping of congruent regions, there 
are two possibilities. First, #; may coincide with R and the 
regions R, Rm, ... , R, completely fill up the angle about A:. 
Then, S is the identical transformation. The sum of the angles 
at the vertices A;, Az, . . . , Amis equal to 2r. 

If R, does not coincide with FR, S is an elliptic transformation. 
Now, an elliptic transformation with multiplier K = e’® amounts 
to a rotation in the neighborhood of the fixed point through the 
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angle @~0. Carrying R into R; requires (Fig. 22) that @ be equal 
to the sum of the angles at the vertices. On applying S, R, 
Rm... , Rare carried into adjacent regions filling out more of 
the region about A; counterclockwise from R;. After a finite 
number, k, of applications of S, the region about A; is completely 
filled up and S*(R) coincides with R. 

It is now clear that there are no vertices of R congruent to A, 
other than A», ...,Am. For, a transformation carrying any 
other vertex A to A, carries R into a region overlapping the 
regions which fill out the angle about A, which is impossible. 

We state the preceding results in the following form: 

THEOREM 14.—The sum of the angles at the vertices of an ordinary 
cycle is 2r/k, where k is an integer. If k > 1, each vertex of the 
cycle is a fixed point of an elliptic transformation of period k. 

Turorem 15.—Each ordinary cycle determines a relation of the 
form (TmT m1 + + + T: T1)* =1 satisfied by the transformations 
connecting congruent sides of R. 


As an illustration of the preceding results, we take the group of Sec. 22, 
the fundamental region of which is shown in Fig. 15. Consider the upper 
vertex in that figure. The side J; beginning at that vertex is carried by T; 
into 1_, ending at the lower vertex. The side /_2 beginning at the lower 
vertex is carried by 7'.~! into l; ending at the upper vertex. The upper and 
lower vertices thus constitute a cycle. 

The transformation S = 7.717 is clearly not the identical transformation, 
since the sum of the angles at the two vertices is less than 27; hence, S is an 
elliptic transformation with the upper vertex as fixed point. We find 
readily that S = 74, and that S? = 1. The sum of the angles at the two 
vertices is 27/3. 

Again the origin is a vertex. The are J. beginning at the origin is carried 
by T2 into the arc J_2 ending at the origin. Hence, the origin alone consti- 
tutes a cycle. The angle there is 7; whence 72? = 1. 

Similarly, the vertex at the point 1 constitutes a cycle. There are thus 
three cycles, 


27. Parabolic Cycles.—If a side of R terminates in a limit 
point P; various situations may arise. It may happen that there 
is no other side terminating in P;. Let us suppose that two sides 
meet in P;; and let us apply the method given in the preceding 
section for getting points congruent to P,. 

Let 1; be the side beginning at P;. Then 1; is carried by a 
transformation 7’; into a side /_; ending at a limit point P,. Let 
ly be the side, if any, beginning at P2, and let 7. carry J, into the 
side /_, ending at P3; and so on. 
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In the application of this process there are three situations that 
may arise: (1) the process may be terminated at some stage by 
arriving at a point at which no side begins; (2) the process may 
continue ad infinitum without a return to P;; (3) after arriving at 
a finite number of congruent points Pe, P3, ... , Pm, we may 
return to P; and the side l;. It is not difficult to set up com- 
bination groups exemplifying each possibility. 

If (3) holds, we say that P;, Po, . . . , Pm constitute a parabolic 
cycle, and each point of the cycle is called a “parabolic point.” 

In many of the groups to be studied subsequently R has a 
finite number of sides and the only limit points on the boundary 


are points where two sides meet. These conditions rule out cases 
(1) and (2); whence the limit points on the boundary are parabolic 
points arranged in cycles. 

The transformation S = T'nTmn—-1 °°: TT, carries Pi into 
itself; whence S is either elliptic or parabolic. The reasoning 
of the preceding section can be repeated word for word to show 
CBee oh cen ete lax? wer hee ol mn? edd) CAITY Jon, 
Pm-1, » + + ,P2, Pi, respectively, into P; and carry FR into regions 
Rm, Rm-1, .-.. , Re, Ri fitting together along arcs issuing from 
P, in the order shown in Fig. 23. The angle between the sides 
of R; which meet at P; is equal to the angle between the sides of 
R which meet at P;. 

S carries R into R,, the side 1, being carried into the side /’ 
which separates R; and Ry. If S is elliptic J; and /,’ meet at an 
angle different from zero. By repeating S a finite number of 
times, the neighborhood of P; is covered by a finite number of 
regions, which is contrary to Theorem 9. Hence S is parabolic. 
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Since S is parabolic, J; and J’ are tangent at the fixed point P,. 
Then, the ares bounding the intervening regions are also tangent 
to l,. The angle between the sides which meet at each point of 
the cycle is zero. 

By repeated application of S to the regions in Fig. 23, we get 
infinitely many other regions with two sides meeting at P,, the 
sides being tangent to J. 

TuEoreM 16.—The sides of R which meet at a parabolic point are 
tangent. There is an infinite number of regions congruent to R each 
having two sides which meet at the parabolic point and are tangent 
to the sides of R. 

If the sides of R meet always at vertices or at parabolic points, 
the region is of a particularly simple kind. 

THEOREM 17.—If the boundary of R consists entirely of ordinary 
points, or if the only limit points on the boundary are parabolic 
points, then R has a finite number of sides. 

Suppose that R has an infinite number of sides. Let 2, 2s, 
. . . be an infinite suite of points each lying on a side of R and no 
two lying on the same side. These points have at least one 
cluster point P, which is also a boundary point. In the neighbor- 
hood of P lie infinitely many sides of R. This is impossible either 
at an ordinary point or at a parabolic point; and the theorem is 
established. 

28. Function Groups.—The ordinary points of a properly 
discontinuous group either form a single connected region, or 
two-dimensional continuum, 2%, or else are separated by the limit 
points into two or more two-dimensional continua 2, 21, Ys, . . . 

DEFINITION.—A properly discontinuous group will be called a 
function group uf one of the connected regions X into which the limit 
points separate the plane is carried into itself by all the transforma- 
tions of the group. 

In a finite group or a group with one or two limit points the 
ordinary points constitute a single connected region which is 
carried into itself by all transformations, whence the group is a 
function group. A group of the sort shown in Fig. 20 is not a 
function group. It is the function groups only that will play 
a part in our subsequent theory. 

THEOREM 18.—In the region X of a function group lies a part 
Ro of the region R, and Ro is a fundamental region. 

Not all of R can be exterior to 2, for then the transforms of 
R would all be exterior to 2, contrary to Theorem 6. Let P be 
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a boundary point of Ro. If P is a limit point, there are points 
congruent to points of Ry in the neighborhood of P by Theorem 2. 
If P is an ordinary point on the boundary of Ro, it lies in 2 and 
there are points congruent to points of R in its neighborhood. 
But these points are congruent to points of Ry since the trans- 
forms of all other points of R are exterior to =. Since obviously 
no points of Ay are congruent, Ro is a fundamental region for the 
group. 

THEOREM 19.—The sides of Ro are congruent in pairs; and the 
transformations connecting congruent sides of Ro form a set of 
generating transformations for the function group. 

It is clear that Ro is bounded in part by sides. For, otherwise, 
Ro is bounded entirely by limit points (or consists of the whole 
plane if there are no limit points) and coincides with 2. Then, 
no two points of = are congruent, which is impossible. (We 
assume here that the function group does not consist solely of the 
identical transformation.) Each side of Ro is congruent to some 
side of R. But the congruent side must lie in ¥ and so is a side 
of Ro. 

Since = is, by hypothesis, a connected region, any interior 
point of Ro can be joined to any of its congruent points by a 
curve not passing through a limit point of the group. The 
latter part of the theorem then follows from Theorem 11. 

THroreM 20.—If a function group possesses a fundamental 
region F which, together with its boundary, consists of interior 
points of 2, and whose transforms cover the neighborhood of each of 
its boundary points, then the boundary of Ro consists of interior 
points of 2, and Ry has a finite number of sides. 

A finite number of transforms of Ro cover F and its bound- 
ary completely. Let us carry the portion of F in each region fh; 
into Ro by means of the transformation which carries f; into Ro. 
These transforms of parts of F do not overlap, since no two points 
of F are congruent. 

Furthermore, they fill Ro completely without lacunz. Sup- 
pose, on the contrary, that an interior point 2 of Ro is exterior 
to all the transforms of parts of Ff. Let z, be the nearest 
point of one of the parts in Ro. Then in any neighborhood of z; 
are points which are not covered and which are, therefore, not 
congruent to points of F. On carrying the particular part back 
to F, 2; goes into a boundary point of / which has in its neighbor- 
hood points not congruent to points of /. This is impossible. 
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If Ro has a limit point on its boundary, so has one of the 
parts covering Ry and there is a congruent limit point on the 
boundary of F’, contrary to hypothesis. 

We may now imbed the region Ry in a closed region A con- 
sisting entirely of ordinary points. Only a finite number of 
isometric circles enclose points of A. As isometric circles which 
are exterior to A cannot form part of the boundary of Ro, it 
follows that Ry is bounded by a finite number of sides. 

The group is then generated by a finite number of trans- 
formations. 

Classification of Function Groups.—We shall separate the func- 
tion groups into three major classes. 

1. Elementary Groups.—These consist of the finite groups and 
the groups with one or two limit points. 

2. Fuchsian Groups.—A group is called “Fuchsian” if its 
transformations have a common fixed circle and if each trans- 
formation carries the interior of the fixed circle into itself. 

3. Kleinian Groups.—A function group is called ‘‘ Kleinian”’ if 
it does not belong to one of the preceding classes. 

Examples of elementary groups are the group discussed in 
Sec. 22 and the cyclic groups of Sec. 24. 

There is a certain amount of overlapping between (1) and (2). 
Certain of the elementary groups possess fixed circles; for exam- 
ple, the non-loxodromie cyclic groups. 

Most of the combination function groups are Kleinian groups. 


CHAPTER III 
FUCHSIAN GROUPS 


29. The Transformations.—As defined in the preceding 
section, a Fuchsian group is a properly discontinuous group each 
of whose transformations carries a certain circle into itself and 
carries each of the parts into which the circle divides the plane 
into itself. The common fixed circle will be called the “principal 
circle.’ A point within the principal circle is carried into an 
interior point; an exterior point is carried into an exterior point. 
If the principal circle is a straight line, a point on one side of the 
line is carried into a point on the same side of the line. 

Consider now the kinds of transformations that can belong 
to a Fuchsian group. We found in Sec. 9 that the only loxo- 
dromic transformations which have fixed circles carry the 
interior of each fixed circle into its exterior. Hence, there can 
be no loxodromic transformation. Referring to Secs. 7, 8, 10, 
where we studied the fixed circles of the non-loxodromic trans- 
formations, and to the accompanying figures, we see that a 
transformation of the group, other than the identical transforma- 
tion, must be one of the following kinds: 

(a) A hyperbolic transformation with its fixed points on the 
principal circle. 

(b) An elliptic transformation with its fixed points inverse to 
one another with respect to the principal circle. 

(c) A parabolic transformation with its fixed point on the 
principal circle and with its fixed straight line tangent to the 
principal circle. 

Conversely, a transformation of any one of these three kinds 
carries the circle into itself. 

An application of Theorem 20, Sec. 11(c), gives the following 
result: 

TuErorEM 1.—The isometric circles of the transformations of a 
Fuchsian group are orthogonal to the principal circle. 

30. The Limit Points.—Since the principal circle is trans- 
formed into itself, it constitutes a set to which Theorem 5 of 


Sec. 18 applies. Hence, we have the following theorem: 
67 
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TurorEM 2.—The limit points of a Fuchsian group le on the 
principal circle. 

This theorem can also be proved directly from Theorem 1. 
For, the requirements that a limit point shall have isometric 
circles of arbitrarily small radius in its neighborhood and that 
these circles shall be orthogonal to the principal circle can be 
met only if the limit point is on the principal circle. 

THEOREM 3.—If there are more than two limit points, either (1) 
the set of limit points consists of all points of the principal circle; 
or (2) the set of limit points ts a perfect set which ts nowhere dense 
on the principal circle. 

We have already found (Sec. 18, Theorem 4) that if there are 
more than two limit points the limit points form a perfect set of 
points. We must show further that unless every point of the 
principal circle isa limit point, then the limit points form a set which 
does not contain all the points of any are of the principal circle. 

Let 29 be a point lying on the principal circle and which is not a 
limit point. Then the points in the neighborhood of 2 are also 
ordinary points. In particular, the points on a suitably small 
arc h of the principal circle passing through 2 are ordinary points. 

Let P be a limit point. Then, applying Theorem 2, Sec. 18, 
there are points congruent to points of h in the neighborhood of 
P. These points are ordinary points and lie on the principal 
circle. Since there are ordinary points on the principal circle 
in the neighborhood of a limit point, it follows that the set of 
limit points is nowhere dense on the principal circle. 

It is known from the theory of perfect sets that the set of 
limit points in (2) can be formed by the removal from the princi- 
pal circle of an infinite number of open arcs, hi, ho, . . . These 
ares do not overlap and have no common end points. Further 
between any two arcs lie infinitely many others. The perfect set 
consists of the points that remain after the arcs have been removed. 

On the basis of the preceding theorem we shall classify Fuchsian 
groups as follows: 

(a) Fuchsian groups of the first kind, or groups for which every 
point of the principal circle is a limit point. 

(b) Fuchsian groups of the second kind, or groups whose limit 
points are nowhere dense on the principal circle. 

To (6) belong the groups whose limit points form a non-dense 
perfect set and also the elementary Fuchsian groups, where the 
number of limit points is finite. 
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In (a) the limit points separate the plane into two regions each 
of which is carried into itself. In (b) the ordinary points form a 
single connected region. 

We shall find that groups of both kinds exist, and that the 
two kinds of groups have strikingly different properties. 

31. The Region R and the Region Ry.—When we make an 
inversion in a circle, any orthogonal circle is carried into itself 
and the interior of the orthogonal circle is carried into itself. 
Hence, from Theorem 1, if we make an inversion in the principal 
circle, each isometric circle is carried into itself and its interior 
and exterior go, respectively, into its interior and exterior. A 
point of R, being exterior to all the isometric circle, is carried 
into another point of #. Hence, we have the following result: 

THEOREM 4.—An inversion in the principal circle carries the 
region ft into itself. 

In this inversion, infinity is carried into the center of the 
principal circle, providing, as we shall assume, that the principal 
circle is not a straight line. Since the points in the neighborhood 
of infinity lie in R, it follows that points in the neighborhood of 
the center of the principal circle lie in R. 

The principal circle divides R into two parts which may or 
may not be connected with one another along the principal 
circle. 

We shall designate by Ro the part of R lying within the principal 
circle, by Ro’ the part of R lying without the principal circle. 

R,’ is the inverse of Ro in the principal circle; its sides and 
vertices are the inverses of the sides and vertices of Ry. The 
sides which bound &,’ lie on the same isometric circles as the 
sides which bound fp. Corresponding sides are connected by 
the same transformations. 

Let a transformation of the group be made. fp is carried 
into a region in the interior of the principal circle and Ry’ into 
a region on the exterior. As a consequence of Theorem 10, 
Sec. 5, we can state that the two transformed regions are inverse 
with respect to the principal circle. 

It follows from the preceding remarks that, in a study of the 
fundamental region, of its sides and vertices, of its congruent 
regions, and the like, it will suffice to study the region Ao within 
the principal circle. An inversion in the principal circle will 
then furnish the corresponding results for Ro’. We = shall, 
therefore, limit our study to Ro. 
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TuHEorEeM 5.—The region Ro is simply connected. 

It is clear that the region Ry is connected. A straight line 
segment from the center of the principal circle to any point 
of Rp lies entirely within Ry. Thus any two points of Ry can be 
joined by a curve lying in Ry; for example, by combining the line 
segments joining each to the center. 

Ro is simply connected if any closed curve in Ro can be shrunk 
continuously to an interior point without crossing the boundary. 
This can be done by the simple process of moving the points of 
the curve continuously along radii to the center. 

The main facts concerning the sides of Ro are summarized 
in the following theorem: 

THEOREM 6.—The sides of Ro are circular arcs orthogonal to the 
principal circle. These arcs are congruent in pairs. Two con- 
gruent sides are equal in length and congruent points thereon are 
equidistant from the center of the principal circle. 

That the sides are orthogonal to the principal circle follows 
from Theorem 1. That the sides are arranged in congruent 
pairs which are equal in length follows from the fact (Sec. 21, 
Theorem 10) that the sides of R are so arranged. A side of Ry 
is a side, or a portion of a side, of R, and is equal in length to its 
congruent side. This congruent arc lies also within the principal 
circle and is a side of Ro. 

That congruent points on two congruent sides of Ry are 
equidistant from the center of the principal circle is a conse- 
quence of Theorem 21, Sec. 11. 

Attention should be called to the fact that an are of the 
principal circle along which Ry and R,’ are adjacent is not 
considered as a side of Ro. The term “side” is here limited to 
arcs of isometric circles. 

TuHroreM 7.—Any closed region lying entirely within the principal 
circle 1s covered by a finite number of transforms of Ro. These 
regions fit together without lacune. 

This theorem follows from the fact that a region of the kind 
specified is covered without lacunae by a finite number of trans- 
forms of R (Sec. 20, Theorem 8) and from the further fact that 
Ro contains all the points of R whose transforms lie within the 
principal circle. 

TurorEM 8.—The transforms of R, fill up, without lacune, 
the whole interior of the principal circle. They cluster in infinite 
number about each limit point of the group. 


Suc. 32] GENERATING TRANSFORMATIONS fe: 


The first part of this theorem is a consequence of Theorem 7. 
A circle Q concentric with the principal circle and of smaller 
radius is covered by Ry and a finite number of regions congruent to 
Ro. By taking the radius of Q near enough to that of the princi- 
pal circle we can enclose in Q any given point interior to the 
principal circle. It follows that the interior of the principal circle 
is completely covered. The second part of the theorem follows 
from Theorem 9, Sec. 20. 

THEOREM 9.—An interior point of Ro is nearer the center of the 
principal circle than any point congruent to tt. 

An interior point of Ro is outside the isometric circle of any 
transformation by which it is carried into a congruent point. 
The theorem then follows from Theorem 21, Sec. 11. 

32. Generating Transformations. 

THEOREM 10.—The transformations by which the sides of Ro are 
congruent form a set of generating transformations for the group. 

If the Fuchsian group is of the first kind, the theorem follows 
directly from Theorem 19, Sec. 28; for Ro is that part of R lying 
in the interior of the principal circle, which may be taken as the 
region > of Sec. 28. If the group is of the second kind, » con- 
sists of all ordinary points in the plane, and the fundamental 
region of that theorem is # itself. But the sides of R which 
lie outside the principal circle are congruent by the same trans- 
formations that connect the sides of Ry and so supply no new 
generating transformations. 


Let Q be a circle lying within and concentric with the principal circle, and 
let us consider the network of regions by which Q is covered. We shall 
prove the following theorem: 

THEOREM 11.—A circle Q concentric with the principal circle and of smaller 
radius is completely covered by Ro and by regions which are congruent to Ro by 
transformations formed by combining those generating transformations which 
connect sides of Ro lying wholly or in part in Q. 

The network of regions covering Q is found by adjoining regions congruent 
to Ro along the sides of Ro lying in Q, adjoining regions along such sides of 
these transformed regions as lie in Q, and so on (Sec. 23). In this process, 
we employ only those generating transformations connecting sides of Ro 
which lie in Q or are congruent to sides lying in Q. For example, if one of 
these regions, 7'(Ro), has a side J in @ which is congruent to J, of Ro, then 
TT;(Ro) is the region adjacent to T(fo) along 1. Hence, at each step we 
introduce only the generating transformations stated. 

Now, when Ao is carried into a congruent region, the distance of an interior 
point from the center of the principal circle is increased (Theorem 9); hence, 
the distance of a boundary point is not decreased. Then all transforms 
of all sides of Ry which lie outside Q are themselves outside Q; and the 
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transformations connecting these sides play no part in the formation of the. 
network. This establishes the theorem. 

Turorem 12.—Let S be a transformation of the growp; let P be the povnt on 
the isometric circle of S which is nearest the center of the principal circle; and let 
Q be the circle through P concentric with the principal circle. Then S can be 
expressed as a combination of those generating transformations which connect 
sides of Ro which have at least one interior or end point within or on Q. 

The theorem is so worded as to include not only sides lying wholly or in 
part in Q but also sides which touch Q or have an end point lying on Q. 
Since there is but a finite number of sides in the neighborhood of Q we can 
draw a slightly larger circle Q’, concentric with Q, which contains no new 
sides of Ro. Q’ contains P on J, and the congruent point P’ on J,’, since P’ 
and P are equidistant from the center of the principal circle. 

It follows from the preceding theorem that Q’ is completely covered by Ro 
and the regions congruent to Ro by transformations of the kind mentioned in 
the present theorem. These regions cover the neighborhoods of P and P’. 
S carries interior points of a region 7'(Ro) in the neighborhood of P into 


interior points of some region 7'(o) in the neighborhood of P’, where both 
T and T are combinations of generating transformations of the kind specified 
in the theorem. _ Then ST(Ro) and T(Ro) overlap, whence (Theorem 1, 


Secsg|6)is dangly Sie— TT", This is a combination of the kind 
required; and the theorem is established. 


33. The Cycles.—Let Ai, Ao, . . . Am be the vertices of an 
ordinary cycle of R, arranged in order as in Sec. 26. Then A; 
and Az41 are congruent points at the ends of congruent sides 
Ix, 1, of R. We need consider only vertices of Ro, those of Ry’ 
being got by an inversion. It follows from Theorem 6 that A; 
and A;41 are equidistant from the center of the principal circle. 

The congruent points of a parabolic cycle are limit points and 
lie on the principal circle. We have, then, the following theorem: 

THEOREM 13.—The congruent vertices of an ordinary cycle lie on 
a circle concentric with the principal circle. The points of a 
parabolic cycle lie on the principal circle. 

There arises the question whether there can be an ordinary 
cycle with vertices lying on the principal circle. Such cycles do 
exist for certain groups. Two isometric circles which meet on 
the principal circle, being both orthogonal to the principal circle, 
are tangent. Hence, the angle at each vertex is either 0 or 7. 

In Fig. 24 is shown the region R for a combination group 
arising from two hyperbolic cyclic groups. Two of the circles 
are made tangent. The order of the sides and vertices, accord- 
ing to the scheme of Sec. 26 is indicated. The congruent 
vertices are in order A,, Ao, A3(=A;), Ag. 
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This situation can arise only if the sum of the angles of the 
cycle is 2x. Otherwise, the transformation S = Tm +--+ 71, 
which carries A, into itself, is an elliptic transformation and 
(Sec. 29 (b)) the fixed point A, does not lie on the principal circle. 
In the figure, the angles at A, and Ay are each r and those at 
A, and A; are zero. 


The cycle in this problem is not an essential one and we can remove it 
entirely if we wish. We can replace any part of R by a congruent part and 
still have a fundamental region. Let the sides /_; and J be slightly deformed 
in the neighborhood of Az so that A, becomes an interior point. The part of 
R which is removed in the neighborhood of A» can be replaced by the con- 
gruent part lying within 7,’ in the neighborhood of A;. Then, J; and l_: are 
displaced slightly to the right and the sides no longer touch. 


It is not difficult to see that this can be done in the most general case. 
In such a ecyele, two of the vertices, as Ay and A,, have the angle z, and a 
finite number have the angle zero. By deforming the sides at one of the 
former vertices we can remove one of the points of tangency. By deforming 
the sides which now meet at the latter point we remove another point of 
tangency. By successive steps we can remove the remainder. 


34. Fuchsian Groups of the First and Second Kinds.— Whether 
a Fuchsian group is of the first or the second kind (Sec. 30) 
depends upon the region R&, as stated in the following theorem: 

Tuerorem 14.—I/f R contains on tts interior a point of the princi- 
pal circle, the group is of the second kind; if not, it 1s of the first 
kind. 

The first part of the theorem is evident. If a point of the 
principal circle is on the interior of R, it is an ordinary point. 
Not all points of the principal circle are limit points; and the 
group is of the second kind. 

To complete the proof we show that if the group is of the 
second kind, R contains a point of the principal circle on its 
interior. Let z be an ordinary point on the principal circle. 
Then a circle Q can be drawn about zo such that all points within 
and on Q can be covered by a finite number of transforms 
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of R (Theorem 8, Sec. 20), Ri, ..., Rn, say. Each of these 
regions has a finite number of sides lying in Q. For, an infinite 
number of sides would have a cluster point in or on Q; and this 
cluster point, being the transform of a point of R at which infinitely 
many isometric circles cluster, would itself be a limit point, which 
is impossible. Further, the sides of these regions, being congru- 
ent to the sides of R, are orthogonal to the principal circle. Let 
h be the arc of the principal circle lying in @. Then, with the 
exception of the finite number of points where the sides of Ri, 
R., . . . R, meet the principal circle, each point of fA is interior 


Fie. 25. Fig. 26. 


to one of the regions. Let 2; be a point of h interior to Rx. 
Making the transformation which carries R;, into R, 2; is carried 
into a point which is interior to R and which lies on the principal 
circle. The existence of this point establishes the theorem. 

If Rk contains a point of the principal circle on its interior, it 
contains all points of an arc of the principal circle passing through 
the point. In the group of the second kind, then, R contains 
one or more ares of the principal circle on its interior. The two 
regions Ry and Ro’ abut along these arcs. 

The region Ro for the two types of groups has the character 
illustrated in the accompanying figures. In the group of the 
first kind (Fig. 25) Ro either lies, together with its boundary, 
within the principal circle; or, if there are points of the boundary 
of Ro on the principal circle they are limit points of the group with 
sides of Ry in the neighborhood. In the group of the second kind 
(Fig. 26) Ro abuts on the principal circle along one-or more arcs, 
and R contains these ares on its interior. 

THEOREM 15.—Ry constitutes a fundamental region for the 
Fuchsian group of the first kind. 
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This theorem is a consequence of Theorem 18, Sec. 28. 

THEOREM 16.—If the boundary of Ro lies within the principal 
circle, or uf the only boundary points on the principal circle are 
parabolic points, then Ro has a finite number of sides. The group 
is then generated by a finite nwmber of transformations. 

If the only boundary points of Ro which lie on the principal 
circle are parabolic points, the same is true of the boundary 
points of Ro’. The first part of the theorem then follows from 
Theorem 17, Sec. 27. The latter is then a consequence of 
Theorem 10. 

In our later work, particularly in the study of uniformization, 
we shall come upon Fuchsian groups of the first kind where the 
fundamental region is found in quite other ways than that 
employed here. We shall give now some theorems concerning 
other fundamental regions. 

THEOREM 17.—If a Fuchsian group possesses a fundamental 
region F whose transforms cover the neighborhood of each of its 
boundary points and which lies within a circle Q concentric with the 
princtpal circle and of smaller radius, then Ro lies within Q. 

A finite number of transforms of Ry cover F’ completely. 
When we carry the portion of F in each region R; into Ro by 
means of the transformation which carries R; into Ro these 
transformed parts of F fill Ro completely without lacune, as 
shown in the proof of Theorem 20, Sec. 28. Then, Ro is in Q; 
for on transforming the parts of F into congruent parts in Ro the 
distance of no point from the center of the principal circle is 
increased (Theorem 9). 

Tuerorem 18.—The transforms of F fill up, without overlapping 
and without lacune, the whole interior of the principal circle. 

The transforms of / cover Ry completely. The transforms of 
F,, then, cover all transforms of Ro. These fill up the interior of 
the principal circle. There can be no overlapping of the trans- 
forms of F since no two points of / are congruent. 

TurorEM 19.—Of the fundamental regions lying within the 
principal circle, Ro has the maximum area. 

A fundamental region different from fo is formed by replacing 
parts of Ro by congruent parts. Since A> is exterior to all iso- 
metric circles, a shift of any part of Ao to a congruent position 
effects a diminution of area. 

35. Fixed Points at Infinity. Extension of the Method.—If a 
transformation has a fixed point at infinity, either there is no 
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isometric circle or all circles are isometric. In the study of a 
group, we have supposed hitherto that it has been so transformed 
that there are no transformations with ~ asa fixed point. This 
involves, of course, no loss of generality. There is, however, 
sometimes a distinct loss of simplicity in the definition of the 
group. In the present section, we shall discuss briefly the forma- 
tion of the fundamental region for a properly discontinuous group 
certain of whose transformations have fixed points at infinity. 

THEOREM 20.—AIl the transformations of a given group which leave 
come configuration unaltered constitute a subgroup of the given group. 

For, the succession of two transformations which leave the 
configuration unaltered and also the inverse of any, leave the 
configuration unaltered, and they belong to the given group. 

Taking the point at infinity as the configuration of the theorem, 
we have the following corollary: 

CoroLuary.—All those transformations of a given group which 
leave the point at infinity fixed constitute a subgroup of the given 
group. 

We shall represent by Uo(=1), Ui, Us, . . . the transforma- 
tions with © as fixed point and shall call the subgroup which 
they form I... 

All transformations other than those of I, possess isometric 
circles. It is no longer necessarily true that the radii of these 
circles are bounded, that their centers lie in a finite region, or that 
the centers are distinct. Concerning these isometric circles we 
shall prove the following theorem: 

THErorEM 21.—A transformation of the growp TY, carries an 
isometric circle into an isometric circle. 

Let J, be the isometric circle of 7, and let a transformation U 
be applied. We shall show that U(/,) is the isometric circle of 
the transformation S = UTU~'. U has the form 


2 = U4) = Ke 5, 


where K is the multiplier, as we found in Secs. 6 and 10, Equa- 
tions (81) and (389’). Since U’(z) = K, the transformation 
multiplies all lengths by |K|; the transformation U-! multiplies 
all lengths by 1/|K]. 

Let P be a point on the circle U(Z,) and let P be transformed by 
S. U~' carries P to P’, a point on J;, lengths in the neighborhood 
being multiplied by 1/|K|. TJ carries P’ into P’” without altera- 
tion of lengths. U multiplies lengths in the neighborhood of P’”’ 
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by |K|. The result is that UTU- has not altered lengths in the 
neighborhood of P; hence P is on the isometric circle of J,. 

Let us now construct a fundamental region / for the subgroup 
T,. The existence of F follows (after a preliminary transforma- 
tion of the group T,) from the general theory of the preceding 
chapter—sides congruent in pairs, ordinary vertices arranged 
in cycles, etc. In many cases, however, as in Figs. 11 to 14, 
we know a fundamental region already, and we do not need 
to employ the general theory. 

The principal theorem of the present section will now be proved. 

THEOREM 22.—Let F be a fundamental region for the subgroup 
I, where the sides of F are congruent in pairs and the transforms 
of F cover the finite plane, and let R consist of all that part of F 
which is exterior to all isometric circles of the group. Then Ris a 
fundamental region for the group. 

A transformation of IT, carries a point of R into a point of a 
region congruent to Ff and hence outside R. Any other trans- 
formation of the group carries a point of R into the interior of 
an isometric circle and hence outside R. So no two points of R 
are congruent. 

On the assumption that the sides of F are congruent in pairs, the 
sides of R are congruent in pairs. That part of a side of F which 
is exterior to all isometric circles, and so is also a side of R, is, 
from Theorem 21, congruent to a side which is also exterior to all 
isometric circles. An ordinary boundary point P of R lying on 
an isometric circle J; is carried by 7 into a point P’ on I;’.. We 
can show in the usual way that P’ is interior to no isometric 
circle. If P’ lies in /, it is a boundary point of FR; if not, it lies 
in a congruent region U(/’), and the congruent point P’”” = U~1(P’) 
lies in F and isa boundary point of R. It follows that the sides 
of R which lie on isometric circles are congruent in pairs. 

A region about a boundary point of & ona side /; contains points 
congruent to points of R in the neighborhood of the congruent 
side J_,; the neighborhood of a limit point contains points con- 
gruent to points of R by Theorem 2, Sec. 18. Hence, F is a 
fundamental region. 

The further properties of R, such as the arrangement of the 
vertices in cycles, the theorems on the generating transformations, 

1The fundamental regions of Figs. 11 to 14 have these properties. That 


the most general subgroup I, has a fundamental region whose transforms 
cover the whole finite plane will appear in Chap. VI. 
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and the like, are established as in our previous treatment, and 
will not be repeated here. 

36. Examples. The Group of the Anharmonic Ratios.——This 
group (Sec. 13 (2)) contains, in addition to the identical trans- 
formation, the following transformations: 


1 1 
U=l-% T=5 Mm=z— 
z2—1 Z 
De ae et 


Here U is a rotation through the angle z about the point 14. 
A fundamental region for the pUperoue I, is the half plane 
bounded by any straight line through 14; for instance, the upper 
half plane. 

The isometric circles of the remaining transformations are 


Gale la| = 1 l pae Oe le—1|= 


o's (AD 
=} O 1 2 


Fra. 27. Fre. 28. 


We have, then, as a fundamental region R for the group that 
part of the upper half plane lying outside these circles (Fig. 27). 

The rectilinear sides of R are congruent by U, the circular 
sides by 73. U and 7's are then generating transformations. 
From the two cycles of angles 27/3 and 7, we have the relations 
T38 = f-and (UT3)2 =uil 

A Group with Qo as Principal Circle-—As a further example, 
we shall consider the group mentioned in See. 13 (7): 


where a and ¢ are complex integers. This is a Fuchsian group 
with Qo as principal circle. 

When c = 0, we have, ad = 1; whence,a = t+lor +7. This 
gives for I',, the two transtormations, 


Zg=2, 2 = UG)= =, = —£Z, 
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U is a rotation about the origin through the angle 7. A funda- 
mental region for I’, is the half plane above the real axis. 

Among the remaining transformations, consider, first, those — 
with the largest isometric circles. The smallest. absolute value 
of c occurs when c = +1 or +7. Then a@ = 1 + cé = 2; and 
a= +1++7. This gives for the center —d@/c) the possible 
positions 1+7, 1—7, —1+7, —1—i. Only two circles 
with these centers and of unit radius lie in the upper half plane. 
They are the isometric circles of 

Cie (Ut ae) 
z+1-—-72 
and its inverse. They are shown in Fig. 28. 

We shall now show that each other isometric circle in the 
upper half plane is contained in one of these. Each such circle 
is orthogonal to Qo and of radius less than 1. Unless it lies 
within or is tangent internally to one of the two circles already 
drawn, it must contain one of the points +1 or 7 on its interior. 
Its isometric circle is 

lcz + a| = 1, le 
If one of the three points lies within this circle, we have 
itera) < loror leet] < 1. 
Since the term whose absolute value appears in the first member 
is an integer, its absolute value can be less than 1 only if it is 
zero. Then |c| = |a|, and a@ — cé = 0, which is impossible. 

R, then, is that part of the upper half plane which is exterior 
to the two circles of Fig. 28. RK contains no points of Qo; so 
the group is of the first kind. All points of Qo are limit points. 
R consists of two parts: Ro within Qo, and Ro’, the inverse of 
Ry in Qo. The transforms of Ro fill up the whole interior of Qo. 
U and T are generating transformations. 

There are three cycles. The origin constitutes an ordinary 
cycle of angle 7, whence U? = 1. The point 7 constitutes a 
parabolic cycle. The points 1 and —1 form a second parabolic 
cycle. 

37. The Modular Group.—This group (Sec. 13 (5)) consists 
of the transformations 

pide ca) 0 
~ cz +d’ 
where a, b, c, d, are real integers. The real axis is a fixed circle. 
Whether the upper half plane is carried into itself or into the 


ad — be = 1, 
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lower half plane can be determined from a consideration of one 
point. When z = 7, we find z’ = [ac + bd + (ad — be)i]/(c? + 
d?). The imaginary part of this quantity is positive; so 2’ is 
also in the upper half plane. The group is thus a Fuchsian 
group. 

When c= 0, we have ad=1. Then a=d= +1, and 6b 
can have any integral value. This gives for the subgroup I, 
(Sec. 35) the set of transformations 


2 = 2-7, 


U 


Fie. 29. 


where n is any integer. This is the group of translations whose 
fundamental region—setting w = 1—is shown in Fig. 12. We 
shall take as fundamental region the strip enclosed by lines 
perpendicular to the real axis through the points +14. The 
subgroup is generated by the transformation 


z= U(z)=2+1. 


Consider the largest isometric circles. If c = +1, we have 
ad + b= 41. For any integral value of a and d, we can deter- 
mine from this equation an integral value of 6. It follows that 
the center, +d, of the isometric circle |+z2 + d| = 1 can be any 
integer. These circles, then, are the unit circles with centers 
at the real integers. They are the large circles in Fig. 29. 

These isometric circles enclose all points within a distance of 
14/3 of the real axis. For any other transformation |c| > 2; 
and the isometric circle is of radius not exceeding 144. As the 
center is on the real axis, such a circle lies in the space enclosed 
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by the unit isometric circles. These smaller circles, then, can 
form no part of the boundary of R. 

The region FR, lying in the period strip previously selected 
and exterior to the isometric circles, is bounded by the unit 
circle with center at the origin. It consists of the region Ro 
shown in the figure together with the reflection of Ry in the real 
axis. The circular boundary of Ro consists of two sides lz and 
l_» which are congruent by 


an elliptic transformation with fixed points +7. U and T are 
generating transformations for the group. 

There are three cycles. The point at infinity, to which 
Ry extends, is a parabolic point and constitutes a cycle. The 
point 2 constitutes a cycle of angle 7; whence 7? = 1. The 
remaining two vertices, namely, +14 + 141/31, constitute a 
cycle of angle 27/3. 

To get the relation connecting U and T which arises from 
the last cycle, we proceed as in Sec. 26. Starting from the 
right-hand vertex and the side /_, beginning there, we get the 
transformation U~! then 7 before returning. Then, 

gies 
Zest 
is a transforms of period three which carries the right-hand 
vertex into itself. The desired relation is S* = 1 or TU“'TU~ 
TU-1 = 1. This can also be written, if we take the inverse 
and use the fact that T-! = T, in the form 


UTULUT== A: 


The transforms of Ry cover the whole upper half plane. <A 
number of the regions congruent to Ry are shown drawn to scale 
in the figure. The regions cluster in infinite number about each 
point of the real axis. 

38. Some Subgroups of the Modular Group.—As a further 
exemplification of the method of forming the fundamental region, 
we shall now consider a particular set of the great variety of 
subgroups contained within he modular group. Let n be an 
integer greater than 1, and consider all those transformations of 
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the modular group for which 6 and c are divisible by n. We then 
have all transformations of the form 


if 
T = ——_ ad — n*b’c’ = 1, 


where a, b’, c’, d are real integers. 

We prove first that these transformations form a group. 
The inverse, T-! = (—dz + nb’)/(nc’z — a) is of the same form. 
Let S = (az + nB’)/(ny’z + 5) be a second transformation of the 
set, then 
(aa + n?B’c’)z + n(ab’ + B’d) 

“n(y'a + bc!)e + ny/b’ + bd 
Since n(ab’ + B’d) and n(y’a + dc’) are divisible by n, this 
belongs to the set. Thus both group properties are satisfied. 


ST = 


Fria. 30) Bie. 31. 


Setting c’ = 0, we get for the group I, the set of transformations 
Um = 2+ mn, 
where m is any integer. I, is generated by U =2z+n. 

In the accompanying figures, fundamental regions for two 
cases are shown. The reasoning follows the lines of the preceding 
sections and is left to the reader. 

Figure 30 shows Rp for the casen = 2. The group is generated 
by the two transformations 
U=2+2 —— 

an r 2z2+1 
There are three parabolic cycles. 

Figure 31 is for the case n = 3. The generating transforma- 

tions are 
2 42 — 3 52 +3 
U=2+83 TT, =s—— ie ae = : 
ae A Be ae Cay 32 +2 
There are four parabolic cycles and one ordinary cycle of angle 2r. 


T. Ts 


CHAPTER IV 
AUTOMORPHIC FUNCTIONS 


39. The Concept of the Automorphic Function.—Automorphic 
functions are the generalization of the circular, hyperbolic, 
elliptic, and certain other functions of elementary analysis. A 
circular function, as sin z, has the property that it is unchanged 
in value if z is replaced by z+ 2mm, where m is any integer; 
that is, the function is unaltered in value if z be subjected to 
a transformation of the group 2’ = z+ 2mm. A _ hyperbolic 
function, such as sinh 2, is unchanged in value if z be subjected to 
a transformation of the group 2’ = z+ 2m7. An elliptic func- 
tion, as the Weierstrassian function $(z), retains its value 
under transformations of a group of the form 2’ = z+ mw + mo’ 

The automorphic function is an extension of this concept 
to the more general properly discontinuous group. Roughly 
speaking, a function is automorphic with respect to such a group 
if it has the same value at congruent points. We shall lay downa 
more precise definition. 

By the domain of existence of a single-valued analytic function 
f(z) we shall mean the set of. points at which f(z) is analytic or 
has poles. The domain of existence is a connected region con- 
sisting entirely of interior points,—a two dimensional continuum. 

DeFIniITIon.—A function f(z) will be said to be automorphic with 
respect to a group of linear transformations T,, T, . . . provided 

1. f(z) is a single-valued analytic function. 

2. If z lies in the domain of existence of f(z) so also shall Ta): 

3. f[T.(2)] = f@). 

Because of the first condition, the functions here defined 
might more properly be called “single-valued’’ automorphic 
functions. There exist many-valued analytic functions satisfy- 
ing conditions (2) and (3). But we shall be concerned altogether 
with single-valued functions; and to avoid repeatedly calling 
attention to this fact we shall make single-valuedness a part of 


the definition. 
83 
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We note that there are no functions, other than constants, © 
which are automorphic, according to this definition, with respect 
to a continuous or an improperly discontinuous group. For, let 
F(z) be such a function and let 2 be a point at which the function 
is analytic. There are infinitely many points in the neighbor- 
hood of 2 which are congruent to Zz. At each of these points 
F(z) = F(z). It is a well-known fact that a function can take 
on the same value at an infinite number of points in the neighbor- 
hood of a point at which it is analytic only if it is constant. 

It is observed from the definition, that if f(z) is automorphic 
with respect to a group it is automorphic with respect to any 
subgroup. 

In showing that a function is automorphic with respect to a 
group, it is not necessary to investigate conditions (2) and (3) 
for all points of the domain of existence of the function nor for 
all transformations of the group. As the following theorems 
show, it suffices to establish the conditions for some small region 
and for the generating transformations of the group. 

TuHrorEeM 1.—Let f(z) be a single-valued function analytic at Zo. 
Let T (20), where T is a linear transformation, lie in the domain of 
existence of the function; and let 

FIT] = fe) (1) 
be valid in the neighborhood of zo. Then, if 2 is any point in the 
domain of existence of the function, so also is T(z), and (1) holds 
throughout the whole domain of existence. 

The transformation T carries the domain of existence of f(z) into 
itself. 

This theorem is an immediate consequence of the principle 
of analytic continuation. The two functions of z that appear in 
(1) are identical in a region surrounding 20; they are, therefore, 
identical in any region to which either can be continued analyti- 
cally. Let 2; be a point at which f(z) is analytic. Then f(z) 
can be continued analytically from 2) throughout a suitable 
region S surrounding 2. Then in S f(7(z)) is analytic and (1) 
holds. That is, f(z) is analytic in the neighborhood of 2,’ = 
T (21) and f(21’) => f (21). 

In the neighborhood of a pole zs, f(z) is analytic and f(z) 
becomes infinite as z approaches 22. Then f(z) is analytic in the 
neighborhood of 2’ = T(2,) and becomes infinite as 2’ is 
approached. 
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T carries any point of the domain of existence of f(z) into 
another such point. The same is true of 7T'-'; since f[T-'(z)] = 
f(z) holds in the neighborhood of zo’ = T(z). Then 7 carries 
no point without the domain of existence into the domain. 
Hence, T carries the domain of existence into itself. 

THEoREM 2.—If f(z) cs a single-valued analytic function and if 


FITi@)] = fe), f[Tolz)] =f@,---, 


then f(z) ts automorphic with respect to the group generated by 
Shee T., wWiyee te 

Each transformation of the group carries the domain of existence 
of f(z) into ttself. 

The group is formed by constructing all possible products by 
means of 7, T2, . . . and their inverses. It is clear that f(z) 
is unaltered when z is replaced by 7,-1(2), T.-(z), . . . Since 
any product can be formed by repeatedly combining transforma- 
tions two at a time it suffices, to prove the first part of the 
theorem, to point out that if f[S(z)] = f(z), SIT @)] = fe), then 
{IST (z)] =f(e). But if z is in the domain of existence of the 
function so is T(z), and hence ST(z), and we have f[ST(z)] = 
S[T(@)] = f@). 

The latter part of the theorem is an application of the latter 
part of Theorem 1. 

Consider, as an example, the function cos z. We have cos 
(z + 27) = cos 2 and cos (—2) = cos z. Then cos Zz is auto- 
morphic with respect to the group generated by 2’ = 2+ 2r 
and z’ = —2. 

The existence of a non-constant single-valued analytic function 
which is unaltered when a set of linear transformations is applied 
to the independent variable is sufficient to show that the group 
generated by the transformations is properly discontinuous. 
Thus, the group mentioned in the preceding paragraph is 
necessarily properly discontinuous. 

TuororemM 3.—The domain of existence of an automorphic 
function extends into the neighborhood of every limit point of 
the group. 

For, in the neighborhood of a limit point lie points congruent 
to points in the domain of existence of the function. These 
points belong to the domain of existence of the function. 

Turorem 4.—If the automorphic function is not a constant, each 
limit point of the group is an essential singularity of the function. 
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In the neighborhood of a point at which a function is analytic 
or has a pole, the function can take on any value only a finite 
number of times. In the neighborhood of a limit point there is 
an infinite number of congruent points at which the function 
takes on the same value. Hence, the limit point is an essential 
singularity. 

CoroLtuary.—All points of the domain of existence of a non- 
constant automorphic function are ordinary points. 

It is not true, of course, that all points on the boundary of the 
domain of existence of the function are necessarily limit points. 
The limit points lie on the boundary of the domain, but there 
may be further boundary points. For example, the function 
e%®) is automorphic with respect to the group 2’ = z+ mw + 
m’w’. Its domain of existence consists of all points except the 
point © (the only limit point) and the points mw + m’w’. At 
these latter points (z) has poles and the function has essential 
singularities. 

It results from the preceding discussion that not all properly 
discontinuous groups have non-constant automorphic functions. 

THEOREM 5.—If a group possesses a non-constant automorphic 
function, it is a function group. 

Let a group have a non-constant automorphic function existing 
in a domain S. Let = be the part of the plane, bounded by 
limit points, in which S lies. 2 consists of all ordinary points 
which can be joined to a point of S by curves not passing through 
limit points. Any point z of = and a curve C joining it to a 
point of S are carried by any transformation T' of the group into 
a point 2’ and a curve C” joining z’ to a point of S, where C’ 
consists of ordinary points. Then 2’ belongs to 2; whence = 
is carried into itself. The group is, therefore, a function group. 

We shall find in the following chapter that every function 
group possesses non-constant automorphic functions. 

40. Simple Automorphic Functions.—In the present chapter, 
and in our later work, we shall have much to do with automorphic 
functions of a somewhat restricted kind. We shall impose 
restrictions both on the character of the function and on the group 
with respect to which it is automorphic. 

Let f(z) have no essential singularity at an ordinary point of 
the group. Then the domain of existence of the function, pro- 
vided it is not a constant, is one of the regions = into which the 
limit points of the group separate the plane. 
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That part Ro of R which lies in = is a fundamental region for 
the group. We shall require that Ry have a finite number of 
sides. 

If Ro possesses one or more parabolic points we shall impose a 
further condition on the function. As z approaches a parabolic 
point P from the region Ro let the function approach a definite 
value, finite or infinite; that is, 

lim f(z) = C, or ~, 


where z is restricted, in its approach, to lie within or on the 


boundary of Ro.! 
To avoid long circumlocutions in the statement of theorems 


we shall call such a function a ‘simple automorphic function.” 
A simple automorphic function then (1) belongs to a function 
group such that Ro has a finite number of sides; (2) has the 
domain of existence 2, provided it is non-constant; and (3) 
behaves in the manner specified at the parabolic points, if any. 

If the group is finite, = consists of the whole plane. The 
simple automorphic function, then, has no other singularities 
than poles and is, therefore, a rational function. 

If the group is Fuchsian, the simple automorphic function is 
called a “‘Fuchsian function.” If the group is of the first kind, 
the domain of existence of the function, if not constant, is the 
interior or the exterior of the principal circle. If the group is of 
the second kind, the domain of existence consists of the whole 
plane exclusion of the limit points lying on the principal circle. 

If the group is Kleinian, the simple automorphic function is 
called a ‘‘ Kleinian function.” 

Extension of the Definition.—lf f(z) is a simple automorphic 
function belonging to a group 7’,, we shall define 

¥(z) = fIS@)], 
where S is a linear transformation to be a simple automorphic 
function belonging to the transformed group S'7',S. It is 
clearly automorphic; for 

ST, S(z)] = f[SS*T,S(2)] = ATS) = fS@] = ve). 
Here ¥(z) has the domain of existence S~!(Z), where > is the 
domain of existence of f(z); and S~!(Ro) is a fundamental region 
with a finite number of sides for the transformed group. 

1If P counts as two parabolic points of the region, as in Fig. 19, the 


approach shall be from one side only. There shall be a limit when the 
approach is from either side, but the two limits may be different. 
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By this means we extend the definition to groups with fixed 
points or limit points at infinity. Such a group can be repre- 
sented in infinitely many ways as the transform of a group with 
infinity as a non-fixed ordinary point. The propositions derived in 
this chapter—on zeros, poles, algebraic relations, ete.—hold for 
the fundamental region S~!(R») when the group is transformed. 

Also, for many of the commoner groups we know already 
fundamental regions, not based on isometric circles, to which 
the proofs of the following theorems apply (Figs. 11 to 14, for 
example). In the general case, however, we fall back on the region 
Ro, for the reason that the properties of R have been established 
with complete generality. 

A familiar example of a simple automorphic function is the 
Weierstrassian ‘$-function. Here the domain of existence is 
the finite plane, the period parallelogram is a fundamental 
region, and there are no parabolic points. 

Likewise sin z is a simple automorphic function. The period 
strip is a fundamental region with parabolic points at the ends. 
We find readily that sin zg approaches ~ as z approaches either 
end of the strip. 

41. Behavior at Vertices and Parabolic Points.—Of the fixed 
points of the transformations of a group, only those belonging 
to elliptic transformations can lie within the domain in which 
the automorphic function is analytic or has poles; all other fixed 
points are limit points. At a fixed point of an elliptic transfor- 
mation, the function must behave in a particular way. 

THEOREM 6.—A non-constant automorphic function takes on tts 
value k tumes, or some multiple thereof, at a fixed point of an elliptic 
transformation of period k within the domain of existence of the 
function. 

A function f(z) is said to take on its value s times at a point 
29 at which it is analytic if it can be written, in the neighborhood 
of the point, in the form f(z) = f(z.) + (2 — 20)*e(z) where ¢(z) 
is analytic at 2) and g(z) # 0. It takes on the value infinity 
s times if 1/f(z) takes on the value zero s times. If 2) = 0 
2 — 2 is replaced by 1/z. 

Let 2) be the fixed point of an elliptic transformation of 
period k. We shall suppose that Zo is finite. Then there is a 
transformation S of the form 


? 
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where 2’, the second fixed point, is distinct from zo. Let f(z) 
be analytic at 20; then we can write, for z in the neighborhood 
of 20) 


f(z) = feo) + @ — 20)*e(2) = f(e0) + US 240), 


where ¥(z) = (2 — 20’)*y(z); so ¥(z) is analytic at 2) and ¥(z) ¥ 
0. If z is in the neighborhood of z» so also is 2° = S(z); so 


fe) flee) bp (F=* | ¥(2') = f(%o) + & 20) gang) 


= Ey. 
Since the function is automorphic, f(z’) = f(z), whence 

(2) 

¥(2’) 

The first member of this equation is constant; so, also, is the 


second. Letting z approach 2, 2’ also approaches 2), and we 
have 


e2ris/k — 


e2rie/k — J. 


It follows that s, which is a positive integer, is a multiple of k, 
which was to be proved. 

If f(z) has a pole at 20, 1/f(z) is an automorphic function with 
a zero at 2. The order of the zero is a multiple of k; hence, 
f(z) has a pole whose order is a multiple of k. 

The proof for the case that 29 = © is not essentially different. 

TuHEorEM 7.—A non-constant automorphic function takes on tts 
value k times, or some multiple thereof, at a vertex belonging to a 
cycle the sum of whose angles is 2r/k. 

This is a corollary of the preceding theorem. If k > 1, the 
vertex is a fixed point of an elliptic transformation of period & 
(Sec. 26, Theorem 14); if & = 1, the proposition is trivial. 

Consider now the behaviour of a simple automorphic function 
at a parabolic point P. We can carry the congruent points of 
the cycle to P, the transforms of the fundamental region 
fitting together at P as in Fig. 23. Then f(z) approaches a 
definite finite or infinite value as z approaches P from within 
the regions of that figure. For, f(z) approaches a limit as z 
approaches P within or on the boundary of each region; and, 
owing to the common boundaries, the limits are equal. In other 
words, f(z) approaches the same value at all the points of the 


parabolic cycle. 
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As pointed out in Sec. 27, the transformation S which carries 
R of Fig. 23 into Ri, and the side J, into l’, is parabolic. S has 
the form (Sec. 10, Equation 37) 

1 1 
oh erp 

We shall investigate the function in the triangular region 
212. formed by |, l’, and a small circle C through P orthogonal 
to the sides which meet at P (Fig. 32(a)). C isa fixed circle for 
S. By repeated applications of S, the transforms of the 
region mentioned fill up the circle C; and the values of f(z) repeat 
themselves in the transformed regions. 


(b) (c) 
Fie. 32. 


We make the change of variable 
i= e2nt/c(z—P) 
thus mapping the region under consideration on the ¢-plane. 
We write this in the form 
Qt 
= Wee Py 
The first transformation is linear. It carries P into «© and the 


circles into straight lines. Let Z, and Z. be the transforms 
of 2; and z.. We have 


th 4, 


2rt 
irr CT 3 
a Qrt _ Qa 1 oy : 
sd ashi ayn ; |p te = Z, + Qn. 


The arc 2:22 of C is transformed into a straight line parallel to 
the imaginary axis (Fig. 32(b)). The sides Pz, and zP are 
carried into straight lines perpendicular to Z:Z2, and. hence, 
parallel to the real axis. The triangle of (a) is mapped on the 
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region bounded by the three lines of (b). Congruent points of 1, 
and /’ are carried into points in (b) which differ by 277. 

These latter points are carried into coincident points by the 
transformation t = e”. The side ZZ», is carried into a circle 
with center at the origin. The original circular arc triangle is 
thus mapped on a circle slit along a radius, as in (c). 

The function f(z) becomes a function of t, g(t), analytic except 
for poles within and on the boundary of the region in (c) except 
possibly at 0. g(t) takes on the same value at a point on the 
radius along which the region is slit when approached from either 
side. This slit can be removed, the function being single-valued. 
Since g(t) approaches a finite value at 0 or becomes infinite, either 
it is analytic at 0, if properly defined there, or it has a pole at 0. 

We have established the following result: 

THEOREM 8.—At a parabolic point a simple automorphic function 
18 a function of t analytic or having a pole at t = 0, where 


t = e2ri/clz—P). 


If P = «~, § has the form 2’ = z+ c and we put t = e?m/c 
in Theorem 8. 
In the neighborhood of 0, Fig. 29 (c), we can write 


f(z) = g(t) = dn + ayt + aot? -}- Seca 
or 


f@ =t*(a+tat+.---), 


according as f(z) approaches a finite value or becomes infinite as 
z approaches P. This expansion is valid in a circle with 0 as 
center and passing through the nearest singularity of the func- 
tion in the ¢-plane. Carrying this back to the z-plane, the 
expansion is valid within the circle C through the nearest pole or 
limit point of f(z). 

42. The Poles and Zeros.—In counting the poles and zeros of a 
simple automorphic function which lie in the fundamental 
region, certain conventions are necessary in the cases of poles or 
zeros lying on the boundary. (1) If there is a pole or zero on the 
side J, there is a pole or zero at the congruent point on the side 
l_,. Only one of these shall be counted as belonging to the 
region. (2) The order s of a pole or zero at a vertex shall be 
partitioned equally among the regions which meet there. If 
there are m vertices in the cycle and the sum of the angles at the 
vertices is 27/k, then km regions meet at each vertex. Counting 
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s/km poles or zeros at each vertex, we have s/k poles or zeros at 
all the m vertices of the cycle. . This number (Theorem 7) is an 
integer. (8) If f(z) becomes infinite or approaches zero at a 
parabolic point P we shall determine the number of poles or 
zeros from the behavior of g(t) at the origin. The number of 
poles or zeros of g(t) at £ = 0 shall be the number of poles or zeros 
of f(z) in the parabolic points, taken all together, of the cycle 
to which P belongs. 

The number of times f(z) takes on any other value C' shall be 
the number of times f(z) — C takes on the value zero. 

THEOREM 9.—A simple automorphic function which ts not 
identically zero has an equal number of zeros and poles in the funda- 
mental region. 

Suppose, first, that the function has neither poles nor zeros on 
the boundary. Then, 


1 
N — M = 5 [dlog fe), 


where JN is the number of zeros in the fundamental region, and MW 
the number of poles, the integral being taken in a positive sense 
around the boundary. (If the region is multiply connected or 
disconnected, we integrate, of course, around the complete 
boundary.) 

Consider the parts of the integral arising from two congruent 


sides AB and CD (Fig. 33(a)): fia log f(z) + fra log f(z). 
At the congruent points z and 2’, we have f(z’) = f(z); then, log 


f(z’) and log f(z) differ at most by a multiple of 277, and d log 
f(z) =d log f(z’). The second integral can then be written 


Ae Ad log f(z); and the two integrals cancel. The integrals along 


each pair of congruent sides cancel, and we have N — M = 0, 
or N = M; which was to be proved. 

If there is a zero or pole on the side AB, we deform the side 
slightly, as in Fig. 33(b), so as to include the zero or pole, and 
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we make the corresponding alteration in the side CD. The 
integrals along the new congruent sides cancel as before. Only 
one of the two zeros or poles now lies within the contour. The 
theorem holds as before, since but one of the pair should be 
counted as belonging to the region. 

Let f(z) have a zero of order s at a vertex. We alter the path 
of integration to exclude each vertex of the cycle as in Fig. 33(c), 
the points B,, C, being at a distance d from A,. The parts of 
the sides that remain are congruent in pairs; and the integrals 
over these sides cancel as before. At A, we have f(z) = (2 — 
A,)*°¢(2), where ¢(z) is analytic at A, and does not vanish there; 


and 
Spo dog fle) = sf "alog @ = Ay) + f° 2X. 


(2) 


Letting d approach zero, the last integral approaches zero, since 
the integrand remains finite and the length of the path of integra- 
tion approaches zero. The first integral of the second member 
approaches s(—7ZA). Summing for all the vertices of the 
cycle, we have 


s 
N ia M — = 5 LAn: 
If the sum of the angles of the cycle is 27/k, we have 


N—-M= -poN+ 7=M. 
Here, N is the number of zeros within the contour. As s/k is 
precisely the number of zeros which we are to count at the ver- 
tices of the cycle, the number of zeros is equal to the number of 
poles. 

A pole at a vertex is treated similarly, s being replaced by —s. 

Finally, let f(z) have a pole or zero at a parabolic point P. 
Draw a circle C through P, as in Fig. 32, sufficiently small 
that there are no poles or zeros other than at P within the region 
2:22P of that figure. The arc 2:22 cuts off from the regions that lie 
in 232.P certain parts A;, As, A3, . . .,Am. The congruent parts 
Ay’, Ad’, ..., Am’ lying in the fundamental region make up the 
neighborhoods of the parabolic points of the cycle. We shall 
remove these parts from the fundamental region and integrate 
around the contour of the remainder. ‘The integrals over pairs of 
congruent sides cancel. The integrals over the circular arcs 
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cutting off the parabolic points may be replaced by the integrals 
over the congruent arcs on C: 


=< 1 si 
ae tesa d log f(z). 


This last integral may be replaced by 1/2z7/d log g(t) taken 
clockwise around the circle in Fig. 32(c). This has the value 
—s if g(t) has a zero of order s at ¢ = 0, and the value pif ¢(¢) 
has a pole of order p there. Hence we have N +s = M or 
N = M + p; and the theorem holds. 

By combinations of the preceding methods of contour integra- 
tion we dispose of all cases in which there is a finite number of 
poles and zeros on the boundary of the fundamental region. 
Now, f(z) cannot have an infinite number of poles for the poles 
would then have a cluster point 2’. If 2’ is an ordinary point, 
f(z) has an essential singularity there; if 2’ is a parabolic point, 
g(t) has an essential singularity at the origin, both of which 
are contrary to hypothesis. Similarly f(z) cannot have an 
infinite number of zeros unless it is identically zero, for a cluster 
point of zeros would be, likewise, an essential singularity. Hence, 
the theorem is established. 

THEOREM 10.—A simple automorphic function which has no 
poles in the fundamental region ts a constant. 

Let f(z) be a simple automorphic function having no poles 
in the fundamental region; and let its value at 2, a point of 
the region, be C. Then f(z) —Cisasimple automorphic function 
with a zero at 2 and having no poles. This is possible, accord- 
ing to Theorem 9, only if f(z) — C = 0, or f(z) = C. 

TuEorEM 11.—A simple automorphic function which is not a 
constant takes on every value the same number of times in the funda- 
mental region. 

If a simple automorphic function f(z) is not constant, it 
has a certain finite number of poles in the fundamental region. 
The function f(z) — C, where C is any constant, is a simple 
automorphic function with the same poles as f(z). The number 
of zeros is equal to the number of poles. That is, the number of 
times f(z) takes on the value C is equal to the number of poles 
of f(z), which establishes the theorem. 

43. Algebraic Relations.—As a consequence of the preceding 
results, the following important theorem can now be established. 
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THEOREM 12.—Between two simple automorphic functions 
belonging to the same group and having the same domain of existence, 
there exists an algebraic relation. 

Let fi(z) and f2(z) be two such simple automorphic functions, 
with k; and kz poles, respectively, in the fundamental region. 
We are to show that there exists a relation of the form 


Ota Ja) = Aaj ae Aaffe! + + +: + Aumininey = 0, (2) 


where A;, Ao, ... are constants, the relation holding for all 
values of z in the domain of definition of the functions. What- 
ever values be given to the constants, the function ® is a simple 
automorphic function. The degrees of ® in f; and fo, namely, 
m and n, respectively, will be determined later. The number of 
poles of ® is not greater than mk; + nko. 

The most general polynomial of degree m in f, and n in fe 
contains (m + 1)(n + 1) constants. We can so choose these 
constants that ©@ shall have zeros at (m + 1)(n+ 1) -—1 
assigned points in the fundamental region. For, let ci, cs, 

- + 5 Comen(n¢-p—-1 be distinct points of the region different 


from the poles of f:(z) and f2(z); and let Ai, Ae, . . . be deter- 
mined to satisfy the equations 
Asfi™e:) fore) + --- + Awmainary = 0, (3) 
DS Iho 2 Oe: SS (es 1) Saale 


Constants not all zero can always be found to satisfy these 
equations, since there is one more constant than equations to be 
satisfied. With these values of Ai, Ae,..., & has zeros 
at the points ci, cz, ... 

The function then has at least (m+ 1)(n +1) — 1 zeros 
and not more than mk; + nkz poles. Now, if m and n be large 
enough 

(m+ 1)(n +1) —1 > mk, + nko, (4) 
and & has more known zeros than possible poles. According to 
Theorem 9, © is identically zero. This establishes the theorem. 

It will generally happen, if the algebraic relation be found 

in this manner, that @ is reducible: 


P(f1, fo) = Pilfi, fo)Po(fr; fo) - > + Br(fa, fe), 
where ®; is an irreducible polynomial in f; and fz. Some one of 


the irreducible factors must vanish identically. This irreducible 
relation will contain both factors unless one of them is a constant; 
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for from a relation of the form ;(f:) = 0, we deduce f; = const. 
If neither function is a constant, there is essentially but one 
algebraic relation connecting them; for, from two independent 
relations ®,(f:, fs) = 0 and ®;(fi, fo) = 0, we have, on solving, 
fi = const. and f. = const. 

It is easy to see, in the general case, what the degrees of the 
irreducible equation in f; and fz will be. The degree in f; is 
the number of values of f; which satisfy the equation when fe 
is given a fixed value. There are ky points in the fundamental 
region at which fz = C, where, as before, kz is the number of 
poles of fz. At each of these points f, has a value satisfying the 
irreducible equation. Hence, in general, this equation is of 
degree kz, in f;. Similarly, it is of degree k, in f2, in general. It 
may happen, for particular functions, that some of the values 
of fi at the ky points are always coincident, in which case the 
degree in f, is less than ke. The functions f2 and f; = f2? furnish 
a simple example. 

There arises the question whether, conversely, each pair of 
values ci, C2 satisfying the irreducible equation ®;(ci, co.) = 0 is 
taken on by the functions at some point of the fundamental 
region. This is, in fact, the case. The algebraic equation 
(fi, fe) = 0 determines fi, say, as a function of fs, fr = (fo), 
and the Riemann surface of this function is connected. All 
pairs of values satisfying the equation are represented by points 
of the Riemann surface. 

In the neighborhood of a point zo of the fundamental region 
let fi = cr’, fo = ce’, the points being so chosen that c,’c,’ is 
not at a branch point of the Riemann surface. In the neighbor- 
hood of Zo, f:(2) coincides with that branch of y|f2(z)] which takes 
on the value c;’ at 2. These two functions are then equal 
wherever they can be extended analytically. Now, in the 
fo-plane we can trace such a path that as fz moves from cy,’ to 
co, ¥(f2) moves from c;’ to c,. Along this path z(f2) is analytic 
provided we avoid certain singular positions, since the derivative 
dz/df, = 1/fs'(z) exists. Hence, 2 traces a path in the domain 
of existence of the functions. At the terminus z’ of this path 
fiz’) = c1. In the point 20’ of the fundamental region congruent 
to 2’ we have fi(Zo’) = c1, fo(Zo’) = eo. 

THrorEM 13.—Any simple automorphic function can be 
expressed as a rational function of two simple automorphic functions 
which have the property that an arbitrary pair of values of the 
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functions is taken on at but one point of the fundamental region, 
the domain of existence of the three functions being the same. 

Let f; and f, be two functions with the desired property, and 
let fs be a third function. To each pair of values of f; and fo, 
there corresponds, in general, one value, and only one, of z in 
the region and, hence, one value of f;. That is, fs is single 
valued on the Riemann surface of f; = ¥(fo). Also, fs is: an 
analytic function of f2, except for certain exceptional points 
where f; becomes infinite or f2’(z) is zero. At all exceptional 
points of the surface, f; approaches a finite value or becomes 
infinite. Hence, f; has no other singularities than poles on the 
Riemann surface. By a well-known theorem, f; is a rational 
function of f; and fo: 


= Arf fe aoe ae 
fs = B fief Se R(fi, fe). (5) 


THEorEeM 14.—/f there exists a simple automorphic function 
Silz) having a single pole in the fundamental region, then any 
simple automorphic function connected with the group, and having 
the same domain of definition, is a rational function of fi(z). 

Let fo(z) be a simple automorphic function with k, poles. If 
in. equation (2) we take m = ko, n = 1, the inequality (4) is 
satisfied: 2k. + 1 > 2k.. The identically vanishing polynomial 
(2) is then of the form 


Qi. (fi) fe AU Pxo(fr) = 0, 
where P;,, and Q;,, are polynomials of degree kz at most. Not 


all the coefficients in Q;, are zero; for, otherwise, P;,(f1) = 0 
and fi = const., contrary to hypothesis. We have, then, 


Profs) 
La ree AY 


(6) 


which was to be proved. 
- CoroLtuary.—The most general simple automorphic function 
having a single pole in the fundamental region is the function 


Afi B 
= ~, AD — BC #0. 
f Chia D 
It is clear that this function has a single pole in the fundamental 
region whatever the constants A, B, C, D may be, provided that 
AD — BC #0. For, the values of f correspond in a one-to-one 


manner to those of f:; hence, f takes on each value once in the 
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fundamental region. That this is the most general such function 
follows from the proof of the preceding theorem. Any function 
fo having a single pole satisfies an equation of the form (6) where, 
since k2 = 1, the numerator and denominator are linear, and 
where, since fz = const., the determinant is different from zero. 

44. Differential Equations.—The derivative of an auto- 
morphic function is, in general, not automorphic. Differen- 
tiating the equation 


SZ) = {@); 
where 
MS Cio ie SN 15 
ed de @ par 
we have 


re) =f@F = (e+ OY©. (7) 


The derivative is automorphic with respect to the group, provided 
it is not identically zero, only if c = 0, d = +1 for all transfor- 
mations of the group. The transformations are then all of the 
form 2’ = z+ 6; and the group, as we shall find later (Sec. 59), 
is simply or doubly periodic. 

We observe from (7) that the quotient of the first derivatives 
of two automorphic functions belonging to a group is unaltered 
by the transformations of the group. This is apparent for 
simple automorphic functions when we differentiate the relation 
connecting them. We have ®’;,fi'(z) + ®';.fo'(z) = 0; whence 
the quotient f1’(z)/fe’(z) is rational in fi(z) and f2(z), and so is 
a simple automorphic function. 

We can set up other combinations which are unaltered by the 
transformations of the group. Differentiating (7), we find 


H'@) = (ca + d)'F'"(z) + 2c(ce + d)*f"(2), 
Pa) = (ca + d)'f'"(z) + Be(ce + d)*f"(z) + 6cr(cz + d)*f’(z), 
and 
OP 2G) — Bf" (2)? = (cz + d)[2f" (2) f(z) — 3f’"(z)?]. (8) 
The quantity 
ps! ay _ (uae) 
_ dx dex’ dx} dy fd dy\? 
Diwe = —~“aeayfday®  ~ dat 8 de — 2( ae log a) 9) 


is known as the “Schwarzian derivative”! of y with respect to 


1Scuwarz, H. A., ‘“Gesammelte Mathematische Abhandlungen,”’ Bd. 2, 
p. 78. Various notations have been used for this expression: ¥(y, 2) by 
Schwarz; {y, «} by Cayley; [y]z by Klein; D(y); by Koebe. 
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x. We have from (8) and (7) that the function 


of Of" @ = 3? _ Dif): ti 
2f"(z)* F'(z)? 
is unaltered by the transformations of the group. 

We now show that if f(z) is a simple automorphic function so 
also is (10). If f(z) is analytic or has a pole at a point, the same 
is true of its derivatives and the rational combination of deriva- 
tives in (10) is analytic or has a pole at the point. The function 
is then analytic except for poles throughout the domain of exist- 
ence of f(z). There remains the question of its behavior at the 
parabolic points, if any occur. At such a point f(z) is analytic 
or has a pole at the origin when expressed as a function of ¢, 
where 


2rt 2nriz ) 
= e7% —— 
t e, Z= ce = =) 5 r= a ” 
according as the parabolic point is finite or infinite (Sec. 41). 
In changing the variable, we make use of the following proper- 


ties of the Schwarzian derivative, which are easily established: 


ay +b eno \ ae a 
2 ergs a) STOR) hence oe 7) ea eT) 


D(y)s = Dor.) + Dit)s (12) 


Equation (11) expresses the fundamental property of the 
Schwarzian derivative; in fact, the derivative was originally so set 
up as to be invariant when y is subjected to a linear transforma- 
tion. Equation (12) is the formula for the change of variable. 
Making the change of variable given above and noting that 


D(Z), = 0, Dit)z = —h, 
we have 


Do. = DD) = (ie) |PM(az) ~ 2) 


whence, 


DD et BaD feel 
(df/dz)?  (df/dt)? 2(df/dZ)?—— f(t) —at*f'(t)? 
This function of ¢ is analytic or has at most a pole at ¢ = 0. 
Hence, the function (10) is a simple automorphic function. 
We shall now prove the following remarkable theorem: 
THrorem 15.—If w(z) is a non-constant simple automorphic 


function of 2, then z can be expressed as a function of w by the 


100 AUTOMORPHIC FUNCTIONS [Suc. 44 
quotient of two solutions of a linear differential equation of the 
second order of the form 
a5 = Un, (13) 
where u ts an algebraic function of w, &(u, w) = 0. 

If w has a single pole of the first order in the fundamental region, 


u ts a rational function of w. 
Consider the functions 


2) tiie a AS 5 teat 
hh = ate n= fe z= - (14) 
We shall show that 


Lidny *) 1 d*ys | Dw): 


nidwt  gidwt  Ddw/dsy® i) 
From the relations 
dw i 
ie oe a) 


we proceed to find D(w),, using the last formula of (9). Taking 
logarithms and differentiating, we have 


dna gin 
d jg dw _ “dw dw _ 2 _ “dw dw 
dz 8 dz nm dz Zz mn. dz 
Replacing dw/dz in the second and third members by its values in 
(16), 
Qn 2 
d dw dw 2 dns 


de Ngee ee ee Gy 


Differentiating again and substituting as before for dw/de, 


eT a ; dn 
gic | Mite, Ade) fur 2 
dz? © dz ~ ros 2 |z 3 ) 


d 2 dn : 2 
= | Brags a (ae) Jn y 


On subtracting half the square of (17) from (18), most of the 
terms cancel, and we have 


ans d2 
Dw): ar 24 one a 


On dividing by 2(dw/dz)? from (16) we have (15). 


tre, 44} DIFFERENTIAL KQUATIONS 101 


It follows from (15) that 4; and 42, whose ratio is z, are solu- 
tions A the differential equation 


7 ww, 


where we write u for the last member of (15). But we found in 
(10) that uv i# 4 simple automorphic function of z Hence, 
(Theorem 12) u and w are connected by an algebraic relation, 
u,v) =0. In particular, if w has a single pole in the funda- 
| mental region (Theorem 14), u is a rational function of w. The 
theorem is thus established. 


CHAPTER V 
THE POINCARE THETA SERIES 


45. The Theta Series.—In the preceding chapter, we assumed 
the existence of automorphic functions and studied their prop- 
erties. In the present chapter, we shall demonstrate their 
existence by the process of actually setting them up by means 
of series. 

Let the transformations of the group be 

iz + b; 


a = Ti(z) = cz + d; pce ae a 


ie 0, he eee 


the identical transformation being zo = 7T)(z) = 2. As an aid 
to simplicity in the formule, we shall use the notation 2;; = T;(2;) 
= TPS (2). Ck = TTT.) ete. 

We consider, first, a case whose treatment involves little 
difficulty, namely, the finite group. Let the group contain m 


transformations (¢:-= 0, 1,--+,m-—1). Let H(z) be any 
rational function of z and form the function 
g(z) = He) + He) + He) + - > - + Hm-1). (2) 


This function has no other singularities than poles. If we apply 
a transformation of the group to 2, we have 


g(a) = He) + Hu) + + > - + 1 @m-i,). 


Now, 2k, 21%) -- +», 2m-1,4 are the set of transforms of z and, 
since 2 is congruent to z, this set coincides with z, 2, ... , 
m1. The terms in the sum are the same as before, their order 
being merely interchanged; hence, ¢(z,) = g(z). The function is 
thus automorphic. In fact, having no other singularities than 
poles, it is a simple automorphic function. In like manner, any 
rational symmetric function of H(z), H(i), ..., H(em-1) isa 
simple automorphic function. 

If the group contains an infinite number of transformations 
and we extend (2) to an infinite number of terms, the series will 
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ordinarily fail to converge. For, the general term H(z,) will 
not even approach zero unless H(z) is zero in the limit points 
about which the points z, cluster. Poincaré got around the diffi- 
culty by the introduction of convergence factors. By the use of 
these factors we are led to a sum which is no longer automorphic 
but which behaves in a simple manner when a transformation of 
the group is applied. 

Let H(z) be a rational function none of whose poles is at a 
limit point of the group.! We consider the following series: 


(2) = >y(ez + diy"). (3) 
i=0 

This is the theta series of Poincaré.2 We shall presently estab- 
lish its convergence, under suitable circumstances, when m 
is an integer greater than 1. We shall assume its convergence 
and derive the basic property of the function which it defines. 
If z be subjected to a transformation 7’; of the group, the series 

becomes 


; b; —2m 
0(z;) = pe “hs i) A (Z;j) 


a (ca; a djc;)z + cib; -4- dd; reat = 
iy >| Cjz + d; H (2:3). 

The factor (c;z + d;)?" comes out of all the terms and we have, 
on replacing the numerator by an equivalent expression, 


O(2;) = (cj@ + dj)?™Z(cie + dij) °"H (2ij). 
The series on the right is the series (3) with the terms rearranged. 


Our subsequent convergence proof will justify rearranging the 
terms, so that we have 


A(2;) = (c7@ + dj)?” 6(z). (4) 
This equation expresses the fundamental property of the theta 


series. 
By means of these series we can set up functions which are 
unaltered when a transformation of the group is applied. Let 


1In the case of a function group which carries a region = into itself, it 
sufficies that H(z) have no other singularities than poles in Z and be bounded 
on the boundary of =. 

2 Porncar&, H., ‘‘Mémoire sur les fonctions fuchsiennes,”’ Acta Math., vol. 
1, pp. 193-294; Oeuvres, vol. 2, pp. 169-257. 
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6,(z) and @2(z) be two theta series formed with the same integer m 
and consider their quotient, ’'(z) = 0:(z)/02(z). We have 


— O1(2;) _ (cj + ds)? 61(z) 
~ O2(2;)— (c3@ + d;)?”"O2(z) 


It will appear subsequently that, for a function group, 2; lies in 
the domain of existence of the theta functions. Then F(z) is an 
automorphic function. 

Poincaré called the series (3) a ‘‘theta-fuchsian series” or a 
‘“‘theta-kleinian series’? according as the group to which it 
belongs is Fuchsian or Kleinian. He calls a function with the 
property (4) and which has no other singularities than poles at 
ordinary points of the group, whatever the manner of its forma- 
tion may be, a “‘theta-fuchsian function” or a “‘theta-kleinian 
function.”” For example, the derivative of an automorphic 
function (Sec. 44, Equation 7) is a theta function with m = 1. 

46. The Convergence of the Series.—The following proposition 
is fundamental for establishing the convergence of various series 
and products connected with the group: 

THEOREM 1.—If the point at infinity is an ordinary point of the 
group, the series Z\cn|-2", where in the summation the finite 
number of terms for which ¢, = O are omitted, converges for 
Mr SS Pao 

The series in the theorem can be written =r,?”, where r, is 
the radius of the isometric circle J, of T,. Suppose, first, that 
infinity is not a fixed point for an elliptic transformation. Then, 
there are no points congruent to infinity in the neighborhood of 
infinity, and we have the groups for which we developed the prop- 
erties of the isometric circles in Chap. II. 

It will suffice to prove the theorem for m= 2. Except, 
possibly, for a finite number of terms 7, < 1, so that if m > 2, 
rn?” < Tn* and the convergence follows from that of =r,4. 

The centers of the isometric circles lie in a finite region and 
their radii are bounded (Sec. 17). Hence there exists a positive 
constant A such that a circle Q, of radius h concentric with any 
isometric circle J, contains all the isometric circles on its interior. 
Let Q,’ be the transform of Q, by Tn. Q,’ is got by invert- 
ing Q, in 7, and making certain other transformations which 
do not alter magnitudes (Theorem 19, Sec. 11). By inversion, 
we find the radius of Q,,’ to be r,?/h; its area is 7r,4/h?. Now, the 
exterior of Q,, which lies entirely within R, goes into the interior 


F(z;) 


= F(z). (5) 
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of Q,’, which, therefore, lies within R,, the transform of R 
by T,. As the regions R,, fit together without overlapping, it 
follows that there is no overlapping of the circles Q,’. Their 
areas then are less than the area of any one of the circles Q, which 
encloses them. We have then 


4 
“i = rh?, ia & h4, 


and the series converges. 

If infinity is a fixed point for an elliptic transformation, the 
reasoning is not essentially different. The isometric circles are 
confined to a finite region as before, and the constant h exists. 
There is the difference that a point outside Q, may have p — 1 
points exterior to Q, congruent to it, where the elliptic cyclic 
subgroup with fixed point at ~» contains p transformations. 
The circles Q,’ can overlap, but no point can be interior to more 
than p such circles. Hence, 


4 
ut < prh?, >" < phi, 


and the series is convergent. 

By the use of the preceding theorem, we are able to establish 
the convergence of the theta series. 

THEOREM 2.—If m 2 2 and af the point at infinity is an ordinary 
point of the group, then the theta series (3) defines a function which 
is analytic except possibly for poles in any connected region not 
containing limit points of the group in tts interior. 

It will suffice to prove the theorem for a region S’ such that 
there are no limit points of the group within or on the boundary 
of S’, since such a region can be made large enough to include any 
given interior point of a region with limit points on its boundary. 

We observe, first, that certain terms of (8) may have poles 
in S’. At. z= —d,/c;, the center of the isometric circle J/;, 
the factor (cz + d;)-?" becomes infinite. Again, if z is such 
that 2; = a, where ais the pole of H(z),—that is, if 2 = T;-'(a)— 
then H(z;) has a pole. It is clear, however, that only a finite 
number of terms of the series have poles in S’; for S’ contains in 
its interior and on its boundary only a finite number of centers 
of isometric circles and only a finite number of points pom erue ne 
to each of the poles of H(z). 

We now put aside the finite number of terms having poles in 
and on the boundary of S’, and we prove that the remainder of 
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the series converges absolutely and uniformly in 8’. Let d > 0 
be the minimum distance from the boundary of S’ to the centers 
of those isometric circles whose centers are exterior to S’. We 
have, then, for all the terms we are considering and for all z in S’ 


ee Zz d. 
Ci 


Further, we can draw curves about the poles of H(z) such that 
when z is in S’ all points z,, in the terms considered, lie outside 
the several curves. But in the regions outside these curves, 
H(z) is bounded, so that we have 

|H (2;)| < M. 
We have, then, excluding further the finite number of terms for 
which c; = 0, 


(cz + d:)-"H(z;)| = | He) rae’ 


2m lei] : * 0G) 
con( te = 


This inequality holds for all points of S’. Since the series of 


positive constant terms > a \c;|-2" converges (Theorem 1), the 


absolute and uniform convergence of the series in S’ is established. 
The sum of the series is an analytic function in S’. It follows 
that (3) is analytic in S’ except for the finite number of poles 
which arise from the terms which we put aside. 

47. The Convergence for the Fuchsian Group of the Second 
Kind.—It can be shown that in general the theta series does 
not converge ifm = 1. There are certain groups, however, for 
which the series does converge. An important case is the 
following :1 

THEOREM 3.—For a Fuchsian group of the second kind for which 
the point at infinity is an ordinary point, the series =|c,|—2 converges. 

Then, the theta series (3) converges for m = 1. 

We shall suppose, first, that the principal circle is a straight 
line—the real axis, for example. The region & contains a portion 
of the real axis in the neighborhood of infinity in its interior. 
The isometric circles lie in a finite region, and their centers are 
on the real axis. 

We shall employ the constructions used in the proof of Theorem 
1. The circle Q, concentric with J, and of suitable radius h 


1 Burnsipn, W., “On a Class of Automorphic Functions,” Proc. London 
Math. Soc., vol. 23, pp. 49-88, 1892. 
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lies in R. Its exterior is transformed into the interior of the 
circle Q,’, with center on the real axis. The portion of the real 
axis exterior to Q, is transformed into the portion of the real axis 
within Q,’. The length of this latter segment is 2r,2/h, the 
diameter of Q,’. Since the circles Q,,’ are exterior to one another 
and all lie in any one of the circles Q,, the segments of the real 
axis which they contain are non-overlapping, and the sum of their 


lengths is finite: . 
2r.? 
S2e cab, Sit c 


Hence, the series 2r,”, or D|c,|~2, converges. 

The proof for the general Fuchsian group of the second kind 
rests on the following lemma: 

Lemma.—lIf the point at infinity is an ordinary point for a group 
T, and its transform T,’ = GT,G-', then the series \c,|-2" and 
LI\cn’|-2" both converge or both diverge. 

Let the transformation which is applied to the group be G = 
(az + B)/(vyz + 6), a6 — By = 1. Then (Equation (2), Sec. 15) 


Che = —760n = 7On lg? “ vodn. (7) 


Suppose, first, that y #0. Substituting for 6, the value 
bn = (Andy — 1)/cn and combining terms, we can write (7) in 


the form 
d 6\fa 6 1 
ees, 2 n = n — rs 
oe we o| (4 2\(% a 2) 4) es 


Now, the centers, —d,/c, and a,/cn, of the isometric circles 
lie in a finite region; and their distances from the point —6/y 
are bounded 


dn = | ae Ie@ an 
Cn oY, Cn 
Also, 1/|en?| is bounded: 1/|c,?| < K’. Hence, we have 


len’| < |v?| + len|(? + K’) = Kilerl, 


Belen ote eee. 

It follows from this inequality that if Z|c,’|-?™ converges, so 
also does 2|c,|—?”. 

If y = 0, we have at once |c,’| = |6|?- |en|, 6 being different 
from zero, and the conclusion follows as before. 

Now the group 7, is also a transform of T,’; thus 7, = 
G-T,/G. Hence, if Z\c,|-2" converges, so, also, does Z|cn’|-?”. 
This establishes the lemma. 


+3<k. 
tf 


and 
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We return now to the general Fuchsian group of the second 
kind. Let the group be transformed so that the principal circle 
is carried into the real axis and an ordinary point on the principal 
circle is carried to infinity. We found above that 2|c,’|-? con- 
verges for the transformed group. Hence, applying the lemma, 
D|c,|-2? converges for the original group. 

The convergence of the theta series follows from Equation 


(6) with m = 1 since the series of positive terms Se \c;|-? 


converges. 

48. Some Properties of the Theta Functions.—Let = be a 
connected region of the z-plane bounded by limit points. Then, 
6(z) in (3) is analytic except for poles in 2. If the limit points 
separate the plane into two or more regions, the series (3) defines 
a function in each region, but, in general, the functions so defined 
are distinct. 

Consider, for example, the Fuchsian group of the first kind. 
Here the limit points consist of all points of the principal circle. 
Then (8) defines a function analytic except for poles within the 
principal circle. The poles of @(z) arise from the poles of the 
individual terms of the series. If H(z) has a pole at a within 
the principal circle, then H(z;) becomes infinite when 2; = a. 
That is, 0(z) has poles at the poles of H(z) within the principal 
circle and at points congruent to these poles—except that, in 
special cases, H(z) may have poles at congruent points of such 
a character that the singularities arising from two or more terms 
of the series cancel. Putting this special case aside, the number 
of poles in the fundamental region Ro is exactly equal to the 
number of poles of H(z) within the principal circle. If 6(z) 
has poles within the principal circle, these poles cluster in infinite 
numbers about each point on the principal circle. The principal 
circle is thus a natural boundary of the function. 

In a similar manner, (3) defines a function analytic except 
for poles on the exterior of the principal circle. These poles are 
the poles of H(z) lying without the principal circle, the points 
congruent thereto, and the points —d;/c;, where a convergence 
factor becomes infinite; although here, also, there is a possibility 
of the singularities from different terms cancelling. If the 
function has poles, these poles cluster about the points of the 
principal circle, and the function cannot be extended analytically 
across the circle. The one formula (3) then defines two distinct 
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functions, one existing within the principal circle, the other 
without. 

In the Fuchsian group of the second kind the function defined 
by (8) is a single function, existing both within and without the 
principal circle. 

The proof of the convergence of the theta series does not 
require that the group be a function group. The property (4) 
is a relation connecting two distinct functions, however, unless 
6(z) can be continued analytically from z to z;. In order that 
(4) express a property of a single one of the functions defined 
by the series, it is necessary that the domain of existence of the 
function be carried into itself by the transformations of the 
group. The group is then a function group. 

In setting up functions by means of the series (3), the poles 
of H(z) are at our disposal. By placing a pole at a desired point, 
we can be sure that 6(z) in a region > under consideration has a 
singularity and, hence, is not identically zero. Further, in 
forming automorphic functions for a function group by means 
of (5), we can place the poles of the numerator and denominator 
at different points of = and, thus, be assured that the auto- 
morphic function does not reduce to the trivial case of a constant. 

Equation (4) exhibits a relation between the theta function 
and the isometric circle. If 6(z) is neither zero nor infinite at 
z, then |@(z;)| is greater than, less than, or equal to |6(z)| according 
as |cjzz + d,| is greater than, less than, or equal to 1; that is, 
according as z lies without, within, or on the isometric circle 
of T;. We note that |6(z)|, when not zero or infinity, has a 
smaller value at a point of R (exterior to all isometric circles) 
than at any congruent point within the domain of existence of 
the function. 

Behavior at a Vertex.—Let £& be the fixedpoint of an elliptic 
transformation lying within the domain of existence of a theta 
function. The transformations with é as fixed point form an 
elliptic cyclic group generated by 2’ = T(z) of the form 


ine) z2—€& eer 9 

ee i ’ (9) 
where ¢’ is the second fixed point and k is an integer greater than 
1. The fundamental property (4), for 7, may be written 


9(2") = (ar) “oe (10) 


110 THE POINCARE THETA SERIES [Suc. 48 


We find, on taking the logarithm of (9) and differentiating, 
ae oe Ne en 
dz dz  (2¢—&)(e— #) 


F@) = @ — se = £)"0@), (12) 
we can write (10) in the form 
F(z’) = (2 — &)™@! — £)0(2’) 
= (2 — E)m(2 — £)™0(z) 
= F(z), (13) 
Hence, F(z) is unaltered by the transformation 7, and conse- 
quently is automorphic with respect to the cyclic subgroup 
generated by 7’. 

Applying Theorem 6, Sec. 41, we conclude that F(z) takes on 
ats value k times, or a multiple thereof, at &. 

Suppose that 6(z) is analytic at & Then F(z) has a zero at é 
of order m at least, owing to the factor (2 — &)”. Now, if m 
is not a multiple of k, then 6(z) must have a zero at é also, the 
order s of the zero being such that 


m+s = lk, (14) 


(11) 


If we put 


where J is an integer. 

If 6(2) is analytic at &; it ts necessarily zero there unless m is a 
multiple of k. The order s of the zero satisfies an equation of the 
form (14). 

If 6(z) has a pole of order p at £, then F(z) has a pole of order 
p — ™m or a zero of order m — p, unless p = m. An equation 
of the form (14) holds where we put s = —p, | being a positive 
or negative integer or zero. 

Behavior at a Parabolic Point—There is a parabolic cyclic 
subgroup generated by a transformation S with the parabolic 
point P as fixed point. S has the form 


1 1 
ap oes pe (5) 
Here we have 
as: ~ dz" 2’ — P\?2 
re Cae ( = ) ; (16) 
Writing 
G(z) = (2 — P)*"0(@), (17) 


the fundamental relation (10) for the transformation S may be 
written in the form 


Ge’) = (2' — P)*0(e') = (@ — P)*"6(z) = Ge): (is) 
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The function G(z) is automorphic with respect to the subgroup 
generated by S. 
On making the customary change of variable 


t= eri/e(z—P) (19) 


(See Sec. 41; here we use particularly Fig. 32), G(z) is transformed 
into a function of t, G(z) = g(t), single valued in the neighborhood 
of t= 0. We have, then, 


_ Gz) _ (clog t\™ 
6(z) igi (zg — P)™ a ( ri ) g(t). (20) 


The theta function thus has a logarithmic singularity at t = 0. 

We consider now the form of g(t) when 6(z) is defined by the 
theta series (3). We can take the circle C of Fig. 32(a) small 
enough that it contains no point —d;/c; and no point congruent 
to a pole of H(z). For C, when small enough, contains only 
points congruent to points of the fundamental region R which 
lie in the neighborhoods of the parabolic points of the cycle; and 
these neighborhoods can be sufficiently restricted to exclude « 
and the finite number of points of R congruent to poles of H(z). 
Taking C slightly smaller we have bounds for the following 
quantities: 


J2=F\<K lH@I<M™, 
causes 


where z lies within or on the boundary of the triangle z:22P of 
Fig. 32(a), exclusive of P itself. In the series 


iy OE PV™ 1 ae 
G(z) a! =( i) gamit (%); 


2+-— 
Ci 


the general term is less in absolute value than the corresponding 
term of the convergent series of positive terms K?"M2|c,;|-?”. 
G(z) thus remains finite as z approaches P from the interior of 
the triangle. In the t-plane, then, g(t) is analytic in the neighbor- 
hood of t = 0 and is bounded; hence, g(t) 7s analytic at t = 0 if 
properly defined there. 
If we form an automorphic function as the quotient of two 
theta series, which may be written 
(2 — P)?6:(z) _ gilt) 
I@) = @=Pyan(2) ~ gnlt) 
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we observe that f(z), as a function of ¢, is analytic or has a pole 
at t= 0. Then as z approaches P from the interior of R f(z) 
approaches a definite finite or infinite limit. It thus satisfies 
the requirements laid down in Sec. 40 for the behavior of a simple 
automorphic function at a parabolic point. 

49. Zeros and Poles of the Theta Functions.— We consider now 
function groups in which the region Ry lying in = has a finite 
number of sides (Sec. 40). We consider theta functions having 
a finite number of poles in Ro, such as those defined by the theta 
series (3). We suppose that g(t) in (20), as in the case of the 
series (3), is analytic at ¢ = 0 or has a pole there; and we assume 
further that 0@(z) is not identically zero. 

We make the same conventions about counting zeros and poles 
at ordinary points on the boundary as were made in Sec. 42. 
We observe that this may lead to the count of a fractional number 
of zeros or poles in the region; thus, at the vertices of a cycle of 
angle 27/k the zeros, from (14), amount to 


which may be fractional. The order of the zero or pole of g(t) 
at ¢ = 0 will be counted as the number of zeros or poles of the 
function @(z) in the points of the parabolic cycle to which P 
belongs. 

We now remove the neighborhoods of the vertices and para- 
bolic points of Ro by small circles as explained in Sec. 42. Let 
No, Mo be the number of zeros and poles, respectively, in the 
resulting region. Then, 


pena ne safe eae) (21) 


the integral being taken around the boundary—further altered 
as in Fig. 33(b) if a pole or zero lies on a side. 

Before evaluating the integrals along the sides, we shall 
consider the integrals along the small circular arcs just con- 
structed. When we let the radii of the arcs cutting off the 
vertices approach zero, we find, exactly as in Sec. 42, that 
the integrals along these ares approach mo — no where no and mo 
are the number of zeros and poles, respectively, that we assign to 
the various vertices. 

The parabolic points, as usual, are less simple to handle. 
The circular arcs h, hi, ... , hn about the parabolic points 
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of eycle P,P, ....., £,.are. the transforms of h,. hi’, « .-<; 
h,’ which fit together to make up the are 2,2. of Fig. 32(a). 
The are h; is the transform of h;,’ by some transformation 7, = 
T(z), and we have, 


fia log 0(m.) = fia log (exe + d,)?”6(z) 


= Cre + dy\2™ 
o2 es log Cala G(z) 


z 
dj, 
a= 2m {| dlog (= aU ie d log (2— P)] + ja log g(t), (22) 


where /;”’ is the corresponding arc on the circle in the ¢-plane in 
Fig. 32(c). 

We need consider here only the imaginary part of the integral 
fd log 6, since the members of (21) are necessarily real. Now, 
when we let the radius of C in Fig. 32(a) approach zero, it is easy 
to see that the imaginary parts of 


dy 
fia log (= - =a f4 log (2 — P) 


both approach zero, being 7 times the angle through which the 
line from —d;/c;,, or from P to z, turns as 2 moves along the arc 
h,’ lying on 232s. 

We have, then, only the last integral in (22) to consider. 
Adding the integrals arising from the several vertices, we have 


1 
af d loz 9(0), 


the integral being taken around the circle in Fig. 32(c) in a 
clockwise direction. Its value is —n’ or m’, where g(t) has a 
zero of order n’ or a pole of order m’ at t = 0. 

On shifting the integrals evaluated to the first member of (21), 
and letting N, M represent the total number of zeros and poles, 
respectively, belonging to Ro, we have 


1 
N-M= De log 6(z), (23) 


the integrals being taken along the sides 1; of Ro. 
Consider the two integrals arising from congruent sides 
AB, CD (Fig. 33 (a) or (b)). Let 2’ = (az + b)/(cz + d) be 
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the transformation carrying ABtoCD. Here, —d/cis the center 
of the are AB. We have 


fis log 6(2) + foot log 6(z’) = ant log @(z) + 
d é 
al log (cz + d)?"A(z) = 2m fd log (- + >) = 2ima, 


where a is the angle subtended by the are BA at its center. 
The equal are CD also subtends the angle a at its center; and 
we can write the integral as mz times the sum of the angles 
subtended by the two arcs. We get similar results for the other 
sides, which gives the following theorem: 

TurorEeM 4.—Let N, M be the number of zeros and poles, respec- 
tively, of the theta function in the region Ro; and let ai, as, . . 
a; be the angles subtended by the sides of Ro at the centers of ihe 
isometric circles on which these sides lie. Then 


N-M= ek (24) 


We observe that the function has always more zeros than 
poles in Ro. We note that the difference N — M depends only 
upon m and upon the character of the group. It is independent 
of the function H(z) used in the construction of the theta series 
(8). This independence could have been easily foreseen. The 
fact that the automorphic function in (5) has the same number of 
zeros as poles requires that the difference N — M for the func- 
tions 6,(z) and 62(z) be the same. 

The poles and zeros in a region R; congruent to Ry are deter- 
mined from (4). If Ro does not contain the point » the number 
of zeros and poles in R; is the same as in Ro. If, however, 
Ro contains ©, N — M is decreased by 2m, owing to the factor 
(cjz + d;)?” appearing in (4). 

Suppose fp is a fundamental region with n pairs of sides for the Fuchsian 
group of the first kind. Let 27/k,, 2r/ke, . . . be the sum of the angles 
in the ordinary cycles of Ry. Then the sum of the interior angles in the 
circular polygon is on Die . 

Consider the rectilinear polygon of 4n sides in Fig. 34. The sum of its 
interior angles is 2r(2n — 1). The sum of the angles at the centers of 
isometric circles is Ya;; the sum at the remaining vertices is 2 + 
2nm. Hence, ‘ 


2n(2n — 1) = Dra + ane + Sia 
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Substituting the value of Za; from this into (24), we have 


N-M=m(n-1-)°). 


This result is given by Poincaré in the memoir previously cited. 
A particularly simple application of (24) is to the group of Sec. 25(a). 
Here, & is bounded by 2n complete circles, and a; = 27. For R, then, 
N — M = 2mn. 
Here, 2 contains ©; so for Rj, any congruent region, 
N — M = 2m(n — 1). 


Va, 
WD 


Tia. 34. 


50. Series and Products Connected with the Group.—By the 
aid of Theorems 1 and 3 we can establish the convergence of 
numerous series and products connected with the group. We 
illustrate with a few examples. 

Let 2, Un, Un, . - . be the transforms of z, u, v, . . . by the 
transformation 7’, of the group. We have 


z2—-—U Z2—-—Uu 1 


~ Cnt F ds)(Ontt Fd) ~ (: +O\(u rr 2) ae 
c 


nm Cn 


(25) 


en — Un 


If z and wu be restricted to lie in regions containing no limit points 
of the group and having no limit points on the boundary, then, 
excepting for a finite number of values of n, the factor preceding 
1/c,? in (25) is bounded. 
Suppose that 2|c,|-? converges; and consider the series 
L(en — Un); 

the summation being extended to all transformations of the 
group. Except for a finite number of terms, this series converges 
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absolutely and uniformly in the regions mentioned. It is thus 
analytic in each variable except possibly for poles arising from 
a finite number of individual terms. In a similar manner we 
establish the convergence of such functions as 


So. > & — un)H (zn), 


where H(z) is defined as for the theta series; etc. 
In a subsequent chapter (Sec. 99), we shall employ products 


of the type 
eit = (26) 


Cs 


in connection with Fuchsian groups of the second kind, where u 
and v are distinct from limit points. The convergence here 
depends upon the convergence of the series 


Deas 

= ae 

Z2— Un 

which is readily established from the known fact that =|c,|-? 
converges. We conclude readily that (26) is an analytic function 
of z at all ordinary points of the z-plane except for poles at the 
points v,, and that the function is different from zero except at 
the set of points un. 


In the general case, where 2\c,|~4 converges, we establish 
readily the convergence of such series as 


ae CG, aes Un) (Un fei Wn) en — Un 
SG Dale SS Pa ty eee (Cnz i dn)? HG.) 


and the like. 
From (26) we can build a convergent product for the general 
case by the insertion of convergence factors, thus 


Un—Un 


Ik — Mea z- Wn 


2 — Un 
where w is an ordinary point. Another example in which the 
convergence is easily established is the product due to Whittaker! 


1 1 (@—w)@n—Un) 


(z = MG ae Un) (u = a 2 62 (z—2n)(u—un 


(2 — 2n)(u — Un) 
where the product extends to all transformations of the group 
excepting the identical transformation. 
1 Mess. Math., vol. 31, p. 145, 1902. 


CHAPTER VI 
THE ELEMENTARY GROUPS 


I. THE FINITE GROUPS 


51. Inversion in a Sphere.—The study of finite groups will 
be much simplified by the introduction of transformations of 
three dimensional space. In this treatment, the space trans- 
formation known as ‘‘inversion in a sphere’’ plays a fundamental 
réle. We shall now make a digression and derive the salient 
properties of this transformation. 

Inversion in a sphere is a direct generalization of inversion 
in a circle (Sec. 5). Consider a sphere S with center K and 
radius p. Let P be any point in space and construct the half 
line beginning at K and passing through P. Let P; be a point 
on this half line such that KP,-KP = p?; then P, is called the 
inverse of P with respect to S. P is, also, obviously the inverse 
of P;. S and K are called the “sphere of inversion’”’ and the 
“center of inversion,’’ respectively. The inversion carries a 
point within S into a point without S and leaves the points on 
the surface of S fixed. 

It is clear also, as in Sec. 5, that any sphere or circle through 
P and P, ts orthogonal to S. For, any tangent KT from K to 
the sphere or circle (Fig. 1) has the property that KT? = KP, - 
KP = p?. That is, T lies on S; so that at T the sphere or circle 
is orthogonal to S. Further, any other secant through K, 
meeting the sphere or circle at P,’, P’ has the property that 
KP,’ - KP’ = KT? = p?. Hence, by the inversion, any circle 
or sphere through two inverse points is transformed into itself. 

We now derive the analytic expressions for the inversion. 
Let K, P, P: be the points (a, b,c), (&, 0, €), (&1, 1, £1), respectively, 
‘in rectangular space coordinates. Put 


pees (E20) f(y) (Ce 6), 
SOS eG) Saat: (1) 
Then it is required that 
tps, (2) 
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Projecting the segments KP and KP, on the three axes, we have, 
from the resulting similar triangles, 
, , 


NBS See) ME Seng eh rr p? (3) 


5 a be Ce ee ee 
These give the following equations for the transformations 
p(é — a) p(n — b) poe) 
ioe Sl congue wae ire Sa eemragr’ sei S Gaaae Sac (4) 
Expressions for £, 7, ¢ in terms of £’, 7’, ¢’ are got by interchanging 
the primed and unprimed variables in (4). 
Consider, now, the magnification of an element ds. Let ds’ 
be the length of the transformed element. We have from (4) 


2 De 2 pa 
dt’ = mad a 2 


with similar expressions for dy’ and dg’. Squaring and adding, 


ds!” = dé? + dn”? + ay” 
4 4 
= (ag? + da? + ag?) — “Par((e — ade + (a = d)dn + 
4 
(¢ — eat] + Part{(e — a)? + — 1 + — OF 


4 4 4 4 
= P ds? — +P" ar{rdr| + te arr? = © ds%, 
or 


/ pe 
ds’ = 724s. (5) 

The magnification depends only upon the position of the 
element and not upon its direction...A small triangle in the 
neighborhood of a point will have all its sides multiplied by 
the same quantity; hence, it is transformed into a similar triangle. 
Its angles are unaltered in magnitude. In other words, inversion 
in a sphere ts a conformal transformation. 

We consider now the transform of a sphere or plane 2: 


Alec gee C4) te Be Gs Oe ee a, 
This is a sphere (possibly of imaginary radius) if A ~ 0; a plane 
if A = 0. This can be written equally well—thinking of the 
origin as translated to (a, 6, c)—in the form 
ACE a)? ee pO) at) ee ca 
Oly = 0) DNC = 6). sea, 


AM? ab BYE — a) Cine bye DC =e) ne = Oa) 


or 
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Then, from (2) and (4), the transform is 
p' p? p? ie 
Ani ee era eee ey) oD (f! — 0) te Em 0, 
r r t 


or 
E'r!® + B’p%(& — a) + C’p%(n! — b) + D’p%(¢! — c) + Apt = 0. 

(7) 
This is the equation of a sphere or plane according as LH’ # 0 
or HK’ = 0. We have proved that by inversion in a sphere a 
sphere or plane is carried into a sphere or plane. 

In (6) H’ = 0, if © passes through the center of inversion. 
Hence, a sphere or plane through the center of inversion is 
transformed into a plane. This could have been foreseen 
geometrically. 

Since a circle or straight line is the intersection of two spheres 
or two planes, and these latter are carried into spheres or planes, 
it follows that by an inversion in a sphere a circle or straight line 
is carried into a circle or straight line. The transform is a straight 
line if, and only if, the original circle or straight line passes through 
the center of inversion. 

Finally, of P and Q are two points inverse with respect to a sphere 
2X, the transformed points P; and Q, are inverse with respect to the 
transformed sphere %;. This is most easily established geometri- 
cally. Through P and Q pass a family of spheres orthogonal to 
y. The transforms of these spheres pass through P; and Q, and 
are orthogonal to 2,;—since angles are preserved. On inverting 
in 2, each of these spheres is transformed into itself. The point 
P,, common to all these spheres, is transformed into the second 
common point Q;. Hence, P; and Q; are inverse with respect 
to ate 

If 2, is a plane, two points P; and Q, such that all spheres 
through them are orthogonal to the plane must be equidistant 
from the plane and on a common perpendicular to it. That is, 
Q, is the reflection of P; in 2; We thus extend the idea of 
inversion to the case in which the sphere of inversion is a plane. 
Inversion in a plane is merely a reflection ina plane. This trans- 
formation possesses the various properties of inversion in a 
sphere which are italicized in this section. 

52. Stereographic Projection.—We now introduce a widely 
used method of representing the complex z-plane on a sphere. 
Let the complex plane be a plane in three dimensional space, and 
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let an inversion be made in a sphere whose center K does not lie 
in the z-plane. Then the z-plane is carried into a sphere which 
passes through K. ‘The points of the z-plane and the points of 
the resulting sphere correspond in a one-to-one manner. Corre- 
sponding points lie on a line through K. Corresponding angles 
are equal. This correspondence between the points of the plane 
and of the sphere is known as a stereographic projection. 

For convenience we shall so choose the sphere of inversion 
that the transform of the z-plane is the unit sphere with center 
at the origin. Let the space axes be so placed that the & and 
n-axes coincide with the real and imaginary axes in the z-plane. 
Let K be the point (0, 0, 1); and let the radius of S, the sphere of 
inversion, be +/2. Then S passes through the unit circle Qo 
with center at the origin in the z-plane. The points of Qo 
remain fixed on making the inversion. The point at infinity in 
the z-plane inverts into K, the center of S. The z-plane then 
inverts into a sphere Yo through Q> and the point (0, 0, 1). 
Hence, Zo is the unit sphere 


Saeed megs Ga oe (8) 
Corresponding points of the z-plane and of 2» lie on a line through 
(0, 0, 1). The interior of Qo is transformed into the lower half 
of 2; the exterior into the upper half. Circles and straight 
lines in the z-plane are transformed into circles on Yo. 

The equations connecting a point z = x + zy and the corre- 
sponding point (é, 7, ¢) of Zo can be written down at once from 
(4). Putting (a, y, 0) for (&, n, £) and (&, m, §) for (&’, 9’, ¢’) we 
have, since 

rm=erty+il=2d+il 
and p? = 2, the equations 
2x 2y 22 — 1 
ieee aang Leeeeteeraaminy an Sleep (9) 
Interchanging primed and unprimed values in (4) and using the 
equation 


eS Pe PG 1) Ake ne ee eee 


we have 


ees oes erg 
“Thee ees 

53. Rotations of the Sphere.—If 2, be transformed into 
itself in a directly conformal manner, the corresponding points 


x (10) 


Src. 53] ROTATIONS OF THE SPHERE 121 


of the z-plane undergo a one-to-one and directly conformal 
transformation. That is, the z-plane is subjected to a linear 
transformation. We shall be particularly interested in the rigid 
motions of space which carry  » into itself. Such a motion 
is, obviously, one-to-one and preserves angles. 

The most general rigid motion which carries a sphere into 
itself is a rotation about an axis through the center. Thus, in 
a rigid motion carrying ~o into itself, there is at least one fixed 
point P; on Xo, since the corresponding linear transformation 
of the z-plane has a fixed point. The center O of  p is also 
fixed in rigid motion. Hence, the line OP; is a fixed axis; and 
the motion is a rotation. 


What is the character of the resulting linear transformation 
in the plane? Let P; and P2 be the ends of the axis of rotation 
(Fig. 35). A great circle through P; and P, is rotated into 
another such circle making an angle @ (the angle through which 
the sphere is rotated) with the original circle. Any circle lying 
in a plane perpendicular to P,P, is carried into itself. This 
latter circle is orthogonal to the circles through P; and Pz. We 
now make the stereographic projection. P, and Pe, project into 
two points 21, 22 which remain fixed as the sphere is rotated. 
The circles through P; and P, project into circles through 2; and 
z. Then, each circle through z; and 2, is carried into another 
such circle making an angle @ with its former position. The 
fixed circles on the sphere project into fixed circles on the plane 
orthogonal to the circles through z; and z:. This arrangement 
of the fixed circles shows that the transformation is (Fig. 7) an 
elliptic transformation. 

Conversely, any elliptic transformation of the z-plane whose 
fixed points are the projections of the ends of a diameter corre- 
sponds to a rotation of ZX». For, we can find a rotation of Zo 
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whose corresponding transformation of the z-plane has the 
same fixed points as the given transformation and which turns 
a circle through the fixed points through the same angle. The 
given transformation and the transformation corresponding to 
the rotation have the same fixed points and the same multiplier, 
so they are identical. 

We now find the relation between two points 21, 22 in order 
that they be projections of two points P;, P2 which are at opposite 
ends of a diameter of Zo. If (£1, 71, €1) are the coordinates of P,, 
then (—&é,, —11, —f£1) are the coordinates of Pz. So, from (10), 


ime f+ mm 2 mer aes 
naa ea os ape oe 


Forming the conjugate of z, and multiplying, we have, using (8), 


é 2 n 2 
2122 = — ; = ri —1, 
or 
1 
22 = ee (11) 


Conversely, if (11) is satisfied the points on Yo corresponding 
to 2; and 2, lie at opposite ends of a diameter. 

We shall now prove the following theorem: 

THEOREM 1.—The necessary and sufficient condition that a 
transformation of the z-plane correspond to a rotation of Xo is 
that rt be of the form 

, a —C = sé 
2 = ae + cc = 1. (12) 

Let 2’ = (az + b)/(ce +d), ad — bc = 1, correspond to a 
rotation of 2». The rotation has the property that points at 
the ends of a diameter remain at the ends of a diameter after the 
rotation. So, if 2; and 2, satisfy (11) so also do the transformed 
points (az; + b)/(ce: +d) and (az, + b)/(czg +d). We have, 
then, 

azz +b _ itd _ 2,16 

+d  Gitsh —ba ta 
the last expression resulting from setting 2; = —1/z, in the 
preceding. From this identity in z2., we have 


ET a 
d C b 6a 


or 
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From these equations, we have 

ad — bc = (ad — 62); or 1 = 2. 
Hence, b = —é and d = 4, and the transformation has the form 
(12). 

We now assume that the transformation has the form (12) 
and prove that it corresponds to a rotation of the sphere. In the 
first place, (12) is elliptic, unless it is the identical transformation. 
If c ~ 0, we have |a| < 1, so that ja + a|< 2. Sincea+dis 
real, this is the condition that the transformation be elliptic 
(Theorem 15, Sec. 10). If c=0, we have |a| = 1; then, 
la + a| < 2, unless a = +1. In this latter case, we have the 
identity 2’ = z. 

Again, the fixed points of (12) satisfy (11). Let 2; be one of 
the fixed points; then z, satisfies the equation 


C217 + (a = a)zy + fo z= (Y, 
Taking conjugates 


cz + (a—G@)ai+ec 


whence, dividing by 2’, 


c 7% 1 2 
32 se a(-z,) + é 


That is, — 1/2Z; is also a root of the equation determining the 
fixed points. The fixed points thus satisfy (11), and, hence, are 
the projections of the ends of a’diameter. It follows that the 
transformation corresponds to a rotation of the sphere. 

54. Groups of the Regular Solids.—We propose, now, to 
construct finite groups of linear transformations by forming 
finite groups of rotations of the sphere Zo and projecting stereo- 
graphically on the z-plane. We proceed as follows: Let one of the 
regular solids,—a cube, for instance, or a regular tetrahedron— 
be placed with its center at the center of Xo. There exist certain 
rigid motions of space which carry the regular solid into itself. 
These motions, which interchange the faces in various ways, 
leave the center of the figure fixed. Hence, each such motion is a 
rotation about an axis through the center. By these motions, 
the sphere 2» undergoes certain rotations about diametral axes; 
and, by stereographic projection, the z-plane is subjected to 
corresponding linear transformations. 

It is clear that the set of all rigid motions which carry a body 
into itself constitutes a group of rigid motions. For, the succes- 


0; 


0. 
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sion of two such motions, as well as the inverse of any, is a rigid 
motion which also leaves the body invariant, and, hence, belongs 
to the set. The set of linear transformations of the z-plane 
corresponding to the group of rotations carrying the regular 
solid into itself constitutes a group of linear transformations 
isomorphic with the group of rotations. 

It is evident that the number of rotations which carry a 
regular solid into itself is finite. There is but a finite number 
of ways, for example, in which a given face can be made to 
coincide with itself or with 
some other face of the solid. 
Hence, in the z-plane we have 
groups containing a finite num- 
ber of linear transformations. ! 

55. A Study of the Cube.— 
We begin with the most 
familiar of the regular solids— 
the cube. Leta cube be placed 
with its center at the origin 
(Fig. 36) and with its edges 
parallel to the coordinate 
axes. We may suppose that 
the cube is inscribed in po. 
We study the axes about 
which the cube can be rotated into itself. These are of three 
kinds. 

There are, first, the axes joining midpoints of opposite faces 
as KK’ in the figure. There are three such axes. Rotations 
about each of these axes through angles of 90, 180, and 270 
degrees carry the cube into itself. There are, thus, nine rotations 
about the three axes which carry the cube into itself. 

Second, there are the axes joining opposite vertices, as MM’ 
in the figure. There are four of these axes. Rotations about 
each axis through 120 and 240 degrees carry the cube into itself. 
There are, thus, eight rotations arising from the four axes. 

Finally, there are the axes joining the midpoints of opposite 
edges, as NN’ in the figure. There are six of these axes, a rota- 
tion about each of them through 180 degrees carries the cube into 
itself. 

1 All these groups are treated in Kurrn’s “ Vorlesungen itiber das Iko- 
saeder.”’ 


Fire, 36: 
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From the three types of axes we have 9 + 8 + 6 = 23 rota- 
tions. ‘To these we add the identical transformation; that is, 
the case of no rotation. The group of rotations which carry the 
cube into itself consists of 24 rotations. 

The corresponding group in the z-plane consists of 24 linear 
transformations. The setting up of these transformations is a 
mere matter of algebra. We have, first, to find the two points 
where an axis of rotation meets ZY». We next project the two 
points on the z-plane (Hquation (10)). Let z:, z2 be the pro- 


jected points. We then set up the transformation 
ye analy = — ei: 
i [ex al-Qp, 


(13) 
where @ is the angle through which the cube is rotated. 


We consider a few examples from Fig. 36. The points L(1, 0, 0) and L/ 
(—1, 0, 0) project into z; = 1 and z = —1. The angle 6 is 7/2, 7, or 
8r/2; 80 ec” = i, —1, —7. The three transformations corresponding to the 
rotations about LL’ are 


2’ —1 2-1 ; : 
eye sl k =4, —1, —1. 
The points M(-1/v/3, —1/+/3, 1/+/3) and M'(1/v/3, 1/+/3, —1/v/3) 
: f 1+2 1+7 
roject into, f 10),4: = —- 1 291 — - Here 6 = 
project into, from (10), 2 Te af 22 ed ere 0 = 27/3 or 


4/3; = 14(-1 + iv/3) or 14(—-1 — iv/3). On substituting in (13) 
we have the desired transformations. 
The points N(—1/+/2, 0, 1/+/2) and N’(1/+/2, 0, —1/+/2) project into 


ai = —(\/2 + 1) and 2 = »/2 — 1. Here 6 = rande = —1. On 
substituting into (18) and simplifying we have 

jie ee oo Ih 

2 = 115 (2) = part (14) 


The points K and K’ project into » and 0, respectively. The correspond- 


ing transformations in the plane are the rotations 2’ = kz, where k = i, —1, 
—i. The three rotations are powers of the transformation 


IU C2)\ 4B (15) 


It is evident that, if an axis passes through the midpoints of 
opposite faces, the corresponding three linear transformations 
are powers of a single transformation of period four. If the 
axis joins opposite vertices, the corresponding two transforma- 
tions are powers of a transformation of period three. If the 
axis joins the midpoints of opposite edges the corresponding 
linear transformation is of period two. The fixed points of the 
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elliptic transformations which form the group are thus divided 
into three sets. All the fixed points of any one of the sets are 
congruent. Thus, K can be carried into L, K’, L’, or any point 
at the end of an axis of the same kind, by means of a rigid motion 
which carries the cube into itself. Hence, the projections of 
all these points are congruent. But K cannot be so carried into 
M or N. Similarly, the points corresponding to the ends of the 
axes of the kind to which MM’ belongs are congruent. The same 
is true of the points corresponding to N, N’ and similar points. 

We can form a fundamental region for the group by con- 
structing the isometric circles. We shall, however, proceed in 
a different manner. Consider the triangle MHG, in the figure, 
formed by joining the vertices at the ends of an edge to the 
midpoint of an adjacent face. By a suitable one of the rotations 
about KK’, the triangle can be carried into another such triangle 
abutting along the side MG, or one abutting along HG. By the 
rotation about NN’, we get a triangle abutting along MH. If 
we project the triangle MHG on the surface of the sphere, the 
origin being the center of projection, we have the spherical tri- 
angle formed by the arcs of great circles KM, KH, MNH. This 
spherical triangle is a fundamental region on the sphere for the 
group of rotations. Its stereographic projection in the z-plane 
is a fundamental region for the group of linear transformations. 

Let zu, 2v, 2x, 2x (=) be the projections of M, N, H, K. 
Then the fundamental region has two pairs of congruent sides. 
The transformation 7’ (Equation (15)) carries 2x2 into 2x2; the 
transformation S (Equation (14)) carries zyzy into zyzy. There 
are three cycles: zx constitutes a cycle of angle 7/2; zy is a 
cycle of angle 7; and zy, and zy constitute a cycle of angle 27/3. 
These cycles give the relations T4 = 1 and S? = 1, which we 
know already, and (S7’)? = 1, which is easily verified. 

_ We can construct 23 other triangles on the cube by joining 

the ends of an edge to the midpoint of an adjacent face. We 
can carry MHG into any one of these by a suitable rotation. If 
these 23 triangles be projected on the sphere and then projected 
stereographically on the z-plane, we have the 23 regions congruent 
to the fundamental region constructed above. 

The transformations S and T connecting congruent sides of the 
fundamental region are generating transformations for the group. 
For, by the combinations of S and 7’, we can construct regions 
adjacent to the fundamental region, regions adjacent to the new 
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regions, and so on as long as there are any free sides. We thus 
cover the whole plane; and all the transforms of the fundamental 
region are accounted for. 

The preceding group of 24 linear transformations is known 
as the ‘‘octahedral group.’”’ This name is due to the fact that 
it is the group arising from the regular octahedron. Let the six 
intercepts of the sphere on the coordinate axes—K, L, K’, ete.— 
be joined by lines to form a regular octahedron (Fig. 37). The 
octahedron admits the same rotations about KK’, LL’, etc., as 
the cube. It is easily seen that an axis, as MM’, joining opposite 
vertices of the cube joins the midpoints of opposite faces of the 
octahedron; that an axis, as 
NN’, joining the midpoints of 
opposite edges of the cube 
also joins the midpoints of 
opposite edges of the octa- 
hedron; and that the octa- 
hedron and the cube admit 
the same rotations about these 
axes. 

56. The General Regular 
Solid.—Let the number of 
faces of the solid be F, the 
number of its vertices be V, 
and the number of its edges 
be #. Let »w be the num- 
ber of edges bounding each face, and let v faces meet at the 
vertex. 

The number of rigid motions carrying the regular solid into 
itself is easily found. The solid can be brought into coincidence 
with itself so that a given edge aobp is made to coincide with any 
edge a,b; or with bia; Then the number of rotations carrying the 
regular solid into itself 1s equal to 2E. 

Let the regular solid be inscribed in Zo, and we project stereo- 
graphically on the plane as in the preceding section. The 
various fixed points of the linear transformations in the plane 
are the projections of the ends of the diameters about which the 
rotations take place. A diameter is an axis about which the 
solid can be rotated into itself if, and only if, it passes through 
the midpoint of a face, through a vertex, or through the midpoint 
of an edge. The number of fixed points of the group is then 
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rF+V4+#. Using Euler’s formula, which applies to any 
simply connected solid, 

V+F=£E+2, (16) 
we have that the number of fixed points in the group is 2H + 2. 

The rotations about an axis through the midpoint of a face 
are all through multiples of an angle 27/y; that is, the rotations 
are powers of a rotation of period yw. The rotations about an 
axis through a vertex are powers of a rotation of period v. The 
rotation about an axis through the midpoint of a side is of period 
2. These statements are true for the corresponding transforma- 
tions in the plane. 

A midpoint of a face can be carried into the midpoint of any 
other face; a vertex can be carried into any other vertex; a 
midpoint of an edge can be carried into the midpoint of any 
other edge by a rotation which carries the solid into itself. 
Hence, the fixed points of the plane are separated into three 
sets of congruent points: F fixed points are congruent; V others 
are congruent; and the remaining EH are congruent. 

A fundamental region for the group can be got, as in Fig. 36, 
by joining the vertices at the ends of an edge to the midpoint 
of an adjacent face to form a triangle; then projecting this 
triangle on the sphere; and, thence, projecting stereographically 
on the plane. The transforms of this fundamental region are 
the like projections of the 2H — 1 other such triangles which 
can be drawn on the solid. The congruent sides of this funda- 
mental region are connected by a transformation 7 of period pu 
and a transformation S of period 2. S and T are generating 
transformations for the group. They are connected by the 
relation-(S7T)’ = 1. 

In the following table, the various regular solids are listed 
with the number of their faces, vertices, etc. In the last column 
N (=2E) is the number of transformations of the group: 


TABLE: I 

F J EH ital ate. N 
Tetrahedron eee 4 4 6 3 3 12 
CUD OSs Aeiars.: nih ee eo eee 6 8 12 4 3 24 
Octalvednomiesse seen eee 8 6 12 3 4 24 
Dodecahedron: ..-10.-ace ee mle 20 30 5 3 60 
IierolaYeshkahtins Sendcoatoneeace|l| All 12 30 3 5 60 
JOM aveNehyohetied aygame eS eer cie xccall 2 n n n 2 2n 
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The dihedron is an ideal solid of zero volume. Let a regular 
polygon of n sides be inscribed in Qo, the equator of So. We 
shall look upon this figure as a regular solid with two coincident 
faces. The line KK’ is an axis about which the figure can be 
rotated into itself through multiples of the angles 27/n. Also, 
any diameter through a vertex or through the midpoint of a 
side of the polygon is an axis about which the figure can be 
rotated through the angle z into itself. The group of rotations 
of this figure also carries into itself the double pyramid formed by 
joining K and K’ to the vertices of the polygon inscribed in Qo. 
This latter figure, however, is not a regular solid. 

We note the same sort of duality between the dodecahedron 
and the icosahedron that exists between the cube and the octahe- 
dron. If we interchange the numbers F and V and the numbers 
wand vin the tabulated values for the dodecahedron, we have the 
entries for the icosahedron. It is not difficult to verify the fact 
that the icosahedron can be so placed as to have precisely the 
same group of rotations as the dodecahedron. The axes joining 
the midpoints of the opposite faces of one solid are made the axes 
joining the opposite vertices of the other. 

Two further groups remain to be mentioned. The four group 
corresponds to the four rotations of the sphere Y» which carry the 
real axis into itself and the imaginary axis into itself. It may be 
regarded as a limiting case of the dihedral group in which n = 2. 

There is, finally, the simplest of all the finite groups—the 
elliptic cyclic group. This group has two non-congruent fixed 
points. We can give it a geometrical origin, if we like, by 
considering it as arising from the group of rotations which 
carries into itself a regular pyramid formed by joining the 
vertices of a regular polygon inscribed in Qp to the point K. 

We have found five types of finite groups of linear trans- 
formations: the elliptic cyclic group, the dihedral group (including 
the four group), the tetrahedral group, the octahedral group, and 
the icosahedral group. Each of these groups can be transformed 
after the manner of Sec. 15, to get other finite groups. The 
possibility of further finite groups will be investigated in the next 
section. We shall find that there are no others. 

57. Determination of All the Finite Groups.—We first prove 
the following theorem: 

TuroreEeM 2.—If a group contains two non-parabolic transforma- 
tions which have one fixed point in common and the other fixed 
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points different, then the group contains parabolic transformations 
with the common point as fixed point. 

Let the group be so transformed that © is the common fixed 
point and 0 and 1 are the remaining fixed points. The two 
transformations are then of the form 


S; = Kz, Se = K.(z — 1) + 1, Kip lt Raed, 
Combining these in the product given below, we find readily 


(Ki — 1)(Ks — 1) 


il = S178 2S iS =2+ K 
1 


This is a translation; that is, a parabolic transformation with 
as fixed point. Any power of this transformation U”, n ¥ 0, 
is parabolic with © as fixed point. 

A finite group has only elliptic transformations. It follows 
from the preceding theorem that all transformations of the 
group which have one fixed point in common have the second 
fixed point in common, also. If v transformations (including the 
identical transformation) have a common fixed point, e, we shall 
call e a fixed point of order »v. These transformations form 
a cyclic subgroup; and the transformations are powers of a trans- 
formation with multiplier e?"/”. Congruent fixed points are 
of the same order. Thus, if e’ = 7T(e);andS;,7 = 1,2, ... are 
the transformations with e as fixed point, then the v trans- 
formations 7'S;7—!, and no others, have e’ as fixed point. 

Given a finite group of N(>1) linear transformations, so 
transformed, if necessary, that © is not a fixed point for any 
transformation. Let R be the fundamental region exterior to all 
the isometric circles. We shall investigate the cycles of the 
region. 

Let 2 be a vertex belonging to a cycle of angle 27/k, k > 1. 
Then we found in Sec. 26 that zo is a fixed point of an elliptic 
transformation with multiplier e?"’/*, There is no transforma- 
tion with zo as fixed point and with multiplier e where 0 < 6 < 
2r/k; so 2 is a fixed point of order k. 

Consider now a fixed point e of order » lying outside R. There 
is a point e’ congruent to e lying within or on the boundary 
of R. But e’ is the fixed point of an elliptic transformation 
of order v, and has isometric circles passing through it. Hence, 
e’ is a vertex of R. That is, each fixed point of order v is congruent 
to a vertex of R belonging to a cycle of angle 2r/v. 
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Let a, 6 be finite inner points of R. We form the function 


SQ (2 — a)(2; — a) - - se (Zy—1 — a) 


ab). (aye = Ob) (17) 


where 21, 22, . . . 2y-1 are congruent to z. This function is 
automorphic with respect to the given group, since if z be trans- 
formed into 2; the variables z,... , 2y-1 are permuted and 
f(z) is unaltered. It has zeros of the first order at a and the 
points congruent thereto and poles of the first order at b and 
congruent points. It has a single pole in R; hence, it takes on 
every value once in R (Sec. 42, Theorem 11). 

The proposition that an automorphic function takes on every 
value the same number of times in the fundamental region 
requires that we count the values in a particular way at the 
vertices. Let f(z) = A; and let f(z) take on the value A r 
times. We count the value A as taken on r/k times in the 
vertices of the cycle (Sec. 42 (2)). In the present case, r/k = 1; 
whence, f(z) takes on the value A exactly k times at 2. The 
derivative, f’(z), has k — 1 zeros at 2p. 

Now let us look upon f(z) as a rational function in the whole 
plane. It has N poles; so it takes on each value N times. 
It takes on the value A only at the vertex zo and the points 
congruent thereto; and at each such points it takes on the value 
k times. It follows that the point z) and the points congruent 
to it form a set of N/k congruent points. Since any fixed point 
is congruent to a vertex of R, we can state this result as follows: 
A fixed point of order v belongs to a set of N/v congruent fixed 
points. The order of a fixed point is a submultiple of N. 

Consider f’(z). Since f(z) has N poles of the first order, its 
derivative has N poles of the second order. Hence, f’(z) has 2N 
zeros. The roots of f’(z) can all be located. At a finite point 
which is different from a fixed point, f’(z) #0. Otherwise, 
f(z) would take on its value twice at the point; this is contrary 
to the fact that f(z) takes on no value more than once in RF or in 
any of the regions congruent to R which cover the plane. At , 
infinity we have developments of the form 


fQyeotot+++; fe)=— 


Here, c: ~ 0, since f(z) takes on the value co only once at infinity. 
Hence, f’(z) has a zero of the second order at infinity. The 
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remaining zeros of f’(z), 2N — 2 in number, are at the fixed 
points. 

Let the fixed points of the group fall into s sets of congruent 
points. Let the orders of the points of the sets be 141, v2, ... , 
vy, Then the sets consist of N/»,, N/ve, ... N/», points, 
respectively. Summing the zeros of f’(z) and equating to 
2N — 2, we have 


> Cees een 


or 


x ss 1) =2-<. (18) 


i=1 

The integers N and »; for any finite group must satisfy (18). 
Here N > 2 and »; > 2; also N/»; is an integer. We have 
s > 1; for is s = 1, the first member of (18) is less than 1 and 


the second is greater than or equal tol. Also,s <4; forl — 2 


t 


> : and the first member equals or exceeds s/2, which is greater 


than the second member if s > 4. There are then two cases to 
consider s = 2 and s = 38. 
If s = 2, (18) becomes 


ee ee een ee 
Vy V2 N Vy V2 


We have N/»v; = N/vg = 1. Hence, N may be any integer and 
vy) = vo = N. The two sets of congruent fixed points contain 
one point each; and each fixed point is of order N. The groups 
satisfying these conditions, obviously, consist of the cyclic groups 
of N transformations. 
If s = 3, (18) reduces to 
rte tl nits. (19) 


Vy V2 V3 


2. 


"Let the subscripts be so chosen that v1 < ve < v3. Then », = 2, 
for, otherwise, the first member does not exceed 1. Then, 


iene ae 
tp pe HO a) 


Then, v2 = 2 or ve = 3; otherwise, the first member does not 
exceed 14. 


Src. 57] DETERMINATION OF ALL THE FINITE GROUPS 133 


If ve = 2, we have »; = N/2. If N is any even number, 
N = 2n, the equation can be satisfied. 
If ve = 3, we have, from (20), 


(21) 


whence, v3 <6. We find that each of the possible values 
v3 = 3, 4, 5 gives an integral value of N; namely N = 12, 24, 
60, respectively. 

We have found then that, except for the cyclic group (s = 2), 
all finite groups have three sets of congruent fixed points. The 
orders of the points, the numbers in each set, and the total 
number of transformations are only such as appear in the 
following table: 


TaBLE II 
VV) V2 V3 N/v4 N/v2 | N/v3 N 
2 2 n n n 2 2n 
2 3 3 4 4 12 
2 3 4 12 8 6 24 
2 3 5 30 20 12 60 


That there actually exist finite groups corresponding to the 
possibilities set forth in Table II is evident on an inspection of 
Table I. In that table, there are three sets of congruent fixed 
points containing /, V, and # points. The corresponding 
orders are p, v, and 2, respectively. The first possibility in 
Table II is realized in the dihedral group (in the four group, if 
n = 2), the second in the tetrahedral group, the third in the 
octahedral group, and the last in the icosahedral group. 

THEOREM 3.—There are no finite groups of linear transformations 
other than the elliptic-cyclic groups, the groups of the regular solids 
(including the four group), and the transforms of these latter groups 
by means of linear transformations. 

We have found that when s = 2 the only groups arising are 
the cyclic groups. We shall now show that any group with three 
sets of congruent fixed points is the transform of a group 
arising from one of the regular solids. We shall prove (which 
amounts to the same thing) that if two groups have the same 
values of 71, v2, v3 one is the transform of the other. 
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Given two finite groups with the same values of 11, v2, v3. 
Let each be so transformed, if necessary, that © is not a fixed 
point. If the transformed groups are the transforms of one 
another, the same is true of the original groups. Let the group 
S consist of the transformations S,, ..., Sy and have the 
fixed points ai, de, ... , Gy/», Of order 1, the fixed points 
bi, be, . . . , by/», Of order ve, and the fixed points ¢1, cz, .. . , 
Cv/», Of order v3. Let the group S’ have the transformations 
Si’, .. . , Sy’, the fixed points ay’, .. . , @’y/,, of order 71, the 
fixed points b,’, ... , b’y/,, of order v2, and the fixed points 
lly aro fC pa OL OLMET Pe. 

We now use formula (17) to set up an automorphic function 
f(z) for the group S and an automorphic function f(z) for the 
group S’ where the constants a and 6 in the formula are different 
from the fixed points. Let f(a;) = A, f(b;:) = B, fla) = C; 
fil(a:’) = A’, fi(B;') = B’, files’) = GS Lett = (at; oh b)/(cty oe 
d) be the transformation carrying the distinct points t; = A’, 
B’, C’ into the distinct points A, B, C, respectively, and form 
the function 


ofi(z) +d 
Then, F(a,’) = A, F(b.’) = B, F(c’) = C. The functions F(z) 
and f(z) have N poles each, and, hence, take on any value N 
times. 

We shall represent the group S in the z-plane and S’ in a 
second or 2’-plane. We shall set up a correspondence between 
the points of the two planes by means of the equation! 

F(2') = f@). (22) 
To each value of z there correspond N values of 2’; for a given 2 
determines one value of f(2) and this value is taken on by F(z’) 
at N points 2’. Likewise, to each 2’ correspond N values of 2. 

If z # aj, bi, cy then f(z) is distinct from A, B, C and the 
corresponding values of 2’ are N distinct points in the z’-plane. 

If 2 = a;, then f(z) = A and the corresponding values of 2’ 
fall into N/», sets of »; equal values each; namely, 2’ = ay’, 
dy’, . . . Consider the arrangement of the »; values of 2’ in 
the neighborhood of a,’ when z is in the neighborhood of aj. 
We have the following developments in the neighborhoods of 


Faye afi(z) + b 


1This correspondence was suggested by Prof. P. Koebe. 
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the points in question, since each function takes on its value v; 
times: 
fa =At+kz2-—a)"*+---, k £0. 
FZ’) s=At+h(# —af/ji+t---, k’ € 0. 


Then, (22) becomes 
(7 —a/)"h +--+ )=e@-—a)"(k+---). 
Ioxtracting the v;-th root, 
(i — a/R +- +> )mee(z—a)(hi/nu+-.-.-), 


elt Cay Fs 2 


where «,... , €,are the »,-th roots of unity. From these we 
have the v, developments in the neighborhood of a;, 


. k 1/», 
a= a/+ & (i) (2—-ai)+--- 


Hence, although »; values of z’ become equal at a;, these values 
belong to distinct branches. Similar reasoning applies to 6; 
and Ch 

The relation (22), then, gives in the neighborhood of any 
point of the zplane N distinct function elements. These 
elements combine to form N single-valued functions of z. Other- 
wise, since there are no branch points, the N sheets bearing the 
values of 2’ are not connected. Consider one of the functions, 
z = T(z). To each value of z there corresponds one and only 
one value of z’. Interchanging the rédles of z and 2’, to each 2’ 
there corresponds one, and only one, z. Hence, z’ = T(z) is a 
linear transformation (Sec. 1, Theorem 3, Corollary 1). 

The transformation 7' carries the fixed points of the group 
S into the fixed points of the group S’; since when z = aj, bi, c: 
then T(z) = aj, b/, c/. Then the group U; = TS;T" is a 
group with the same fixed points and of the same orders as the 
group S’. Is the group U the same as the group S’? 

Let U; and S,;’ be transformations with the fixed point a,’ 
and the same multiplier. We shall show that the second fixed 
points are identical. Suppose they are different. We combine 
U; and S; in all possible ways to generate a group I’. A point 
a; (a;’) is carried by each of the transformations into another 
of the points a,’; that is, a,’ has a finite number of distinct 
transforms by the group IT. But [I contains parabolic 
transformations with a,’ as fixed point (Theorem 2); and by 
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repetitions of such a parabolic transformation a;’ has an infinite 
number of distinct transforms. This contradiction proves 
that U; and S; have the same fixed points; whence they are 
identical. We thus identify each transformation of U with a 
transformation of S’. The group S’ is the transform of S 
by a linear transformation, which was to be proved. 

The Polyhedral Functions.—The automorphic functions belong- 
ing to the finite groups, which, owing to their connection with 
the regular solids, are called ‘‘ polyhedral functions,” are readily 
set up. The function f(z) in (17) takes on each value once in 
the fundamental region. Hence (Sec. 43, Theorem 14), the 
most general simple automorphic function belonging to the group 
is a rational function of f(z). 

58. The Extended Groups.—Intimately connected with the 
rotations which carry a regular solid into itself are the reflections 


PrP 
YP \ 


Fie. 38 


in planes of symmetry which, likewise, carry the solid into 
itself. In the cube, Fig. 36, there are nine planes of symmetry: 
three planes through the midpoints of four faces (the coordinate 
planes), and six planes containing opposite edges. These planes 
intersect the sphere 2p in nine great circles. These circles are 
projected stereographically on the z-plane in Fig. 38. The real 
and imaginary axes and the unit circle Qo arise from the first 
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three planes of symmetry mentioned above; the remaining two 
straight lines and four circles arise from the latter six planes. 

What is the transformation of the z-plane corresponding to 
a reflection in a diametral plane of the points of 2)? On making 
the inversion which projects 2» stereographically on the z-plane, 
a diametral plane II through a great circle C is carried into a 
sphere = through C’, the stereographic projection of C. Since 
II is orthogonal to Xo, 2 is orthogonal to the z-plane and has C’ 
as equator. Two points on 2» inverse with respect to II are 
carried into two points of the z-plane inverse with respect to > 
and, hence, inverse with respect to C’. Hence, if the points of Do 
be transformed by a reflection in II the corresponding points of 
the z-plane undergo an inversion in C’. Reflection in the nine 
planes of symmetry of the cube, then, correspond to inversions 
in the nine circles of Fig. 38. 

The planes of symmetry divide the surface of the cube into 
48 equal triangles. One such is the triangle GHP formed 
by bisecting the triangle MHG by a line from G to the midpoint 
of MH. This triangle projects on the triangle KNH on the 
sphere and the latter projects stereographically on the shaded 
triangle in the upper left hand corner of Fig. 38. The triangle 
GPM corresponds to the unshaded region in the lower left-hand 
corner of Fig. 38; and the remaining triangles on the cube cor- 
respond to the remaining triangles of Fig. 38. 

Now, let us form a group by combining the reflections in 
planes of symmetry in all possible ways. Each such reflection 
carries GHP into one of the 48 triangles on the surface of the 
cube. Further, by suitable sequences of such reflections, 
the whole surface of the cube can be covered; that is, GHP can 
be carried into any other triangle. It is easily seen that two 
such sequences which carry GHP into the same triangle transform 
all points in the same way and so are identical. The group thus 
contains exactly 48 transformations. In the z-plane the cor- 
responding transformations carry a given triangle of Fig. 38 
into each of the triangles of the figure. 

This group in the z-plane is known as the ‘‘extended group.” 
It is found by combining in all ways the inversions in the nine 
circles in Fig. 38. Each triangle is a fundamental region for 
the group. The transformations are of two kinds. An even 
number of inversions is a linear transformation; an odd number 
is an inversely conformal transformation of the plane into itself, 
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and has the form z’ = (az + 6b)/(cz2 + d) (Sec. 5, Equation (23)). 
There are 24 transformations of each kind. The former cor- 
respond to the rotations of the sphere which carry the cube into 
itself, since an even number of reflections in diametral planes is 
equivalent to a rigid motion. Among the inversely conformal 
transformations are the nine inversions from which we formed the 
group. 

If we shade the alternate triangles in Fig. 38, we note that a 
transformation which carries a shaded triangle into a shaded 
triangle or an unshaded triangle into an unshaded triangle 
is a linear transformation; a transformation which carries a 
shaded triangle into an unshaded triangle or vice versa is a 
transformation which reverses the sign of the angle. The former 
24 transformations constitute the octahedral group. A shaded 
and an unshaded region together constitute a fundamental region 
for the group. 

It is easy to see that the extended group can be generated 
by three inversions; namely, in the sides of any one of the tri- 
angles of the figure. By repeating these three inversions, any 
triangle of the figure can be carried into any other. 

The groups of the remaining regular solids can be extended 
in a precisely similar way. We shall not treat the several cases 
in detail. By repeated reflections in planes of symmetry, a given 
edge dobo can be carried into an edge a,b; in four ways—so that 
dobo coincides with a,b; or with b;a;, and so that angles are 
preserved or angles are reversed. The extended group cor- 
responding to the sequence of reflections then consists of 4H 
transformations, where # is the number of edges. 

The planes of symmetry divide the surface of the regular 
solid into 4# triangles, each formed by joining the midpoint of 
a face to the end and the midpoint of an adjacent edge. The 
projection of these triangles on the sphere and thence on the 
z-plane gives a system of triangles with properties analogous to 
those of Fig. 38. From the tetrahedron we get 24 triangles; 
from the icosahedron 120; from the dihedron 4n. In each case, 
half the transformations are linear transformations and half are 
transformations with reversal of the sign of the angle. The 
former constitute a subgroup identical with the group of the 
regular solid. 

The extended groups will reappear in a later chapter in the 
‘ study of the Riemann-Schwarz triangle functions. 
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II. THE GROUPS WITH ONE LIMIT POINT 


59. The Simply and Doubly Periodic Groups.—The groups 
with one limit point are of particular interest. They comprise 
the groups whose automorphic functions—the simply and doubly 
periodic functions—have been studied more than any other 
automorphic functions. Further, as we shall find later, these 
groups form one of the three classes of groups whose automorphic 
functions are employed in the simplest theory of uniformization. 

A group with but one limit point can contain no hyperbolic 
or loxodromic transformation; for each of the two fixed points 
of such a transformation is a limit point. Each transformation 
of the group is either parabolic or elliptic. Each transformation 
has the limit point as fixed point; otherwise, the limit point 
would have a transform which would be a second limit 
point. The group cannot consist entirely of elliptic transfor- 
mations. For, the second fixed points do not all coincide; 
otherwise, the group would be a finite cyclic group. It follows 
from Theorem 2 that the group contains parabolic transforma- 
tions. The group, then, consists either of parabolic transforma- 
tions alone or of parabolic and elliptic transformations. 

Let the group be so transformed that the limit point is carried 
to infinity. Then all the transformations are of the form 


2 = Kee 6, 


where K is the multiplier of the transformation. The parabolic 
transformations (K = 1) are translations; the elliptic transfor- 
mations are rotations. 

If the group contains only translations, it is either a s¢mply 
periodic group with a period strip (Fig. 12) as fundamental 
region or a doubly period group with a period parallelogram 
(Fig. 13) as fundamental region. 


We prove these facts briefly. The translations are of the form S; = 
z+ 9, 9; being called a ‘“‘period.” We have Sy™Sq - + + Sym = 2-4 
mQ, + meQ. + + + + + m,Q,; that is, any linear combination of periods 
with integral coefficients is a period. Now, let all the periods be plotted in 
the complex plane. These points have no cluster point. If there were a 
cluster point, the transformation S;S;-! = z + Q: — Q), where Q; and Q; are 
taken sufficiently near the cluster point, would have an arbitrarily small 
period; and the group would be continuous. 

Let » be a nearest period to the origin; that is, one of the finite number 
at the minimum distance. Let L be the line joining the origin to w and let © 
be any period lying on L. We can write 2 = Mw, where M isreal. We 
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shall show that M is an integer. Suppose not; and let m be the nearest 
integer to M. Then |M — m| < 4; and the period Q’ = Q — mw is such 
that |Q’| = |(M — m)o| < %lw|. This is contrary to the assumption that 
w is the nearest period to the origin. The transformation S = z + Q is 
then a power of 7 = z+ w;namely, S = J”. If all the periods le on L, 
the group is the simply periodic group generated by T. 

Suppose, next, that there are periods not lying on L. Let w’ be at the 
minimum distance from the origin among these. Then any period in the 
plane can be written Q = Mw + M’w', where M and M’arereal. We now 
prove that M and M’ are both integers. Suppose not; and let m and m’ 
be the nearest integers to M, M’. Then |M — m| < 4, |M’ — m’'| < Ws. 
Consider the period 

Q = 2 — (mw + mw’) = (M — m)wo + (M’ — m’')o' # 0. 
Here we have 
|2'| < Mylo] + Mlo’] < foo’. 
This is impossible unless ©’ lies on L. But, then, M’ — m’ = 0 and |Q’| < 
14|w|, which is impossible. It follows that M and M’ are integers. 

A transformation of the group, S = z + Q, can then be written in the 
form S = T!@T\M’, where T =z+o, T1 =z2+’. The group is the 
doubly periodic group generated by T and T:. 

We can assume, without loss of generality, that a period of 
smallest absolute value is 1. Let G = z/w, where w is a smallest 


period, and transform the group by G. 
Q 


S=2+Q, GSG'! = Giz + Q) pad J 
When Q = w, the periodis1. Otherwise, |Q/w| >1, since |Q| > la: 

The most general group with one limit point and containing 
only parabolic transformations is the transform of a simply or 
doubly periodic group. 

60. Groups Allied to the Periodic Groups.'—We now consider 
groups containing parabolic and elliptic transformations. We 
show first that the multiplier of an elliptic transformation is 
limited to a small number of possible values. Let S = z+ Q 
and S, = Kz-+ 6 be a parabolic and an elliptic transformation 
contained in the group. Then the translation 


SiSSy7! = &i(*% a 2) =2z+ KQ 


has the period KQ. Let the minimum period be 1; then, taking 
Q = 1, K isa period. Now, the multipliers of the transforma- 
tions with a common fixed point of order y are 

K (ee Ky, te 


' For the treatment in this section and the next see Korsn, P., Math. Ann., 
vol. 67, pp. 164-168, 1909. 
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These multipliers—the »-th roots of unity—lie on the unit 
circle Qo. 

The possible values of K and the periods +1 must be so 
spaced about Qo that the distance between any two distinct 
periods is not less than 1. Otherwise, 
there is a period of smaller absolute value me 
than 1, contrary to hypothesis. If» >7, 
(Fig. 39) we have |K, — 1| < 1, which 
is impossible. If » = 5, we have |K,? 

+ 1| < 1, which is impossible. Hence, 7} 
v is limited to the values 2, 3, 4, 6. 
Also vy = 4 and v = 8, or v = 6, cannot 
both appear; since |K, — K;| < 1 and re 
|K4 > K,| << ils . Ky 

Two elliptic transformations with the 
same multiplier, S; = Kz + 6, S.-= Kz-+ b’, have constants b, 
b’ which differ by a period. For, 


SSrt= KZ) ty met y —3, 


Ky 


Ke 


which has the period b’ — b. Conversely, if Q is any period, 
there is a transformation with the multiplier K and the constant 
b + Q; namely, where S = z+ Q, 


Then all transformations with the multiplier K which the group 
contains, and no others, are comprised in the formula 
S; = Kze+b+ 4, (23) 
where b is the constant for one such transformation and Q; is any 
period or zero. The finite fixed point of (23) we find to be 
t= b+ 
SA Fe 
In locating the fixed points from (24), it suffices to find those 
which lie in a period strip or period parallelogram of the subgroup 
of translations. The remaining fixed points differ from these 
by periods. For, if Uis any transformation of the group, US;U~! 
has the same multiplier as S; and has the fixed point U(é;). In 
particular, each fixed point has a congruent fixed point lying in 
the period strip or period parallelogram. 
We treat first the case in which v = 2 for all the fixed points; 
so K = —1. We can transform the group by a translation 


(24) 
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carrying 6 to the origin; so we can take b = 0. The resulting 
transformations, 


S;= —2+.9;, T,;=24+ 9; 


where the 7; form a simply or doubly periodic group, are easily 
shown to be a group. The fixed points, from (24), are & = 
Q;/2. The location of the fixed points (marked “2’’) in a 
period strip and a period parallelogram are shown in Figs. 40 and 
41. The half of the strip or parallelogram whose congruent sides 
are joined by arrows is a fundamental region for the group. We 
verify readily that certain transformations carry the region into 
regions abutting along each of its sides, and that all except the 
identical transformation carry it outside itself. 


Fig. 40. Fia. 41. 


If » > 2, the subgroup of translations cannot be simply 
periodic. For K, is then a period which is not a multiple of 1. 
Since K, is at a distance 1 from the origin and no period can be at 
a less distance, we may, according to the previous section, take 
K, as the period of the second generating transformation. The 
doubly periodic subgroup is generated by 7’ = 2+ 1 and 7; = 
2+ K,. The doubly periodic group is, thus, a very special one. 

Consider the case v = 4. We have K, = 7, Ky? = —1 = Ko, 
Ki = —7i. Since K,! = 1, we may write the transformations, 
both elliptic and parabolic, in the form 


S; = Kaz + Q; = Karte + m+ mi. 
Both group properties are readily established for these trans- 
formations. 
For K =iand K = —1 we have from (24) 
pec ps ei ee 
ae 2 Neha ete 
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The first formula gives the points marked “4” in the period 
parallelogram in Fig. 42. The second gives those marked “4” 
and in addition those marked “2.” These latter points are of 
order 2. The fixed points when K = —7 are, of course, the same 
as those for K = 7. We can show easily that the square whose 
congruent sides are connected by arrows is a fundamental region 
for the group. 


Fie. 42. 
The cases vy = 3 and » = 6 are pictured in Figs. 43 and 44. 
The group in each case is 
os = K"2 4m +m Ke. m= 1, 2,- = - 5». 


The fixed points are located as in the preceding figure. In the 
latter case there are fixed points of three orders, 2, 3, and 6. 
In Fig. 43, the parallelogram has been drawn from the periods 


3 3 


Fia. 43. Fig. 44. 


1 and K; + 1(=Kg); this latter period is at a distance 1 from 
the origin and may be used, as well as K; itself, as the period of 
the second generating transformation. 

We observe that in Figs. 42, 43, and 44, the transformations 
connecting congruent sides of the fundamental region are elliptic. 
Each of these groups is generated by rotations. 

The groups constructed in this section, together with their 
transforms by means of linear transformations, include all 
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the groups with a single limit point which contain elliptic 
transformations. 

61. The Automorphic Functions.—We shall now set up all the 
simple automorphic functions for the groups with one limit point. 
We suppose the group so transformed that the limit point is at 
infinity, the smallest period is 1, and an elliptic point of highest 
order (if elliptic points exist) is at the origin. 

For the simply periodic group, the function e?** is an auto- 
morphic function taking on each value once in the period strip. 
Hence (Sec. 43, Theorem 14), the most general simple automorphic 
function connected with the group is a rational function of e?*. 

In the group of Fig. 40, the function cos 27z is a simply periodic 
function which takes on each value twice in the period strip 
(since it has two zeros, 2 = +14, in the strip). Now cos 27 
(—z) = cos 2rz. The function thus admits the elliptic 
generating transformation; so it is automorphic with respect to 
the group of the figure. It takes on each value once only in 
the upper half of the strip, the other value being taken on in the 
lower half. According to Theorem 14, cited above, the most 
general simple automorphic function connected with the group isa 
rational function of cos 272. 

The group of Fig. 41 is treated similarly. The Weierstrassian 


function 
1 ! 1 1 
Sd ea a 2 = E — 2,)? © cal oo 


the summation being extended over all non-zero periods Q,, is 
a doubly periodic function with a pole of the second order in the 
period parallelogram. Hence, (z) takes on each value twice in 
the period parallelogram. But $(z) is an even function, 
(—z) = $(z)—as we see on changing z to —z and Q; to —Q, 
which does not alter the set of periods. Then $§(z) takes on each 
value once in the fundamental region of the figure. The most 
general simple automorphic group is a rational function of (2). 

For the doubly periodic function itself there is no automorphic 
function with a single pole in the period parallelogram in terms 
of which to express all automorphic functions rationally. Let 
f(z) be a simple automorphic function belonging to the group; 
that is, an elliptic function. Then f(z) can be written in the form 


Jy = Palle) IC 2)) Aoeglie)  aaee 
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Here, f(—z) is also an elliptic function. The first term is an 
even function of z; and so is automorphic with respect to the 
group of Fig. 41. It is a rational function of B(z). The second 
term is an odd function. Now {’(z) is also an odd elliptic 
function. Hence, 14[f(z) — f(—z)]/®’(z) is an even function 
and so is a rational function of B(z). The most general simple 
automorphic function is then 


f@) = RABE] + PB’ @)RAPE)I, 
where R,; and R, indicate rational functions. 
Consider now the groups of Figs. 42 to 44. The transforma- 
tions here are of the form 
a= Ke 0, nw 1,2, - 2 = ?, (26) 
where vy = 4,3, or6. The function {(z) is not automorphic with 
respect to the groups. We have, from (25), 


1 , 1 1 
oe Cer +0) ay alee "2+ — 2)? aa 
i) 


a Gt een Gace) 


‘Now, the division of a period 2; by K,” amounts to rotating it 
through the angle —2zan/v about the origin and carries it in 
each of the three cases into another period Q,’.. Such a rotation 
carries the set of all periods into itself. We have, then, 


1 1 : 1 1 
Bae ks Cc part Sepa sa ae|| 
= CuBE + 2) = RRO. (27) 


For »=4, (Fig. 42) K = +7, +1 and K,* = +1. Then, 
(2)? is automorphic with respect to the group. f(z)? has a 
pole of the fourth order in the period parallelogram and takes on 
each value four times. The period parallelogram contains four 
copies of the fundamental region in the figure. Hence, the 
function takes on each value once in the fundamental region. It 
follows (Sec. 43, Theorem 14) that the most general simple auto- 
morphic function belonging to the group is a rational function 
of B(z)*. 

Differentiating re and me we eek 


Bee = CaWO, Fi Kr 
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whence, 
BG) = zn P'O. (28) 


If » = 3 (Fig. 43), K, is a cube root of unity and K,” = 1. 
Then §8’(z) is automorphic with respect to the group. ’(z) 
has a pole of the third order and takes on each value three 
times in the period parallelogram. The period parallelogram 
contains three copies of the fundamental region of the figure; 
hence, the function takes on each value once in the fundamental 
region. The most general simple automorphic function belonging 
to the group is a rational function of 8’(z). 

If » = 6 (Fig. 44), K, is a sixth root of unity’and K,** = +1. 
Then §8’(z)? is automorphic. This function has a pole of the 
sixth order and takes on each value six times in the period 
parallelogram. The period parallelogram contains six copies of 
the fundamental region of the figure; hence, the function takes on 
every value once in the fundamental region. The most general 
simple automorphic function belonging to the group isa rational 
function of 8’(z)?. 


Ill. THE GROUPS WITH TWO LIMIT POINTS 


62. Determination of the Groups.—The remaining elementary 
groups—those with two limit points—are of less interest. We 
shall derive them briefly. Given such a group, so transformed 
that the limit points are zero and infinity. Then each trans- 
formation must carry a limit point either into itself or into the 
other limit point. The transformations (a) which have 0 and 
© as fixed points; and (b) which carry 0 to © and ~ to 0, are 
readily found to have the following forms: 


(a)2' = Kz, ()2= = (29) 


The former are hyperbolic, elliptic, or loxodromic transforma- 
tions, according to the value of K;; the latter are elliptic with the 
fixed points +-Vc;. 

Taking logarithms in (29) and setting log z = w, log 2’ = w’, 
log K; = Q,;, log c; = Q,;’, we have 

(a) w =wtQa;+ 2mm, (6) w’ = —w+ QO,’ + nmi, (30) 
the integers m and n depending upon the values used for the 
logarithms. If the transformations in (29) form a group, so, 
also, do those in (30), and conversely. The group (29) is con- 
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tinuous or discontinuous according as (30) is continuous or 
discontinuous. Thus, (30) is continuous if it has arbitrarily 
small periods, 2; + 2mmi =e. Then log 2’ = log z+ e and 
2’ = ez, which differs arbitrarily little from the identity. 

The groups (80) are of the type studied in Secs. 59 and 60 
for vy = 2. Suppose, first, that the transformations (b) do not 
appear. In (a) we can take one of the primitive periods to be 
a pure imaginary. Since 277 is a period, this primitive period 
is of the form w = 27i/k, where k is an integer. If there are no 
periods other than multiplies of w, the group (30)(a) is simply 
periodic and is generated by the transformation w’ = w + wo. 
The group (29)(a) is then generated by 2’ = ez = er/kz, It, 
is a finite cyclic group and can be discarded, since it has no 
limit points. 

If (30)(a) is a doubly periodic group, let w, w’ be a pair of 
primitive periods, w being the period found above. Then w” is 
not a pure imaginary. The general transformation of the group 
is w’ = w+me+ nw’ and the general transformation of the 
original group is 2’ = e#t™’z, If k = 1, so that w = 277, then 
em» = 1 and the group is simply 2’ = e™’z. Putting K = e’, 
K, = e, we have the following types of groups: 

Cater h@e") (Bee ex KK ese il eet dK ee, 
(A) is a hyperbolic or loxodromic cyclic group. (8B) contains 
elliptic and loxodromic transformations and _ possibly also 
hyperbolic transformations. 

If the transformations (b) appear in (30), they have the form 
(Equation (23) with K = —1) 

w= —wtb+met+ no’. 
The group can be transformed by a translation that carries b 
to the origin (which amounts in (80) to a transformation carrying 
+/c to 1);so we can take b = 0. Fromlogz’ = — logz+ mw + 
nw’, we get 2’ = emetne/z, We have then the following further 
groups: 

(ee ee eee OD) 2 RR rag 2h SI 


z Z 

For any values of K, K, such that |K| # 1 and K, = e?*”*, the 

sets of transformations (A)-(D) form groups of the kind sought. 
The most general groups with two limit points are the groups (A)- 

(D) and their transforms by means of linear transformations. 


CHAPTER VII 
THE ELLIPTIC MODULAR FUNCTIONS 


63. Certain Results from the Theory of Elliptic Functions.— 
The earliest automorphic functions to be studied were the 
elementary ones—the circular functions, the elliptic functions, 
and the rational or polyhedral automorphic functions. Of the 
non-elementary functions the so-called “elliptic modular func- 
tions’’ were extensively studied before the erection of a general 
theory of Fuchsian functions. By an elliptic modular function, 
or more briefly, a modular function, is meant a simple automorphic 
function belonging to the modular group or to one of its subgroups. 

In Sec. 37, we constructed the 

-~1 fundamental region for the 

modular group. By transform- 

ing the group so as to reduce 
| infinity to an ordinary point, 

! we could set up automorphic 

| : 

Ms functions by means of the theta 
series of Poincaré (Chap. V). 
Instead of following this process, 
however, we prefer to follow the 
historical order of development 
and to derive the modular func- 
tions in such a way as to bring 

out their connections with the elliptic functions. To this end we 

recall certain of the properties of the Weierstrassian function [5(z). 

Let w, w’ be a pair of primitive periods so denominated that for 
the ratio 


| 
| 
| 
Ah 


- 


Fig. 45. 


/ 


Ww S 
iS Sees + iy (1) 


1 The most complete treatise on these functions is FrickE-Kuxrtn, “ Vor- 
lesungen tiber die Theorie der elliptischen Modulfunktionen,” two volumes 
of some 1450 pages. See, also, Vivant, ‘‘Fonctions polyédriques et modu- 
laires.”” Brief accounts will be found in Hurwirz-Courant, ‘ Funktionen- 
theorie,”’ 2nd ed., pp. 220-230, and in BresrrsBacn, Lehrbuch der Funktionen- 
theorie, vol, 2, pp. 95-114, 
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y is positive; that is, which shall be called w and which w’ is 
governed by the requirement that the angle w0w’ shall be positive 
and less than 7 (Fig. 45). We use the symbol 2 = mw + m’w’ 
for the general period. The elliptic functions 


Be) - 2+ > | ee i ap @) 


where the summation extends to all non-zero periods, and its 
derivative 


nie. a) 
B'(z) = — Ye 2 @— 0) (3) 
are connected by an algebraic relation (Theorem 12, Sec. 43). 
This relation is the following 


PL’ (z)? = 4B(z)* — geB(z) — gs, (4) 


al oy 
g = 60 oy 9x= 140 > a (5) 


This relation is got most easily by combining 8(z) and ‘B’(z) into a 
polynomial in such a way that the pole at the origin disappears. Then 
the polynomial reduces to a constant (Theorem 10, Sec. 42). In the 
neighborhood of the origin, we have 


1 22 


where 


423 24 


(@—a)y? @ ' 9° O48 ' O85 a6 
d , : all ai, 
We now insert this value in (2) and sum. We note that >) Qo 8 
= -+:- = (0 by virtue of the fact that the term containing Q = mw + m’w’ 

is cancelled by the term containing Q = —mw — m’w’. We have 
1 aa eal 
a 2 med 4 a nwt E 
PE) = at 8 > a at OF >: eur 


or 
aa 92 20 93 4 siete 
$B (z) = eons fone t 


From this series, we have, at once, the following: 


} 2 g g: 
OS eerie eae 


Bay = 1 20a 7 og. 
rg)? = — 292 _ 40s 
PO a Baa Tat 


On combining these equations we find 
P(e)? — 4B)? + BO = -g + 2? +++ - 
The first member of this equation is an elliptic function with no singularity 


in the fundamental region; hence, it is a constant. 
Setting z = 0, we see that its value is —gs and (4) is established. 
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The function $’(z) satisfies the following: 


o(-8)-e(9) o(-3)--0() 


the first of which follows from the fact that —Q/2 and 0/2 
differ by a period and the second from the fact that B’(z) is an 
odd function of z. It follows that if B’(z) is analytic at Q/2; 
that is, if Q/2 is a half period, then $’(Q/2) = 0. Three of 
these half periods lie in the period parallelogram. The three 
quantities 


a x(3) py Ge ) é3 = x(4), (6) 


are then the roots of the equation 
4t3 — got — gs = 0. (7) 


The three quantities ¢:, 2, e3 are unequal. (z) takes on 
each value twice in the period parallelogram. Since S$’(z) 
vanishes at w/2, 3$(z) takes on the value e; twice there, and so 
cannot take on the value e; elsewhere in the parallelogram. By 
similar reasoning e, and e; are unequal. The condition for 
equal roots in (7) we find readily to be the vanishing of the 
expression 


A = g2® — 2793". (8) 
Hence, 
A #0. 

64. Change of the Primitive Periods.—We consider the 
problem of finding all pairs of primitive periods; that is, periods 
in terms of which we can express all other periods by adding 
integral multiples of the two periods. The periods 

wi’ = aw’ + bw, w1 = cw’ + dw (9) 
a, b, c, d being integers, are primitive periods if, and only if, w, w’ 
can be expressed as sums of integral multiples of w:,;’. This 
condition is necessary, by definition. It is also sufficient. 
For, any period Q, being expressible in integral multiples of 
w,w’, is then expressible in integral multiples of w;, w:’. Solving 
(9) we have 


I 


w’ = aw’ + Bor, w = yor’ + bw, 


where, putting D = ad — be, 


es aes se ae 
D’ Db eee ae: D 
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Then 


ab — py = SOT 


If a, 8, y, 6 are integers, then 1/D is an integer; whence, D = +1. 
Obviously, if D = +1, the four quantities are integers. Hence, 
the necessary and sufficient conditions that (9) be primitive periods 
is that ad — be = +1. 
The ratio of the new periods satisfies the relation 
ow ar+b 


siaes Wy er ard (10) 


Let us require that the periods be so named that in the expression 
71 = 41 + ty1, y1 Shall be positive. Then 7; as well as 7 lies in 
the upper half plane, Now, the transformation (10) is non- 
loxodromic if D > 0 and is loxodromic if D < 0. In the former 
case, the upper half plane is carried into itself; in the latter it 
is carried into the lower half plane. We have then 
ad — be = +1. (1) 

The set of transformations (10) is the modular group. 

65. The Function J(7).—Expressing the quantities (5) and 
(8) in terms of the ratio r, we have 


, J 1 
Bie ate) = 00S em 
60 ! ] 1 
ce se (m ae m'r)4 = 92 7); 
~  40~qy7 1 1 
gs = aslo 8) = Se Di Gat mays ~ an lh 


Il 
A= A(w, w’) =e g2(o, w’)8 oo 2793(, w’)? = 5w Ad, cae 


(12) 


It is a well-known result that the series (5) converge abso- 
lutely for any pair of primitive periods w, w’ whose ratio is not 
real. Hence, the series for go(1, 7) and gs(1, 7) converge abso- 
lutely for any value of 7 which is not real. We show below 
that these series converge uniformly in any closed region not 
containing real points. From this, it follows that g.(1, 7) and 
g3(1, r) are analytic functions of 7 in the whole upper half 7-plane. 
So also, then, is A(1, 7). 


We may establish the uniform convergence as follows: Let S be a closed 
region in the r-plane not containing real points. Let 7 be the minimum 
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distance from the boundary of S to the real axis; and let |r| < N in S. 
We now show that e > 0 can be chosen sufficiently small that 


lm + m’r| > elm + mil; or |m + m'z/? — 2lm + m'i|? > 0, 


for all values of m, m’ in the summation and for all r in S. Writing t = 
x + iy, the first member of the last inequality may be written 
lm + m’x + im'y|? — &lm + mi? 
= m= + 2mm'x + m2? + my? — em? — em’? 
= m| 1 = a _ é | -- [im + km'z | 
k? k 
+ my? — (i — 1a — 4, 


Here, since x is bounded, |x| < N, and |y| > », we can take k(>1) near 
enough to 1 and e( >0) small enough that all the terms in the last member are 
positive whatever m and m’ are; which establishes the desired inequality. 
The terms of the series for g2(1, 7) are less in absolute value than the cor- 
responding terms of the series of positive constant terms 


d 1 
Dy fae ae 
which is known to converge. It follows that the series for g2(1, 7) converges 


uniformly in S. The uniform,convergence of the series for g3(1, 7) is simi- 
larly established. 


We now combine the quantities in (12) to form a function 
from which the factor w cancels and which is, therefore, a function 
of the ratio 7 alone: Ae 

aso oe Gu har) 
gS ace = aa 1) 
The numerator and denominator are analytic functions of 7, and 
the denominator does not vanish, in the upper half plane. 
Hence, J(z7) is analytic in the whole upper half r-plane. 

Let w, w’ of given ratio w’/w = 7 generate a group. Then, the 
periods w;' = aw’ + bw, w1 = cw’ + dw, where a, b, c, d are any 
integers such that ad — bc = 1, are primitive periods for the 
group. Since the new periods generate the original group, they 
lead to the same $$-function and to the same constants go, g3, A. 
Hence, the function J is unaltered. Now, the ratio of the new 
periods 7; = ,’/w; is connected with that of the old by Equation 
(10); hence, we have, for any transformation of the modular 
group, 


He + 3 = ie. (14) 
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66. Behavior of J(r) at the Parabolic Points.—J(r) is analytic 
at all finite points of the fundamental region Ry of Fig. 46. We 
now consider its behavior at the upper end of the region. The 
sides which meet at infinity are congruent by the transformation 
rt’ =7-+1. In accordance with Sec. 41, we make the change 


of variable 
{ = 67", (15) 


This transformation maps the part of Ro above the line DEF, 
with the equation y = k > 1, on the interior of the circle K whose 
equation is |t] = e-®**, congruent points on the two sides going 
into coincident points on a radius (Fig. 47). The function J 
takes on the same values at a point of this radius other than the 


Fig. 47. 


origin, when approached from the two sides, and so is single 
valued and analytic in K, with the possible exception of the 
origin. This is also true of g2(1, 7) and g;(1, 7), for each is 
unaltered by the transformation r’ =7+ 1. Thus, 


’ 1 
n(l,t +1) = 60S tie DE 


Y 1 ; 
SS [m + m! + m'r}! 
= g2(1, 7), (16) 


the terms of the second sum being merely a rearrangement of 
those of the sum defining g2(1, 7). Similarly, g3(1, 7 +1) = 
ga(1, tk 
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‘ 


In order to express go(1, 7) and g;(1, 7) as functions of ¢, we 
shall employ two well-known expressions for the cotangent:! 


1 ’ 1 1 
ee See! 17 
mw cot Tu +> e= 2) | (17) 
and 
cot ru = ry ial = ere. 
w—1 

whence, 

wr cot ru = —ai[{l + 2w + 2w? + 2w?+ -.-.- |. (18) 


We now equate the second members of (17) and (18) and differ- 
entiate, respectively, three and five times with respect to wu, using 
each time the relation dw/du = 2riw. We have the following 
results: 


1 


Tt =i 


a = 6 4 2 . . . 
120 5 ona 64n[w + 32w? + - + - J, 
where the fern 1/u* and 1/u® have been put under the sign of 
summation. Setting w= m’'r (m’ > 0), so that w = em = 
t”” we have 


1 Site F 
Sec ee ae 


ATG = NO 


1 8 , / 
> Cori stn — pln st Bt + sd 


Fe i" OO. 


We ean write? 


i) 


of Sy ee 23 = 


m=— © m'’=1 m=— © 


go(1, T) 


= 16x* m! 2m! 
= 60) 7 4 a (im! + 802 t--)]. 


m’=1 
1 For the first, see Osaoop, W. F., “Lehrbuch der Funktionentheorie,”’ 2nd 
ed., p. 507. 


2 The values of yes and Se , which are used here and in (20) are 


1 
readily got from (17) by expanding 7 cot ru — £3 in powers of wu, differ- 


entiating three and five times, and setting wu = 0. 
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Now, the functions in the last summation are analytic in the 
whole interior of K, including the origin. Since the series 
converges uniformly on the circumference of K, the sum is an 
analytic function throughout K. Also, we can collect the 
powers of t. We have 


g2(1, 7) = r[44 + 3206+ --- ], (19) 
Similarly, 
oy ~~ 1 
1 = 14 = ae ere 
ai) — 10 Set? DS wewe] 
m=—o m’=1 m=— 0 
— 2° oe mi! 2m! 1 
Se ee eS Ba ee) 
m’=1 
= r[847 — 448504 ++ =] (20) 
From (19) and (20) we find 
A(1, r) = go(1, 7)? — 2793(1, 7)? = '7[4096@ + - - - J, (21) 
and finally 
JG) = BLD C4 3201+ 
me T) w'?(4096¢ ++ +--+: ) 
= aH eg rtriCab ous (22) 


The function J(r), when expressed in terms of t¢, thus has a pole 
of the first order at t = 0. 

67. Further Properties of J(7).—The function J(r) has a 
single pole of the first order in Ro, according to the convention of 
Sec. 42. It, therefore, takes on each value once in Ry (Theorem 
11, Sec. 42). 

TurorEeM 1.—The function J(r) takes on each value once, and 
only once, in the fundamental region. 

Applying Theorem 14, Sec. 43, we determine all functions which 
are automorphic with respect to the modular group and have no 
other singularities than poles in the fundamental region. 

THEeorEM 2.—The most general simple automorphic function 
belonging to the modular group is a rational function of J(z). 

We next consider the values of J(r) at the vertices A, B, 
C of Ry. At A we haver =p = —14 + Wiv3. Here, pisa 
cube root of unity, so p> =1 and p?+p+1=0. If, in 


1 
g2(1, p) = 60> Giese 
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we multiply numerator and denominator by p®, thus inserting a 
factor p2 in each factor in the denominator, we have 


he BAI, 
6008 ieee Sd 
> Gate 


/ 
1 
60p Si in eae p*ga(1, 9); 


for the terms of the last summation are merely those of the 
original sum arranged in a different order. From this, since 
p? ~ 1, we have 


g2(1, p) 


gx(1, p) = 0, J(o) = 0. (23) 
J vanishes also at the congruent point B. 
At C we have 7 = 7. Then, 


: , 1 
(1, ) = 0S Gat wy 


= 14019 aw = —g3(1, 2). 
From this we have . 
ga(1, 2) = 0, J@) =1. (24) 
We propose now to find all points of Ro at which J(r) is real. 
We consider the reflection of a point 7 in the imaginary axis; 
namely 7’ = —7, where, as hitherto, the bar indicates the 
conjugate imaginary. We have 


§ : 1 2 1 
gl, 7) = 60> (m — m’z)® go(1, 7) = 60S (m + m'r)# 
so, g2(1, 7’) = g2(1, 7). Similarly, g3(1, 7’) = g3(1, 7); and 


J(r') = J(z). (25) 
There are two cases in which J(r’) = J(r). If 7 lies on the 
imaginary axis, it coincides with its reflection, and r’ =r. If 
t lies on the boundary of Ro, its reflection 7’ lies at a congruent 
point on the boundary at which J has the same value as at 7. 
In both cases we have 
J(r) = J(r), 
and J(r) is real. That is, J(7) is real on the boundary of Ro 
and on the imaginary axis. 
There are no further points of Ro at which J(z) is real. For, 
if the function is real at any other point 7; of Ro, we have J(7) 
= J(71) = J(71’); and the function takes on the same value 
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at the two distinct inner points 7;, 71’ of Ro, which is contrary 
to Theorem 1. 

It follows from the preceding that the imaginary part of the 
function J(r) = w+ w has always the same sign in each of 
the halves into which the imaginary axis divides Ro. If v,, > 0 
and v,, < 0 at two points of Ry on the same side of the imaginary 
axis, and if 7 trace a curve \ from 7; to 72, lying in Ro and not 
meeting the imaginary axis, then v = 0 at some point of \. At 
this point, the function is real, which is contrary to what we have 
just proved. 

It remains to find in which half v is greater than zero. As7r 
moves from A to C along the boundary of Ro, J(7) moves from 
0 to 1 to the right along the real axis in the J plane. Points in 
the neighborhood of the first path and to the left of it go into 
points in the neighborhood of the second path and to the left of 
it; that is, into points of the upper half J-plane. Then v > 0 in 
the left half of Ro. 

We collect our results into the following theorem: 

THEOREM 3.—Writing J(r) in terms of its real and imaginary 
parts, J(r) = u + w; then v > 0 at the inner points of Ro to the 
left of the imaginary axis; v < 0 at the inner points of Ro to the 
right of the imaginary axis; v = 0 on the boundary of Ro and on 
the imaginary axis. Also, v,’ = —v,, where r’ ts the reflection of r 
in the imaginary axis. 

The last statement of the theorem is an immediate conse- 
quence of (25). 

The function z = J(7) maps the left half of Ro in a one-to-one 
manner on the upper half z-plane and maps the right half similarly 
on the lower half-plane. Asz moves upward along the imaginary 
axis from C to ~, z moves from 1 to the right to +0. The 
two halves of the z-plane are joined to the right of z = 1. Rois 
mapped on the z-plane bounded by a slit which extends along the 
real axis from z = 1 toz = —o. 

68. The Function \(7).—Of the elliptic modular functions 
belonging to a subgroup of the modular group, and not auto- 
morphic with respect to the whole group, we shall treat here 
only one. The function which we shall consider is defined as 


follows, 
Ve Ses (26) 


il es 
where ¢1, 2, €3 have the definitions given in Equation (6). 
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We note first that d is, in fact, a function of the ratio 7 alone. 
We write B(z; w, w’) to call attention to the dependence of the 
$-function on the periods. Since all the terms in the series (2) 
defining § are of the (—2)nd degree in z, w, w’, we have 


Blz; w, w!) = kB(ke; kw, kw’), k ¥ 0. 27) 


Applying this to Equations (6), taking k = 1/w, we have 


e2 = x" as ses ‘\= rere ee 1, "), (28) 


PC ae 


On forming the quotient in (26). w cancels, and X is a function 
of 7 alone. 

The uniform convergence of the series that define the func- 
tions of r appearing in (28) can be proved for any closed region 
in the r-plane which does not contain points of the real axis. 
This proof follows the lines of the convergence proof in Sec. 65 
and will not be given here. These functions are then analytic 
in the upper half plane. Since ej, és, e3 are unequal, A(z) zs an 
analytic function of 7, and nowhere takes on the value 0 or the 
value 1, in the upper half r-plane. 

Consider the group generated by a pair of periods w, w’ whose 
ratio w’/w is r. Let wi, w:’, Equation (9), be a second pair of 
primitive periods with the condition that ad — be = +1. The 
ratio of the new periods is given by (10). For the new periods, 
we have 


a (EE) «= of he 


2 
oui (es ae) 


Since we are dealing with the same group and, hence, have the 
same $$-function, we have the same constants as before. They 
are possibly arranged in a different order. And a rearrangement 
of the constants in (26) alters the value of \, in general. 
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If now (cw’ + dw)/2 and w/2 differ by a period, that is, if 
(cw’ + (d — 1)w)/2 is a period, we have 


cw’ +d 
ea) = (5) Or é;’ = €. 


This occurs if, and only if, ¢ is even and d is odd. Similarly, if 
(aw’ + bw)/2 and w’/2 differ by a period, that is, if ((a — 1)w’ + 
bw)/2 is a period, we have e3’ = e3. This occurs if a is odd and 
b is even. If the preceding conditions hold, the remaining 
roots are equal, és’ = és, and d is unchanged. 

Now if b and ¢ are even, b = 2b’, c = 2c’, then, a and d are 
necessarily odd, as a consequence of the relation ad — be = 1; 
and we have 


Gerra) = AG), ad — Ab'o! = 1. (30) 
d(7) is thus unaltered by all the transformations of the subgroup 
treated in Sec. 38 and whose fundamental region was found in 
Fig. 30. (For convenience this region is repeated in Fig. 48.) 

69. The Relation between (7) and J(r).—If we make a 
transformation of the modular group which does not belong to 
the subgroup of (30), there is an interchange of the roots é1, és, é3. 
All values of (26) which can result are contained in the following 
table: 


€2 — @3 €3 — @1 1 é—€é drA—I1 

a =), a =F] => $) 

(Ai a tae} Ca = Cy 1— dX €3 — 9 oN (31) 
C4" — 163 1 Cat— "C5 r Dito (711 


= _. : = ) 


é—€; rN €—€& A—1 Rr lee gee 
These six transformations of \ constitute a group, namely, the 
group of the anharmonic ratios (Sec. 36). 

If, now, we form a rational symmetric function of the six 
quantities (81), we have a simple automorphic function F(r) 
belonging to the modular group. For, in the first place, any 
modular transformation merely interchanges the quantities 
€1, 2, €3 in a certain way and does not alter a symmetric function 
of these quantities. And, in the second place, such a symmetric 
function of the roots can be expressed as a rational function of 
the coefficients go(w, w’), g3(w, ’), and, hence, also of g2(1, 7), 
g3(1, 7). The latter two functions have no singularities other 
than poles in R, (including the parabolic point); whence, a 
rational function of them has no singularities other than poles. 
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‘ 


Then F(r) is a simple automorphic function. It follows from 
Theorem 2 that F(r) is a rational function of J(r). 
‘We shall consider the following symmetric function: 


Po) = + Gs ae 1) = + a1 et 1) (ee dt 1) 
(TA tn 
ae (OM el NO Ree.) isk Pe ee (32) 


(1 — A)? 
Putting this in terms of ¢1, é2, es, we have 


_ (ea + es ~ 265)*(6n + es ~ 2er)*"(e1 + ¢5 = 2¢2)? (90) 


F(r) = (€; — €2)?(e€2 — €3)7(€4 en) 


From Equation (7) we have e; + é¢: +e; = 0, e1€2¢3 = g3/4. 
Using these relations, we can write the numerator of (83) in the 
form 


6 
(—Bes)*(—3e,)—3er)? = Bogs 


The denominator of (33) is equal to the discriminant of (7), save 
for a constant factor. We have, in fact, 


(@1 — €2)*(e2 — €3)(e1 — es)? = }46(g2® — 27925). 
Then, inf 
= ae = Be FE (34) 
From (34) and (82) we have, with a little calculation, 
Vig Ree Pe oe Pest 
D7 vi ee x at 

70. Further Properties of \(7).—We first note that for each 
point of Bo there exist five other points which are congruent by 
the modular group. In Fig. 49 we have superposed the modular 
division of the plane on Bo. Representing the left half of Ro 
and the triangles congruent to it by the + sign and the right 
half and its congruent triangles by the — sign, we observe that 
there are exactly six copies of each. Then J(7) takes on each 
value szx times in Bp. 

We next show that X(r) is a simple automorphic function. 
The only doubtful matter is its behavior at the parabolic points. 
Consider the parabolic point at infinity. If, in accordance with 
Sec. 41, we make the change of variable t; = e* (the sides of Bo 
being congruent by the transformation 7’ = + + 2), the upper 


FG) = 


J@)=1= (35) 
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end of By is mapped on a region similar to Fig. 47, and \ goes 
over into a function of t; which is analytic in the neighborhood 
of the origin. If \ has an essential singularity at ¢; = 0, it takes 
on certain values an infinite number of times. Then, from (35), 
J takes on certain values an infinite number of times in Bo, which 
is impossible. Hence, \ is analytic at ¢; = 0 or has a pole there. 
Similar remarks apply to the other parabolic points. Then X(r) 
is a simple automorphic function. It, therefore, takes on each 
value the same number of times. 


Fie. 49. 


The exceptional values 0, 1, ©, which are taken on nowhere 
in the upper half plane, are necessarily taken on in the para- 
bolic points 0, +1, ~. The points +1 and —1 are congruent 
and bear the same value. We shall now determine in which 
points these values are taken on. One method of procedure 
would be to seek the limit approached by \(r) as 7 approaches the 
parabolic point from within the region. An easier method is the 
following: 

Let us make the change of periods (see (9) and (10)) 


wo =o +o, o =o, 1=7+ 1. 


The new constants are 


a(2) 96) = 


and 
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Now, when we make this change of primitive periods, 7 = 0, —1, 

© go into 7’ = 1, 0, ~, respectively; and \ = 0, 1, © go into 

= 0, «©, 1, respectively. Since 7 = © is unaltered, the 

corresponding value of \ is unaltered. Hence, \(~) = 0. 
Again, make the change of periods 


1 
OE (ae Nc tae alee Baas 
Then, 
v=a(a) 968) 
/ 
3! = (z) = #{—5) = €1, €2 = @2, 
and 
ye Carel Sy ee 
€3 — ey ; 


Here,7 = 0, —1, © gointo7: = ~, 1,0, respectively; and \ = 0, 
1, © go into \’ = 1, 0,,~, respectively; whence, \(+1) = 
(0) = 

We shall now prove the following theorem: 

THEOREM 4.—The function X(r) takes on each value once, and 
only once, in the fundamental region Bo. 

Each simple automorphic function belonging to the subgroup is 
a rational function of X(r). 

We find, first, the order of the zero of \(7) at the parabolic 
point at ©. As7tr— o in By, \— 0, and, from (85), 


NI — 467. (36) 
eg the variable to ¢; = e™, we have from (22) and (15) 


J = +cotct+ - 


— + €o + eit?’ sie mat a 


Saget 


J thus has a pole of the second order at t; = 0. Hence, from 
(36), has a zero of the first order. Since A(r) has one, and 
only one, zero in Bo, it takes on every value exactly once. 

The second statement of the theorem is a consequence of 
Theorem 14, Sec. 43. 

The reality of (vr) can be treated by the method used in 
studying the reality of J(7). We find here, also, that \(—7) 
= (r); and by repeating practically verbatim the reasoning in 
connection with Theorem 3, we show that d(r) is real on the 
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boundary of Bo and on the imaginary axis. The right half of Bo 
corresponds to the upper half \-plane. 

We close the chapter with a general theorem concerning 
modular functions. 

TuHroremM 5.—Given a subgrowp of the modular group whose 
fundamental region consists of k copies of the fundamental region 
Ro of the modular group. Then any simple automorphic function 
f(r) belonging to the subgroup is connected with J(r) by a relation 
of the form 

#(f, ,J) = 0, 
where ® is a polynomial of degree not exceeding k in f. 

The fact that an algebraic relation between f and J exists 
follows from Theorem 12, Sec. 43, since J(r) is, obviously, a 
simple automorphic function with respect to the subgroup. To 
each value J) of J, there correspond not more than k distinct 
values of f; namely, the values of f(r) at the k points of the 
fundamental region at which J(r) = Jo. That is, the irreducible 
relation connecting f and J is of degree k at most in f. 

The equation (35) connecting J and } is an example. 


CHAPTER VIII 
CONFORMAL MAPPING 


71. Conformal Mapping.—The present chapter will be devoted 
to the problem of mapping one region conformally upon another. 
This problem, as we shall see subsequently, has an important 
bearing upon certain of the applications of automorphic functions. 

Let f(z) be a function which is single valued and analytic in 
a plane region S and which takes on no value twice in the region. 
Then, the relation 2’ = f(z) sets up a one-to-one correspondence 
between the inner points of S and the inner points of a plane 
region S’ in the 2’-plane. In this correspondence—this trans- 
formation of S into S’—angles are preserved. We say that the 
function f(z) maps S conformally on S’. It is well known, also, 
that, conversely, if one region is transformed into another with 
preservation of angles, the correspondence between the points is 
determined by an analytic function 2’ = f(z). In speaking of 
conformal mapping we shall understand always that the points 
of the two regions involved correspond in a one-to-one manner. 

We can extend this simple notion in important respects. We 
can first remove the requirement that f(z) take on each value 
only once in S’. We require, of course, that f(z) shall not 
be a constant. The neighborhood of a point a in S at which 
f(a) # 0 is mapped on a plane region in the neighborhood of 
b = f(a). At awe have the development 


Z=b+f(@@-a)t---; (1) 
and, for a suitably small region about a, the corresponding 
points in the z’-plane ee the relation 


2 + 57 ray @ = b) os (2) 


That is, the inverse function is single valued, hence, the mapped 
region is plane. If, however, f’(a) = 0, we have a development 
of the form 


=b+c@—a)*++>+:,n>1,6¢20, (3) 
and the inverse function 
OOP Cre a) er eas (4) 
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is not single valued. To each point near a correspond n points 
near b. By representing 2’ on an n-sheeted region with a branch 
point at b we can secure the desired one-to-one character. 

We can combine the various values of z’ into branches with 
suitable branch points (which may of course be absent) into a 
surface S’ with a finite or infinite number of sheets, so that the 
correspondence between the points of S and those of S’ is one-to- 
one. We say that f(z) maps S conformally on S’. Here S’ is 
merely a part of the Riemann surface—possibly the whole sur- 
face—of the function inverse to f(z). The conformal character 
fails to hold at the branch points, but the correspondence is 
continuous there. The number of branch points in S’ may be 
infinite, but each is of finite order. 

Again, we can replace S by a similar finitely or infinitely 
sheeted region with interior branch points of finite order on 
which the function f(z) is analytic, in general, and is single 
valued. We thus have the mapping of one many-sheeted region 
upon another. 

Finally, we shall admit the point at infinity as an inner point of 
either S or S’. This presents the existence of poles of f(z) on S. 
If f(z) has a pole at a, the corresponding point in S’ is at infinity. 

In the first part of this chapter we shall be concerned primarily 
with plane regions, although we shall employ certain simple 
two-sheeted regions in the derivation of some of the results. We 
turn, first, to the proof of some useful preliminary theorems. 

72. Schwarz’s Lemma.'—In the study of properties of func- 
tions, and particularly in connection with the problem to be 
considered later, of mapping regions on circles, the following 
proposition is often a powerful tool. 

THErorREM 1. ScHwarz’s Lemma.—Let f(z) be analytic in the 
unit circle Qo and vanish at the origin. If |f(z)| < 1 in Qo, then 
If(z) < lel in Qo and |f’(0)| < 1. The inequalities |f(z)| = |el, 
z ~ 0, and |f'(0)| = 1 hold if, and only if, f(z) = ez. 

The function f(z)/z is analytic in Qo, if properly defined 
at the origin. Let Q, be a circle concentric with Qo and of 
radius r less than 1. The function takes on its maximum abso- 
lute value on the boundary; so, if z is in Q,, 

f@) 
2 
1 Scuwarz, H. A., Ges. Abhandl., vol. 2, p. 110; C. Cararuhopory, Math. 

Ann., vol. 72, p. 110, 1912. 


ae 


Se 
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Since r may be taken as near 1 as we like, z being held fixed, we 


have 
ee <1. (5) 


This is the first of the required inequalities. We get the second 
by setting z2 = 0: 
ae 
z 


9 TOI <1. (6) 

If, now, |f(z)/z| = 1 at an interior point, either there are 
near-by points at which |f(z)/z| > 1, or else f(z)/z = const. 
The first alternative is contrary to (5); so, if either of the inequal- 
ities of the theorem hold, we have f(z)/z = e, or f(z) = ez. 
Conversely, if f(z) is so defined, the equalities hold. 

As an application of Schwarz’s lemma, we shall prove a 
theorem concerning the mapping of a region and of a subregion 
on the unit circle. This proposition is the function theoretic 
equivalent of a well-known property of the Green’s function. 

By a subregion of S is meant a region S; such that every 
interior point of S; is an interior point of S but not every interior 
point of S is an interior point of S4. 

THEOREM 2.—Let w = f(z) map a region S conformally on the 
unit circle Qo and let w, = fi(z) map a subregion S, of S on Qo, the 
common point a being in each case carried to the origin. Then 
at any point of S; other than a 


Ifi(z)| > If@)I.- (7) 
Also, if a is an ordinary point, 
Ifi'(a@)| > If’ @)I. (8) 


When S is mapped on Qo by w = f(z), Si: is mapped on a 
subregion S,’ of Qo. We now make the inverse of the trans- 
formation w; = f1(z) and follow it by the transformation w = f(z). 
The first maps Qo on S,; the second maps S; on S;’.. The suc- 
cession of the two is a function w = ¢9(w;) which maps Qp on S//’. 
So |y(wi)| < 1. Since w; = 0 goes into w = 0, Schwarz’s lemma 
is applicable; and we have 


|u| = le(wr)| < lwil, 


which is the desired result (7). It will be noted that the equality 
sign of the lemma cannot hold, since Qo is not mapped on itself. 
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At an ordinary point—that is, neither a branch point nor 
infinity—both functions have non-vanishing derivatives. We 
have then from Schwarz’s lemma 


| = | av f'(a) 
ly (0)| rad dw fi'(a) 
which establishes (8). 

73. Area Theorems.—Let f(z) be analytic within a circle Q. 
Then z’ = f(z) maps the interior of Q conformally upon a region S 
of one or many sheets—possibly an infinite number—the mapping 
being conformal except at the branch points of S at which it is 
continuous. We shall prove the following theorem relative to 
the areas of Q and S.! 

THEOREM 3.—The function f(z), analytic within a circle of 
radius Rk and center a, maps the interior of the circle wpon a region 
whose area A satisfies the inequality 

A > qlf’(a)|?R2. (9) 
In particular A may be infinite. The equality holds if, and only 
af, f(z) = ao + az. 

We can suppose, without restricting the generality, that 
a=0. Let Q’ be the circle |z| < R’ < R. Q’ is mapped on a 
region of finite area A’. The element of area is multiplied by 
\f’(z)|? in the mapping, so 


A’ = f f\f'@/dedy, 


the integral being extended over Q’. 
We have 


— 


z=a 


= f@) = Go + a + a2? + >> - , 
the series converging when |z| < Rk. Then, 
If’ (2)|? = (ar + 2age + Bage2 + +» + )(G) + 2Go% + 3H322+ ++ + ). 
Putting the double integral into polar coordinates, z = re, we 
have 


R’ 2a i g : on 
ies if rdr [ (a; + 2asre® + + + -)(G, + 2aore + . - -)d8, 
We now multiply the two series and integrate term by term. 


on, 
When the integer n is different from zero, we have f, emda ==) 0; 


whence, ; 
A’ = anf" rlaidy + 4acdor? + 9asdsr* + +: - |dr 
a nla,a,R”? =F 2aoGoR’* + +--+ + Nn Gn be’ 2” +... if 


1 BreserBacnu, L., Palermo Rend., vol. 38, pp. 98-112, 1914. 
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Letting R’ approach R, the sum of this series of positive terms 
either becomes infinite or approaches the sum 7[a:4,R? + 2acd.R*4 


+ .. + ], provided this latter series converges. In either case, 
A > 7a,0,R? = z|f’(0)|?R?. 
The equality holds if, and only if, ag = a3 = - - - = 0,in which 


case, f(2) = ao + ayz. 

As a special case of this theorem, let lengths at the center 
of Q be unaltered in magnitude, so that |f’(a)| = 1. Then, 
A > 7rR?; that is, the area of S equals or exceeds the area of Q. 

We next consider the mapping of the exterior of the unit 
circle on a plane region where the mapping function is such that 
the point at infinity remains fixed and where the shift in the 
position of a sufficiently large z is bounded. 

THrorEeM 4.—If the function 


w =f) =e+ +2 — s+: (10) 


maps the exterior of the wnit circle ae on a en region, then 
C1C4 -f- 2C2€2 + 363C3 + Cok aS ike (11) 

Here, f(z) is analytic outside Qo except at infinity and the 
series (10) converges when |z| > 1. 

Consider the circle Q: |z|) = 7 > 1. This is mapped by (10) 
on a simple closed analytic curve C in the w-plane. Writing 
z = re, then, as @ increases from 0 to 27, 2 moves counter- 
clockwise around Q and w = f(re’) moves counter-clockwise 
around C. 

C encloses an area A’ > 0 which we now proceed to find. 
Writing w = X + 7Y, we apply the familiar formula 


AS M4 [ Xa By a. 
the line integral being taken counter-clockwise around C. We 
have 


x==5 oe ee 


On substituting these values, we have the following result: 


nok Qn ee yix 1 dw we 
A’ D Galen es = que 
ut ( a ed ao di O(a - 0 ae, 


The second term in the last integrand is the negative of the 
conjugate imaginary of the first. We need merely integrate the 
first term and multiply its imaginary part by 2. 


Suc. 74] THE MAPPING OF A CIRCLE 169 


We have, from (10), 


. (hi oe c 7 
w = re? fey + Me + etn ., 
° r 
dw 5 : Cy : 2c : 
— = 1] re? — —e-i0 — —“e-2i9 _ 
dé r 


Dare +o + Stat Sot 4. 
On multiplying the last two series together and integrating term 


by term, employing the fact that fea = 0 when n + 0, we 


have 
[rottin = ref eB] 

Then, 
cra raven ()) 


Letting r approach 1, we have 
A =a{l — ce; — 2c2¢2 — 3c3¢3 — sue abe Oe 


from which we have (11). Here A is the (outer) area of the 
part of the plane not covered by the map of the exterior of Qo. 
It may be zero. 

We observe that A < 7 unless f(z) = 2+ c. Except in the 
case of a translation, the part of the plane left uncovered by 
the map has a smaller area than the part not covered by the 
original region |z| > 1. 

74. The Mapping of a Circle on a Plane Finite Region.—We 
are now in a position to prove the following remarkable theorem: 

Tuerorem 5.—Let w = f(z) map the interior of the unit circle Qo 
ona plane finite region, subject to the conditions f(0) = 0, f’(0) = 1. 
Then, whatever the mapping function may be, the circle |w| < 4 
lies within the mapped region. Further, no other point of the 
w-plane is interior to all possible maps of the kind stated. 

The mapping function has the series expansion 


w= fle) = 2 -+ aoe? + age? + > +» (12) 
convergent when |z| < 1. 
We find readily that the function 
UT MOS CI lee im aly 9°22 on a (13) 


also gives a plane finite map of Qo. For, ¢ = f(z?) maps Qo in 
a one-to-one manner on a finite region lying on the two-sheeted 
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surface with branch points at 0 and ©; and w = ~/t maps this 
two-sheeted region on a plane finite region. 

If we now put z = 1/Z, w = 1/W, the function just formed 
gives a plane map of the exterior of Qy in the Z-plane on a plane 
region in the W-plane. We have 

1 Oe 
ua ue (14) 
This is a mapping function to which Theorem 4 applies. We 
have then from (11) that 14aedé2 < 1. That is, if (12) gives a 
plane finite map of the interior of Qo then 

Now let c be a finite point of the w-plane not lying in the 
map of the interior of Qo by (12); that is, c is an external or 
boundary point of the map. Obviously, c #0. Then the 


function 
w= cf (2) =et(at itt seis 


Ww 


Ve=t@) 


gives a plane finite map of the interior of Qo. So we have 


1 
From (15) and (16) we have 

1 
Then, the points of the circle |w| < 14 are all interior points in 


the map, which was to be proved. 

We now set up a mapping function with a boundary point at 
the minimum distance from the origin in the map. 

The sign of equality in (17) can hold only if jaz] = 2. Taking 
dz = 2, then (14) has only two terms, as we see from (11). On 
working back from (14), we have the function 


if 
w = ides (18) 


> Tm ye (1 2 3) 


We shall show that this function does, in fact, give a plane 
finite map of Qo of the kind mentioned in the theorem and that 
there is a boundary point of the mapped region on the circle 
|w| = 44. 

The function (18) has the required value and derivative 
at z2=0. Also, it is analytic within Qo. To each value of w 
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correspond two values of z. If z: is one of them, 1/z, is the 
other and not both can lie in Qo. A value of w is then taken on 
once, at most, in Qo; hence, we have a plane ea Whenz = —1 
we have w = —14, a point on the circle |w| = 14. 

The boundary of the mapped region is got by setting z = e® 
in (18), and letting @ vary from 0 to 27. We have 


i6 1 
w= E : = at —p Linda, (19) 


em pea tots) soe ain? 
2 
Then (18) maps the interior of Qo on the whole plane bounded by 
a slit along the real axis, from —l4 to — . 
By combining (18) with suitable rotations about the origin 
in the z- and w-planes, we can set up a function 


2 

0 OF eee ee 

which maps the interior of Qo on the w-plane bounded by a slit 
beginning at any point w = l4e of |w| = 14 and extending 


radially to infinity. Any point w such that |w| > 14 lies on 
the boundary of one of these mapped regions. The circle |w| 
< 14 is then the complete locus of points interior to all possible 
maps of the kind stated in the theorem. 

CoroLuary.—Let w = f(z) map the circle |z — al < p con- 
formally on a plane finite region S. Then the circle 


fia) a (21) 


lies in S. 
By a suitable change of variable this falls under the preceding 


theorem. Here f’(a) # 0, since the map is plane. We put 


writs SiG) np en ee o 
MM pf’ (a) Ze p 
Then the function K cope) 
at pZ) — fla 
WS aa ey 


maps |Z| < 1 ona plane finite region and satisfies the conditions 
of the theorem at Z = 0. Then |W| < 14 lies in the map. 
From this we have (21) at once. 

75. The Deformation Theorem for the Circle-——When a 
mapping is performed by means of a function f(z), infinitesimal 
lengths in the neighborhood of z are multiplied by |f’(z)|._ We 
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shall now get limits for this deformation in the mapping con- 
sidered in the preceding section. 

Turorem 6.—Let w = f(z), where f(0) = 0, f’(0) = 1, map 
the interior of the unit circle Qo on a plane finite region. Then at 
any point z = re’® within Qo 


aaa < VOl< qa (23) 


Further, no closer limits hold for all mapping functions of the type 
stated. 

Holding z fixed, we set up a linear transformation which 
carries Q into itself and 0 to z; and follow this by a transforma- 
tion involving f(z) such that z is carried back to the origin, 
inserting such a factor that the derivative of the final trans- 
formation at the origin is 1. Such a sequence with ¢ as the 
independent variable is the following:! 


ee ere , ©) — fe) 
Ge a ee = 
This gives a finite plane map of |t| < 1 on the w-plane. 
Differentiating in order to get the first terms of the expansicn 
of F(t), we have 
F'(t) = iE) Li 22 {'¢) 
f@Od-#) @+1? fO@et+ i)” 
P"(t) = FCM 2) ea) 
S@ +1) fe)@+ 1 


Setting t = 0, whence t’ = z, we have 


F(0) = 0, F'(0) <1, F(0) = a 


Ff’) 
We have, then, P= 
f B lpr ew cae 
Vora | aA — | = (25) 
Applying the inequality (15) we have 
Li) as) ee 
9 f'(e) — 22 < 2; 
= f'@) _ _ 2 4 
aay iG Vie ee 26) 


1 BimpeRBACH, L., Math. Zeit., vol. 4, pp. 295-305, 1919; Glasnik prirod. 
drustva, vol. 33, pp. 1-24, 1921; Lehrbuch der Funktionentheorie, vol. 2, 
pp. 87, 88. 
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Now let z move from the origin along a radius, so that 

|dz| = |e®dr| = dr; 2dz = re-*dz = rdr. 
On integrating (26), using the fact that the absolute value of the 
integral is less than or equal to the integral of the absolute 


value,we have 
4d: 
< for 
Ore | jamie 


eee 


2 f’"(z)dz + Qrdr 
0 f’(z) ail bieeee 


an 


| log f’(z) + log (1 — r°)| < 2 log 5 


Here the logarithms are real except log f’(z), Lies we write in 
terms of its real and imaginary parts, 


|1og |f’@)| + log (1 — r*) +7 arg f’@)| < < log (1 *"). (27) 


Considering the real part of the expression appearing in the first 
member, we have 


Hoglls"@)|-C — 99) < tox (75) 3 
or 
—los(T 7) < log I @IC — 791 < los (G25) 
whence, 


G3 ") < If (IA — 2) < (3 a i) 


From this we have (23). 

That no better limits are possible appears from a consideration 
of the mapping function (18) 

1s Z 
f@.=qegy 1@-qtn 

At the real points +r, both limit values are taken on. 

From (27) we have also a limit for the angle through which 
a lineal element at z is rotated in the mapping; namely, 


ang f"@)| < 2108 (7+): (28) 


CoroLuary.—Let w = f(z) map the circle |z — a| < p ona plane 
finite region. Then, at any point within the circle the following 
inequalities hold 

i-r .'@| . 


G+ < [f@) 


2=a-+ pre’, 


a ae (29) 


where 
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This is proved immediately by applying (23) to the function 
(22). 

THEOREM 7.—Let w = f(z), where f(0) = 0, f’(0) = 1, map the 
interior of the unit circle Qo on a plane finite region. Then at any 
point 2 = re within Qo 

¢ r 
(1 + We If(2)| (1 er )* 
No closer limits hold for all mapping functions of the type stated. 

On multiplying the second inequality of (23) by |dz| and 

integrating along a radius from the origin to a point z, we have 


[P@d]< [ithe 


(30) 


0 (1 —r)3 " 


or 
if(z)| < <Toae 


As to the first inequality, we note that |f(z)| is the length of 
the line eeu L joining w = 0 to w = f(z) in the w-plane. If 
lf(z)| < 14, this line segment lies in the mapped region and is 
the map of some curve C in Q) joining 0 to z. We have for the 
length of L 


f@| = fis'@| |ael 


Here, the sum of which the integral is the limit is made up of 
non-negative real terms; so that we can replace each term by a 
smaller quantity and be assured that, on addition, the inequality 
persists. We have on C 

|dz| = |e*dr + cre*dé| = |dr + zrd6| > |dr| 
and, using (23), 


l-—r r r r 
| ns iy — _ . 
Ol > Soap apletl > Lea = EH 
If |f(z)| S 14, the first inequality of (30) holds without further 


investigation, since 14 > r/(1 + r)?. 
The function 


TOME sears 


attains both limits; whence no closer limits are possible. 

It is an immediate consequence of the theorem that w = f(z) 
maps the circle |z| < p< 1 on a region in the w-plane whose 
boundary lies in the ring formed by the two circles |w| = p/ 
(1 + p)? and |w| = p/(1 — p)?. This ring is independent of 
the particular mapping function used. 
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Corottary.—Let w = f(z) map the circle jz —a| <p ona 
plane finite region. Then, at any point within the circle the 
following eee hold: 


eH PPO! < W@) —f@ <qtsel'@), GD 
where 
z2=a-+ rpe’?, 
We find these inequalities on applying the preceding theorem 
to the function (22). 
76. A General Deformation Theorem.—We shall now derive 
a deformation theorem for more general regions. 


Lhe ee i ae 
ZO IR SS seate 


CCEA E EE 
NSCs .nee 
SEP) DEES 


— 


Fre. 50. 


THEOREM 8.—Let D’ be a plane finite region and let = be a sub- 
region whose boundary consists of interior points of X’. Let w = 
f(z) map 2’ on a plane finite region. 

Then there exists a constant M, dependent on = and &’ but 
independent of f(z), such that uf 21, Z2 are any two interior or boundary 


points of = 
f'(@) 
f' (22) 


Since 2, together te its boundary, consists of interior 
points of >’ there exists a constant d > 0 such that a circle C 
with any point a within or on the boundary of = as center and 
with radius d lies within 2’. C is then mapped on a plane finite 
region. For any point z whose distance from a does not exceed 
rd, r < 1, we have, from (29), 

: r 
a < aa (33) 

We now rule parallels to the real and imaginary axes at a 
distance h = 14d apart, thus dividing the z-plane into squares 
(Fig. 50). Since » is a bounded region, only a finite number NV 


<M, (32) 


ee 
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of these squares contain points of 2. If z lies in the same square 
as a or in any of the four squares adjacent to it, we have |z — a] < 
14+/5d < 34d; and we have, from (33), 
f') Lo 
ais < = Mm. 34) 
f(a) <a — 34) 

If z, and 2, are two points of , we can since ~ is connected, 
construct a chain of points of 2: 


PA eig con Se 0 See, (35) 
such that adjacent points of the sequence are in adjacent squares 
(unless 2; and 2, are in the same square), the total number of 
points of the sequence, n + 1, not exceeding N+ 1. We have, 
then, 


PCD en) ee) Feed) 
F’(@2)| | F/CEx)) IF" CEa) f' (@2) 
Taking M = m¥, a quantity which depends only on the regions 
> and ~’, we have the second inequality of (32). Interchanging 
2, and 22, we have the first inequality. 

It will be noted that in the preceding proof we have not 
required that either 2 or 2’ be simply connected. 

This theorem is readily extended to the case in which > is 
a closed point set, connected or disconnected, consisting only of 
interior points of 2’. For, such a point set can be imbedded in 
a connected region which satisfies the conditions of the subregion 
in the theorem. The theorem can also be extended without 
difficulty to the case in which 2’ has a finite number of sheets, 
provided no branch point or point at infinity is an interior 
point of >’. 

TueEorEeM 9.—In the mapping of Theorem 8 there exists a con- 
stant L, independent of f(z), such that rf 21, 22, 23 are any three 
interior or boundary points of X, then, 


EH GO 


fle.) — fle)| < LIf’(s)I. (36) 
We use again the oa (35). From (81) and (82), we have 
—— 


lf(é) — fe) i agit’ 21)| re a — agit @s)| = im'|f’(zs)|, 
say. eee 

f(g) — flE)| < m’|f'@s)|, «> +, [f@2) — flEn1)| < m'|f’(2s)|. 
Then, 


[f(22) — f(es)| < [fCé) — Fd] + (f(b) — f(s) + + - + 
[f(@2) — flEma) < nm'|f"(es)| < Nm’ f’(2s)|. 
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Taking L = Nm’, a quantity depending only on the regions > 
and >’, we have (36). 

77. An Application of Poisson’s Integral.—Let f(z) = U. + 
iV, be analytic in a circle Q of radius p and center at the origin 
and continuous on the boundary. Putting z = re, and letting 
t = pe’ be a point on the circumference, Poisson’s integral may 
be written in either of the following forms: 


1 2a (1 - 2a 
C= =|, SS ema A aa (37) 
G8) 
2 2 
p p 


U.= 2 {, Si (oe iy . (38) 
0 p 


20 7 — 2pr cos (6 — y) +r? 


| 


Poisson’s integral may be derived as follows: Consider the integral 


aoa fat 
an | . (1 -*) 


The integrand has the single singularity at ¢ = z in Q, so, from the theory of 


residues, 
pales fw) i SiC as 
t=z 


pee Ppp 


p p? 


Again, since dt = ipe¥dy = itdy, the integral can also be written 


es if Qa f(Htdy < Up ay 5 dy 
“hen B =) |e (1-4) (.-4) 


Now l1—7;=1- 2 =1— the denominator that appears in the last 
t 
Mees is the product of conjugate imaginaries and is, therefore, real. 


Equating the real parts in these two expressions for J, we have (37), 


If z = 0, (387) becomes 
ik 2a 


Suppose, now, that U, > 0 in Q, and let 2 lie in or on a circle 
Q, concentric with Q and of smaller radius \p. We have on Qn 
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We have then, from (37) and (39), 


2a 1— 
U.< [Ug aaw, 
aes . 7 (40) 
This inequality holds within Q) also. 
We apply this result as follows: Let f(z) have the further 
property that |f(z)| > lin Q. Then, log f(z) defined as follows: 


log f(2) = log f(0) + fd log f(@) = log f(0) + quo 


Ua-< 


where log f(0) is any one of the logarithms of f(0), is analytic 
in Q and continuous on the boundary. The real part of this 
function, log |f(z)|, is positive or zero throughout. If z is in 
Q,, we have, from (40), 


log |f(z)| < * og [f(O)|, 
whence, 
1+ 
If@1 < Lf]? (41) 


By a simple translation, we can apply formula (41) to a circle 
Q with center a and radius p. If f(z) satisfies the conditions 
stated above in Q and if Q) is concentric with Q and of radius 
dp (X < 1), then, 


1+) 
If@I < If@|1- (42) 


when z is in or on Q). 

The following theorem will be of frequent use in connection 
with subsequent convergence proofs. 

THEOREM 10.—Let 2’ be a plane finite region and let > be a 
subregion whose boundary consists of interior points of D’. Let 
f(z) be a function which is analytic in X’, is bounded, |f(z)| < C, 
and does not vanish. Then, there exist positive constants K,, Ko, K 
such that if 2:, and 22 are any two points within or on the boundary 
of = 

K | f(z2)|*¥ < |f(@1)| < Kel f(ee)|/*. (43) 


Here, Ky, K2, K depend only on 2, X', C, and are independent of 
F(z). 
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The function F(z) = C/f(z) is analytic in ¥’ and |F(z)| > 1. 
We employ the chain of points (35) connecting z,; and z.. We 
have, from (42), 


87 
IF(é.)| < |F()|4, » = 1+ 34 


lia 
Similarly, 
IF (é2)| < |F(EdI* < | (es) |? 


and so on; so that, finally, 
IF(z2)| < |F(@s)|™* < |F@)* = |Fedl, 


where we put K = Nu. On replacing F(z) by its value in terms 
of f(z), we have, on simplifying, 


1 1 
fle) < Co ¥lflen)[®. 


This is the required second inequality (43). The first inequality 
is got by interchanging z; and z, and simplifying. We observe 
that K is independent of C. 

78. The Mapping of a Plane Simply Connected Region on 
a Circle. The Iterative Process.—A plane simply connected 
region (p. 222) may consist (a) of the whole plane; (b) of the plane 
with the exception of a single boundary point; or (c) of a region 
with a bounding infinite point set, or curve. 

In the first two cases it is impossible to map the region on a 
circle. If w = f(z) maps (a) on the unit circle Qo with center at 
the origin (and if it can be mapped on any circle it can be mapped 
on Qo), we have |f(z)| < 1 in the whole plane, so, by Liouville’s 
theorem, f(z) = const., which is impossible. Similarly, if (6) is 
mapped on the unit circle we have |f(z)| < 1 in the neighborhood 
of the bounding point a, hence, the function is analytic at a also, 
if properly defined there. As before, f(z) = const., which is 
impossible. 

THEOREM 11.—A plane simply connected region whose boundary 
consists of more than one point can be mapped conformally on a 
subregion of the unit circle Qo. 

Suppose, first, that there is a point 2 of the plane which 
is neither an interior nor a boundary point of the given region S. 
Then, we can construct a circle Q’ about 2 such that no point 
within or on Q’ is an interior or boundary point of S. Then, the 
linear transformation 2’ = 7(z) which carries Q’ into Qo and 
carries the exterior of Q’ into the interior of Qo maps S on a 
region So lying within Qo. 
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It may be, however, that every point of the plane is an interior 
or boundary point of S. Such is the case, for example, if S 
consists of the whole plane bounded by the positive real axis. 
In this case, let a and B be two boundary points, and consider the 
mapping of S by the function 


f= [Sore = Vea lit = °). (44) 


This function maps the two-sheeted surface 2 with a branch line 
joining a and @ on the whole z’-plane. S is a subregion of 
> and is mapped on a plane region S’ which covers only a part 
of the z’-plane. Thus, if z, is an interior point of S, the point 


=-_-o— 


P with the same coordinate z = 2; in the second sheet is a point 
of 2 which is exterior to S. On applying (44), P is carried into 
a point which is neither an interior nor a boundary point of S’. 
By the method of the preceding paragraph, S’ can be mapped ona 
region lying within Qo. 

We consider now the problem of mapping a plane simply 
connected region So which lies within Qo upon Q, itself. We 
shall suppose that the origin is an interior point of So. This can 
be secured, when not otherwise true, by making a linear transfor- 
mation which carries Q into itself and carries an interior point 
of the region to the origin. Our method of procedure will be to 
map So upon a region S; which fills more of Qo; to map S; upon a 
still larger region S» in Qo; etc. By a suitable application of the 
process we shall arrive, in the limit, at a mapping of So on Qo. 

Let Bo? (we use the square to avoid radicals) be an interior 
point of Q> and an exterior or boundary point of So. We now 
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form a two-sheeted surface (Fig. 51) with a branch point at By? 
and with no other branch points within Qo. Let Yo be the part 
of this surface within the double circle which |z| = 1 cuts from 
the two sheets. We represent Sp on this surface so that in the 
neighborhood of the origin So lies, say, in the upper sheet. So 
is a subregion of Lo. 

We now map <> on the plane interior of Qo in the z,-plane. 
The following sequence of transformations accomplishes this end: 


Z2— Bo? . 
§ = Geetea t= v/s; 4, => aTT (45) 
where 1 — cé > 0. For, the first transformation maps 2» on 
a two-sheeted surface bounded by |s| = 1 (Equation (47), 
Sec. 12) and with branch point at the origin; the second maps 
this latter surface on a single-leaved surface |t| < 1; and the 
third maps this circle on the circle |z:| << 1. The mapping is 
conformal except at the branch point z = 6,?. The mapping 
of the subregion So is conformal without exception. 

We now impose the requirement that in the mapping of So 
the origin shall remain fixed. When z = 0, t= +iv/B.?. Let 
the square root be so chosen that 78 is the value of ¢ when 
z = Oin the upper sheet. If 2; = 0 when ¢ = 7G), we find that 


c = —78>. Expressing z in terms of 2,, we then have 
Z1 + Bo 2780 
= 2.5—— Bo = -=— 46 
. ie + |’ : 1 + BoBo oy 


We shall further require that the derivative of the mapping 
function shall be real and positive at the origin. This requirement, 
which prevents the rotation of the region, can be met by inserting 
a factor e in one member of (46). This amounts to rotating 
about the origin in the z-plane before making the sequence of 
transformations (45), and alters no other requirement of the 
mapping. From (46), we have : 

dz ee ee 
Gala °°" 1 BoB 
The derivative will be real and positive if we multiply the second 
member of (46) by —%Bo/~V/Bog0, which is of absolute value 1. 
The mapping function is then 
a ee Bo _, Ze Bo 
V BoBo "Bota + 1 


(47) 
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The function just derived, and which we shall represent by 
2: = f(z) maps So conformally on a plane region S, lying on the 
interior of the circle Qo in the z2;-plane. 

This map of So has the important property that the distance 
of each point (the origin excepted) from the origin ts increased in 
the mapping. This is an immediate consequence of Schwarz’s 
lemma (Theorem 1). Formula (47) maps Qo in the z;-plane on 
a two-sheeted region bounded by |z| = 1. We have then 
|2(21)| < 1; whence, applying the lemma, |z| < |z,|. It follows, 
from this, that if ho is the shortest distance from the origin to 
the boundary of So and h, is the shortest distance from the 
origin to the boundary of Sj, then hy > ho. 

We now select 6:7, an interior point of Qo but not an interior 
point of S,, and use a function analogous to (47) to map S; on 
aregion S,. SS, will be similarly mapped on S3;;and soon. The 
general mapping function—that which maps S, in the z,-plane 
on S,41 in the 2,41-plane—is 


pes eu Be 2 oe 


at pe Oe + 1% rail ais BaBa G8) 


For corresponding points of S, and S,4:, other than the origin, 
we have |Zn4:| > |2,|. If hn is the shortest distance from the 
origin to the boundary of S,, we have 


Rina > OR (49) 


The point 8,7 is within Qo and exterior to or on the boundary 
of S,. We shall impose but one condition on its selection. As 
n increases B,” shall not approach the boundary of Qo unless hn 
approaches 1. This condition can be satisfied by requiring, say, 
that 


[eis eae (50) 


(In previous applications of the method £8,” has been selected as 
the nearest point to the origin on the boundary of S,. Then, 
|8,?| = hn»; and the condition is satisfied.) 

The variable z, which appears in the n-th step of the process 
is a function of z, which we shall represent by 


Zn = fn(2). (51) 


This function maps So conformally on S,. 
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79. The Convergence of the Process.—We shall now prove: 

I. That lim h, = 1; that is, the boundary of S, lies in the 
circular ring bounded by Qo and |z,| = hn», and as n increases 
the width of this ring approaches zero. 

II. That when n becomes infinite, f,(z) approaches a function 
f(z) which is analytic in Sp. 

III. That 2’ = f(z) maps the interior of So conformally on 
the interior of the unit circle Qo. 

I. The Movement of the Boundary Out to Qo.—The distance h, 
increases with n and remains less than 1; so h, approaches a 
limit h < 1. We shall show that h < 1 is impossible. 

Consider the derivative at the origin. We have, from (48), 


tin Vi er spetBa ie 2\/BiBn tra 

d2n41 0 WV Brn < 1 + Babn 1 + ee" 
where |6,| = rn. Now, if h < 1, r, remains always less than a 
quantity less than 1;r, <1— 7,7 >0. We have, then, 


(42) Ae Gane Ee at ea 
0 


1 
dzZn 2r, Or, ee awh: (52) 


where e = 7?/2. Then, 
; _ [da (dee dzn , 
fn'(0) = Ee) oes (are) pe (dee) (53) 


Now, consider the map of the circle |z| < ho, which lies in 
So. Applying Theorem 3 the area A, of the map in the z,-plane 
satisfies the inequality 

An S afr (0) |2ho? = (1 + €)2"ho?. 
By taking n large enough (1 + e)?", and hence A,, can be made 
as large as we please. But this is impossible; the map of the 
circle in question lies in Qo, whence A, is less than the area of 
Q . The hypothesis that h < 1 thus leads to a contradiction; 
hence h = 1. 

II. The Convergence.—In order to prove that f,(z) converges 
in So and that the limit function f(z) is analytic in So it suffices to 
prove the following: Given any region = which together with its 
boundary lies in So and which contains the origin, then f,(z) 
converges uniformly in 2. To establish this proposition we shall 
prove that, given e > 0, then for n sufficiently large the inequality 


[fnotn(Z) — frlz)| < € (54) 


holds in > for all positive integral values of p. 
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Again we consider conditions at the origin. We have 
(fn(2)/2)e-0 = fn'(0). This derivative is positive by construction 
—in fact, is greater than 1—and increases with n. since 
(Equations (52) and (53)) 


Foss) = H'O( TE") = [ee are Pe al 0) > Sa(O) (55) 


Furthermore, we found at the end of (I) that f,’(0) is bounded. 
It follows that f,’(0) approaches a limit as » becomes infinite. 
Hence, given 7 > 0, there exists an n such that 


[f’n+n(0) — fr’(0)| < 9 (56) 
for all positive integral p. 


eee In(2)_ 


We now apply Theorem 10 to the function 


We have just found that this function does not vanish at the 
orgin. It vanishes nowhere else in So since |fnr+p(z)| > |fn(z)]. 
Let >’ be a region which with its boundary lies in S» and which 
contains the points of 2 and its boundary as interior points. The 
function is analytic in and on the boundary of 2’; so it takes on 
its maximum absolute value on the boundary. On the boundary 
lfnon(2)| < 1, |fn(2)| < 1, and |z| > h’ where h’ is the shortest 
distance from the origin to the boundary of =’. Hence, for any z 
in 2’ and for any n and p 


Fnt(2) ze ful) 


z 


= 

The conditions of Theorem 10 are satisfied: hence (taking 2; = z 
and 2. = 0) 

EE fr(2) 


< Kil fain — £0 


Here, K, and K are independent of n and p, and the inequality 
holds for zin 2. When n is so chosen that (56) holds we have in 
2 

furp(@) — fal@)| < Kean'/*|2| < Kan/X, (57) 
By taking 7 small enough the last member of this inequality is 
less than e and (54) holds. 

It follows from the uniform convergence of f,(z) in © that the 
limit function f(z) is analytic in 2. Since 2 may be chosen large 
enough to enclose any preassigned interior noint of So, it follows 
that f(z) is analytic in the whole interior of So. 
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III. The Mapping.—In order to prove that 2’ = f(z) maps the 
interior of So upon the interior of Qo we shall show that if @ is in 
Q then f(z) takes on the value a once, and only once, in So. We 
shall base the proof upon a theorem of Hurwitz! which we shall 
now establish. 

TuEorEM 12.—Let f(z), n = 1, 2, ... , be analytic in a region 
S and continuous on the boundary, and as n becomes infinite let 
fnr(Z) converge uniformly to a limit function f(z) in the closed region 
S. Further let f(z) not vanish on the boundary. Then for n 
sufficiently large, n > N, fr(z) and f(z) have the same number 
of zeros in S. 

We can draw a regular boundary C within S sufficiently near 
to the boundary of S that on and outside C in S |f(z)| > K > 0. 
For n sufficiently large, n > N’, owing to the uniform conver- 
gence, |f(z) — f»(z)| < K/2 on and outside C, so that |fn(z)| 
> K/2. Then f(z) and f,(z) have no zeros in S on or outside C. 
On C, f,’(z) converges uniformly to f’(z). 

The number of zeros of f(z) and f,(z), n > N’, within C are, 
respectively, 

f' (dt fn’ (Od 
ie =sof, BT =o ae 


ee FO _ fi 
m— 1m = 53 f E F(t) ~ fall) |e 
Owing to the uniform convergence on C we can, by taking n 


sufficiently large, n > N > N’, make the integrand less than 
1/L, where L is the length of C. We have, then, 


1 L 


But |m — m,| is an integer, and can be less than 1 only if it 
is zero. Hence m = mz, which was to be proved. 

Now, consider any interior point a of Qo. Let 2m = fm(z) 
map Son Sm where h, > |e|. Then S,, » > m, contains a; and 
since the mapping is one-to-one, f,(z) takes on the value a 
once and only once. Let Q,, be a circle of radius \ and center at 
the origin, where |a| < \ < hm. Qm lies in S,, and contains a. 
Let Cm be the curve in So which 2m = fn(z) maps on Q,,; and let C 
be any curve in Sp enclosing C'm. 


1 Hurwitz, A., Math. Ann., vol. 33, p. 248, 1888. 


sO, 
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The functions f,(z) — a satisfy in C the convergence require- 
ments of Theorem 12. Furthermore, the limit function f(z) — a 
does not vanish on C. For z, = f,(z), n > m, maps C on a curve 
enclosing Q»; so that, on C, |f,(z2) — al > \ — |a|, and the same 
inequality holds for the limit function. It follows from Theorem 
12 that f,(z) — a and f(z) — a@ have, for n sufficiently large, the 
same number of zeros in C. The former has one zero, since @ 
is taken on once in C; hence, the latter has one zero, and f(z) 
takes on the value a once in C. Finally, since C may be taken 
large enough to include any inner point of So it follows that f(z) 
takes on the value a once and only once in So. 

It is clear that f(z) takes on, in So, no value on or outside Qo. 
For we have in S,,|f,(z)| < 1; hence in the limit |f(z)| < 1. If 
|f(z)| = 1 at an interior point of So, we have |f(z)| >1 at a 
neighboring point, which is impossible. The function 2’ = f(z) 
then maps So conformally on Qo. 

We have proved the following important theorem:! 

THEOREM 13.—The interior of any plane simply connected 
region whose boundary consists of more than one point can be 
mapped conformally upon the interior of the unit circle Qo. 

Having proved the existence of one function which maps 
a region on Qo, there arises the question of the existence of 
other mapping functions. This question is disposed of by the 
following general theorem which is easily established: 

TurorEeM 14.—/f 2’ = f(z) maps a region S conformally upon the 
unit circle Qo, then the most general function mapping S on Qo is 


_ Y@) +e 
ef(2) +a 


» aad — ce = 1. (58) 


Let Z = F(z) be any function mapping S conformally on 
Q. Then Z is a function of 2’, Z = ¢(2’), which maps Q) in a 
one-to-one and conformal manner on itself. For, to each 2’ in 
@. corresponds one point in S and to this latter corresponds 
one Z in Qo. Conversely, to each Z in Qo corresponds one 2’ in 
Qo. Further, the neighborhood of z’ is mapped conformally on 


1This theorem was first stated by Riemann in his Dissertation, 1851. 
The first proof for the most general simply connected plane region is due 
to Osgood, T’rans. Amer. Math. Soc., vol. 1, pp. 310-3814, 1900, who 
proved the existence of the Green’s function for such a region. 

The method used in the text was outlined by Koebe in Gétt. Nach. in 
1912, 
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the neighborhood of z and this latter is mapped conformally on 
the neighborhood of Z. From the form of the most general 
function mapping the interior of Q) conformally on itself, which 
we found in Theorem 24, Sec. 12, we have Z = (az’ + €)/ 
(cz’ + a), where aa — cé = 1. : 

It is clear, conversely, that (58) maps S on Q); for it is equiva- 
lent to the transformation z’ = f(z) which maps S on Qo, followed 
by a linear transformation which maps Q,) on itself. 

Corotuary.—If S can be mapped conformally on Qo then there 
exists one and only one mapping function such that a given inner 
point 2) of S is carried into the origin and a given direction at 2o 
zis carried into a given direction at the origin. 

Let z’ = f(z) be one function mapping S on Q). Then we 
can so determine the constants in (58) that Z = 0 when z = 2p. 
By a rotation about the origin in the map a lineal element issuing 
from 2 can be given the desired direction at the origin. 

Let 2: = fi(z) and 2. = f2(z) be two functions mapping S in 
the desired way. Then 2, = (az; + y)/(v21 + a), aa — yy = 1. 
When z = 2) we have 2; = 0 and 2. = 0; so y = 0 and we have 
2. = az;/a = ez,. This latter is a rotation about the origin 
but, since there is a fixed lineal element issuing from the origin, 
this rotation is through a zero angle. Hence 2, = 2,; and there 
is but one mapping function of the required kind. 

80. The Behavior of the Mapping Function on the Boundary.— 
The study of the behavior of the mapping function when the 
variable approaches the boundary has led, in recent years, to a 
number of brilliant papers. Certain of the results will be 
derived in the present section. 

There are certain elementary cases where the results are 
immediate. If a plane region S is mapped on a plane region 
S’ by a linear transformation, for example, the points of the 
two planes correspond in a one-to-one manner, and the corre- 
spondence between the boundary points, in particular, is one- 
to-one. Again, let the mapping function be analytic at a 
boundary point Z of S; and let 2, 22, . . . be a set of points of 
S approaching Z. Then the corresponding points 2;’, 29’, . . - 
of S’ approach the unique point Z’ = f(Z) on the boundary of 
8S’. This simple fact enables us to determine readily the corre- 
spondence between boundary points in the two regions 
when the mapping is performed by elementary functions analytic 
throughout the plane except for a few isolated points. 
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In the study of the general problem we shall make repeated 
use of the following lemma:! 

Lemma.—Let f(z) be analytic and bounded, |f(z)| < M, within 
and on the boundary of the region ABCD, where AB is an arc of 
le] = 1, CD is an-arc of |2|.= 71’ < 1, and- BC and ‘DA he on 
radit (Fig. 52), except on the arc AB itself. Let f(z) -have the 
further property that in any sub- 
region |z| > rand for a given 
e > 0 across-cut \ can be drawn 
from a point of BC to a point 
of AD along which |f(z)| < «. 
(@) Then f(z) = 0. 

Let Q be a circle orthogonal 

| to AB such that the region S 

A common to Q and |a| < 1, or 

Qo, liesin ABCD. By a suit- 

able linear transformation 7 = 

T(z) we can carry the arc of Q lying in Q into the segment —1, 

1 of the real axis and carry S into the upper half of the circle Qo 
in the 7-plane. (Fig. 53). Then, the transformation 


ied pee eye 

1st l—vr 
maps this half circle on the whole circle Q in the ¢-plane (Fig. 54) 
so that the segment —1, 1 goes into the lower half circumference 


= 1 Qo 


IGarOoe Fria. 54. 


B 
a 
<& Q 


HiGieoc. 


in the ¢-plane and the semicircular boundary goes into the upper 
half circumference. Further, both these transformations map the 
boundaries continuously. By these transformations, f(z) goes 
over into a function g(t) analytic in Q) and on the upper half of 
the boundary. 


1 Koxrse, P., Jour. fiir math., vol. 145, p. 218, 1915. 
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Let E be the circle |t| < p < 1; and let H’ be the map of ZL 
in S. We now take r near enough 1 that |z| = r encloses H’; and 
for a given e we construct the curve X. There is at least one arc 
of \ lying in S which has its ends on Q and which separates S 
into two regions, one of which contains EH’ and has no point of 
Q on its boundary. The map of this arc is a curve X’ in Q, in 
the t-plane whose ends lie on the upper half circumference. 
This are divides Qo into two regions, of which one contains E 
and its boundary consists of \’’ and an are of the upper half 
circumference not reaching to the points +1. 

Let \’”” be the curve resulting from rotating \’’ through the 
angle z about the origin. Then certain ares of \’’ and )’” form 
the boundary of a region lying entirely within Q) and con- 
taining H. We consider the functions g(t) and g(—?) in this 
region. If tis on \’’, —tison Xd’. On Xd” we have |¢(t)| < e, 
|p(—t)| < M, and on 0”, |¢(t)| < M and |e(—2)| < «. Soon 
the boundary of = 


le(t)e(—t)| < Me. 


Since the maximum absolute value of the function is attained at 
the boundary, this inequality holds also in H#. Since « may 
be made arbitrarily small, we have, in HE ¢(t)y(—t) = 0; whence 
g(t), or f(z), vanishes identically, which was to be proved. 

In considering the mapping of the boundary, when a plane 
region S is mapped on the unit circle Qo, we may suppose, without 
loss of generality, that S lies within Qo and contains the origin. 
This is a consequence of Theorem 11. The mapping functions 
used in the derivation of that theorem are such that when the 
region in Q) is mapped back on the original region the functions 
employed are analytic on the boundary, except possibly for a few 
isolated points. 

Accessible Boundary Points.—Let the boundary of S_ be 
represented by C. A point Z of C will be called an “accessible 
boundary point” if an interior point of S can be joined to Z by 
a continuous curve L which lies, except for its end point Z, 
entirely in S. We may suppose that L begins at the origin and 
has no multiple points. JL is defined by an equation of the form 
z = z(t), where z(t) is a continuous function of the real variable 
tin an interval t, < t < to; z(t) = 0, a(t) = Z, and 2(t’) ¥ 2(t’’) 
if t/ and ¢’” are distinct points of the interval. Such a curve is 
known as a “Jordan curve.” 


190 CONFORMAL MAPPING [Src. 80 


That simply connected regions exist not all of whose points are accessible 
is easily shown by examples. The region of Fig. 55, formed from a rectangle 
by making certain cuts from the, boundary into the interior, is simply con- 
nected. The cuts into the right half of the rectangle are made as follows: 
Let AC =h, CD =k. At points of AC whose distance from A are h/2, 
3h/4, 5h/6, 7h/8, . . . we erect lines perpendicular to AC of length 2k/3. 
At points of HD whose distances from # are 2h/3, 4h/5, 6h/7, .. . we 
erect perpendiculars to HD of length 2k/3. Then, all points of the line CD 
are boundary points, but none of them is accessible. 

The lines issuing radially from A are all of length J, where 1 < h/2, 
l< k, and make angles 7/4, 7/8, 7/16, . . . with AC. Here the interior 
points of the line AB are inaccessible boundary points. On the other hand, 
the point P to which the spiral boundary curve converges is an accessible 
boundary point. 


E D 


Po 


A B C 
Fie. 55. 

In the case of a boundary point, such as P) of Fig. 55, to which 
we can draw continuous curves approaching from one side 
or the other side of the line on which the point lies, it is desirable, 
for the simpler statement of our results, to consider Py as a 
different accessible boundary point according as it is approached 
from one side or the other. We shall consider the accessible 
boundary point as defined not only by its position but by the 
curve which is drawn to it. 

Let Z1, Ze be accessible boundary points defined by the 
curves [i, Ie. If Z; ¥ Z_ they are different accessible points. 
If Z, = Z, they shall be the same accessible boundary point if, 
and only if, the following conditions are satisfied: Let a circle 
C be drawn with Z, as center, and of radius sufficiently small 
that the origin is exterior to C. As L, is traced from the origin 
toward Z,, let P; be the last point of LZ, on the circumference of C. 
The arc N, from P; to Z, lies entirely in C. Similarly, the are Nz 
of L2 from the last intersection of LZ, with C lies in C. If, now, 
for every such circle C, any interior point of the are N,; can be 
joined to any interior point of the arc N2 by a Jordan curve lying 
entirely in S and C, then the two accessible points are the same. 
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With this definition, all curves drawn to Po in the figure from 
the right give the same accessible point; all curves drawn to P, 
from the left give the same accessible point, but different from the 
former. We thus have two accessible points at Po. The point A 
of the figure counts as an infinite number of accessible points. 

Let 2’ = f(z) be a function mapping the interior of S con- 
formally on the interior of the unit circle Qo. We now prove 
a series of propositions! concerning the behavior of f(z) as z 
approaches points on the boundary of S. 

Proposition 1.—Let Z be an accessible boundary point of S, 
defined by the curve L. Then as z approaches Z along L, 2’ 
approaches a point Z' on the circumference of Qo. 

It is clear that if a variable inner point z of S approaches 
a boundary point P in any way, |f(z)| approaches 1. For an 
arbitrarily small « > 0, the circle |z’| < 1 — « is mapped on a 
region S’ of S which, together with its boundary, consists of 
inner points of S. When z lies in the circle |z — P| < » where 
n is small enough that this circle contains no points of S’, then 
1 —e < |z’| < 1; whence, |z’| or |f(z)| approaches 1. 

As z traces L from the origin toward Z, 2’ traces a continuous 
curve L’ from the origin. JL’ has the equation 2’ = 2’(t) = f[z()], 
where z(t) is a continuous function of ¢ in the open interval 
t, <t<t,. L’ is without double points. As z approaches Z, 
|z’| approaches 1, and there are one or more cluster points of L’ 
on the circumference of Q). If there is but one, the proposition 
is established. Suppose there are two cluster points 7’, Ze’. 
Then, as z approaches Z, L’ passes infinitely often from the 
neighborhood of Z,’ to that of Z.’. Hence, all the points of 
one of the two arcs into which Z,;’ and Z,’ divide the circum- 
ference are cluster points. We now construct a region of the 
type of Fig. 52 with AB within an arc of cluster points. For 
lz — Z| < «, there is an arc of L’ extending from a point of BC 
to a point of DA and lying outside any given circle |z’| = r < 1. 
Representing the inverse of the mapping function by z = ¢(2’), 
we have on this arc |y(z’) — Z| < «. Throughout Qo we have 
lo(e’) — Z| < 2. Applying the lemma, ¢(z’) — Z = 0, or ¢(2’) 
is a constant, which is impossible. This establishes the prop- 
osition. The function 2’(t), defining L’, is continuous in the 
closed interval t; < t < te, if we put 2’(t2) = Z’. 

1 Korsg, P., Jour. fiir Math., vol. 145, pp. 215-218, 1915. Osgood, W. F., 
and Taylor, E. H., Trans. Amer. Math. Soc., vol. 14, pp. 277-298, 1913. 
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Proposition 2.—Let L, and Lz be curves defining the same acces- 
sible point Z on the boundary of S. Then, the corresponding 
curves Ly’, Lo’ end at the same point of the circumference of Qo. 

Suppose L,’ and Lz,’ to end at different points Z,’, Z.’. In 
any circle C, however small, with Z as center, we can draw a 
curve \ lying in S and in C from a point é of L; to a point 7 of Le. 
This construction is possible since the two curves define the same 
accessible point. Let £&, 7’, ’ be the maps of é, 7, » in the 
z'-plane. If the radius of C is small enough, é’ is arbitrarily 
near Z,’, 7’ is arbitrarily near Z,.’, and X’ lies without a given 
circle |z’| =r< 1. Along N, if the radius of C is less than e, 
we have |z — Z| = |g(z’) — Z| < «. By taking the are AB in 
the lemma on a suitable one of the two arcs into which Z,’, Z2’ 
separate the circumference, we have, as in the preceding prop- 
osition, v(z’) -Z=0. This contradiction establishes the 
proposition. 

Proposition 3.—Let Li and Ly be curves defining different 
accessible boundary points Z, and Zz on the boundary of S. Then 
the corresponding curves Ly’, Le’ end at different points on the 
circumference of Qo. 


Ls 


rey 


Fig. 56. BEGG Ot. 


The proof here is less simple. Suppose, on the contrary, 
that ZL,’ and L»’ end at the same point Z’. As 2z traces L; from the 
origin toward Z,, let a (which may be the origin) be. the last 
point of LZ; within S which lies on Ly. Such a point clearly 
exists, since, otherwise, L; and L2 define the same accessible point. 
We shall erase the parts of Z; and Ly. between the origin and a 
and consider the curves as drawn from a to Z,; and Z»._ Then L,’ 
and L,' extend from the corresponding point a’ in Qo to the point 
Z' and have no other common point. 

The curves L, and L, together form a cross-cut in S extending 
from a boundary point to a boundary point which divides S 
into two simply connected pieces. The map in Q, of one of 
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these parts, which we shall call G@’ (Fig. 56), is bounded com- 
pletely by Li’ and L,’ and has the single point Z’ of the cir- 
cumference on its boundary. Let G@ (Fig. 57(a) or (b)) be the 
corresponding region in S. 

The boundary of G contains in addition to L,; and Ls, a piece of 
the boundary of S. This is obvious if Z, ~ Z.. It is true 
also if Z; = Ze; for, otherwise, we could draw in G the curves 
whose existence suffices to make L,; and Lz define the same acces- 
sible point. 

We next make a cross-cut in G in the form of an are of a circle 
joining different accessible boundary points of S. That such a 
cross-cut is possible we see as follows: Let P be a point on the 
boundary of G and of S distinct from Z; and Z;. Let P; be an 
inner point of G whose distance from P is less than the distance 
from P to the points of ZL; and Ly. The are with P as center and 
passing through P;, extended in each direction from P, until it 
meets the boundary at two points a, 8, is a cross-cut of the 
desired kind. (This are meets the boundary, otherwise S is not 
simply connected.) One of the two simply connected parts into 
which G is separated is bounded by the are a6 and by a piece 
of the boundary of S, but by no points of Zi or Ly. Call this 
region g. 

The reason for getting a cross-cut in the form of a circular 
are is that with this particular form of boundary we can map 
g on a region to which we can apply the lemma. We now show 
that g can be mapped on a semicircle in such a way that the 
circular arc a8 is mapped continuously on a diameter. We first 
make a linear transformation t = 7(z) carrying the are a@ into 
a segment a’B’ of the real axis, and so that g is mapped on 
a region g; in the r-plane lying, in the neighborhood of a’f’, 
in the upper half plane. We may take a’#’ as a finite segment 
except in the special case that a = 8. We may suppose that 
g: is entirely in the upper half plane. If not, a second transfor- 


mation of the form 
ff o— a (r= a \4 
Bg! ie 7 =F p! = 


maps the 7r-plane bounded by the slit a6’ on the upper half 
z’-plane. (A second transformation is clearly unnecessary if 
a’ = B’.) The boundary points of g and gi correspond in a 
one-to-one and continuous manner. 
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Let gi’ be the reflection of g; in the real axis (Fig. 58). We 
now map the simply connected region g; + gi’, formed by erasing 
the segment a’8’, on the unit circle Q) in the ¢-plane in such 
a way that an inner point c of the segment a’8’ is carried to 
the origin and the direction of the positive real axis at c is carried 
into the direction of the positive real axis at the origin (Fig. 
59). This determines the mapping function t = F(r) uniquely 
(Theorem 14, Corollary). In this mapping, the interior of the 
segment a’B’ is mapped continuously on an analytic curve in Qo. 
We shall now show that this curve is precisely the segment —1, 1. 

If we reflect in the real axis in the 7-plane, thus carrying 
gi + gi’ into itself, perform the mapping with the function F, 
and then reflect in the real axis in the t-plane, we have a conformal 
map of gi: + gi’ on Qo. The succession of these transformations 


T1 =T, 4 = P(r); t=; or t = F(z), 


U / 
(eq ts 
e 1 1 
/ Cae Se \ O ; 
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\ oe ' X / 
Nae Reapers 2 ae 
Fig. 58. Fig. 59. 


is an analytic function of + which carries c to the origin, t = 0, 
and transforms the direction of the positive real axis at c as 


before. Hence, F(z) = F(r), since there is but one mapping 
function with these properties. If 7 is not real, r #7, we have 
in gi + gi’, since the mapping is one-to-one, /(r) # F(z), whence 
F(r) ¥ F(t). That is, ¢ ¥ t, and tis not real. Hence, the real 
segment a’f’ is mapped on the realsegment —1, 1. Incidentally, 
from Proposition 1, the one-to-one correspondence may be 
extended to include the end points themselves. The region 
gi is mapped on the region ge, the upper half of Qo. 

We shall now use the region ge for the application of the 
lemma. On changing the variable from z to t, we have a function, 
z’ = f(z) = W(t), which maps ge on a region g’ lying inG’. The 
boundary of g’ is a continuous map of af and, hence, of the 
interval —1, 1. If we cut g2 in two by any circle |t| = r < 1, 
the map of this cut is a curve q cutting g’ in two. The part of 
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gz exterior to the circle corresponds to the part of g’ which has 
Z’ as boundary point. In this latter region, we can draw a 
curve ’ within a distance ¢ of Z’ cutting off a smaller subregion 
with Z’ on its boundary. The map of \’ is a curve \ in ge lying 
outside |t] = r < 1, joining a point of the real axis to the left 
of the origin to one on the right, and along which |~(t) — Z’| < «. 
Since |y(t) — Z’| is bounded in Qo, it follows from the lemma 
that y(t) — Z’ =0; or f(z) is constant. This contradiction 
establishes Proposition 3. 

Proposition 4.—The points which correspond to the accessible 
points of the boundary of S are everywhere dense on the circum- 
ference of Qo. 

Suppose, on the contrary, that there is an are Z/Z,' on the 
circumference containing no points which correspond to acces- 
sible boundary points of S. Let Z’ be an inner point of this 
arc; and let 2;’, zo’, . . . be a sequence of interior points of Qo 
approaching Z’ asa limit. The corresponding points 2, 22, . . 
in S have one or more cluster points on the boundary of S. Let 
Z be one of these cluster points; then, we can select a subsequence 
Cpkan he OL 82y, 29, . . 5 approaching. Ze asa” limit. The 
corresponding sequence £&,’, &’, . . . approaches the limit Z’. 
Let L, be a straight line drawn from &, to the nearest (or one 
of. the nearest) boundary points. JL, defines an accessible 
boundary point; hence, the corresponding curve L,,’ in Qo extends 
from €,’ to a point of the circumference outside the interval 
Zi Z.'. Now, given e > 0 and r < 1 we can choose n large 
enough, n > N, that all points of L, lie within a distance e of 
Z and outside the map in S of |z’| < r. L,’ is then a eurve 
lying outside the circle |z’| = r along which |z — Z| = |g(z’) — 
Z| < «. By choosing AB of Fig. 52 to lie on a suitable one of the 
ares Z’Z,' or Z’Z,/ (one with an infinite number of the curves L’, in 
its neighborhood), and applying the lemma, we have ¢(z’) — Z = 0. 
This identity is impossible; and the proposition is established. 

Boundary Elements..—We now interchange the rdles of Qo 
and S and enquire what point or points on the boundary of S 
correspond to a point Z’ on the circumference of Qo. If a 
continuous curve L’ be drawn from the interior of Qo to Z’, what 
point or points on the boundary of S does the corresponding 
curve L come arbitrarily near to—for all positions of L/? An 


1 These are the Prime Ends of Carathéodory’s notable paper, Math. Ann. 
vol. 73, pp. 323-370, 1913. 
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equivalent problem is to consider a sequence of interior points 
of Qo, 21’, 22’, . . . approaching Z’ as a limit and to seek the 
cluster points of the corresponding sequence 21, 22, . . . in S— 
for all possible such sequences. 

We consider a set of curves Ci, Co, ...in S. Let Ci be a 
Jordan curve joining different accessible boundary points of S 
and lying, except at its ends, in S. Let S; be one of the simply 
connected pieces cut off. Let C2 be a Jordan curve in S; joining 
accessible points on the boundary of S, different from one another 
and from the ends of C;.. Let Sz be that part which C2 cuts off 
from 8; which does not have C; as part of its boundary. In 
general, C,,; is a Jordan curve in S, joining accessible points 
on the boundary of S, different from one another and from the 
ends of C,; and S,4; is that region which C,4, cuts off from S,, 
which does not have C, as part of its boundary. 

We shall impose one further condition on the curves C,. Any 
given interior point of S shall, for n sufficiently large, n > N, be 
exterior to the region S,. This can be accomplished, for example, 
by so drawing C,, that S, contains no points in the map of the 
circle |z’| << 1 — be 

n 

Let C,’, Sn’ be the maps of C,, Sn in Qo. 

The closed regions Si, Se, ... have at least one common 
point on the boundary of S. Likewise the closed regions Sj’, 
S,’, ... have at least one common point on Qo. If there are 
more than one, there is a common are on Q. 

Derrinition.—If the closed regions Si’, Ss’, . . . have a single 
common point Z’, then the points common to the closed regions 
Si, Se, ... will be said to constitute a boundary element of S 
defined by the curves Cy, Co, . . . and corresponding to Z’. 

Two sets of curves will be said to define the same boundary 
clement wf the corresponding points on Qo are the same. 

It is easily seen that two sets of curves defining boundary 
elements define the same element if, and only if, any region 
Sm of the first set contains all regions s, of the second set, for 
n sufficiently large, and any s,, contains all S,, for n sufficiently 
large. For, the corresponding regions S,’ and s,’ in Qo, which 
enclose a single point Z’, have this property. 

To each boundary element corresponds, by definition, a unique 
point of Qo. We now prove that to each point Z’ on Q» cor- 
responds a boundary element. 
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In the following, we represent by U,', V,’ points on the 
boundary of @ which correspond to accessible points Un, Vn on 
the boundary of S. Let Uy’, Vi’ be an are containing Z’. Let 
the points of the sequence Uy’, U2’, ... , Vi’, Vo’, . . . be so 
chosen that U,41:' lies between U,’ and Z’, V’n,, lies between 
V,’ and Z’, and the length of the are U,’V,’ approaches zero. 
Each arc of the sequence U,’'V,', U2/V2', . . . contains the arc 
which follows it; and Z’ is the only point common to all. 

We can now draw the curves (C;, Co, ... in the manner 
explained above such that C, joins U, and Vn. Then Sy’, 
S2’, . . . have the single common point Z’; whence Cj, Co, . . 
define a boundary element corresponding to Z’. 

We have then the following result: 

Proposition 5.—There ts a one-to-one correspondence between 
the points on the circumference Qo and the boundary elements of S. 

We now justify our nomenclature by showing that the bound- 
ary element constitutes the set of points corresponding to Z’ in 
the sense mentioned originally. Each region of the sequence 
Si’, So’, . . . in Qo encloses the region which follows it; and a 
given neighborhood of Z’ contains all the regions S,’ from a 
certain value of non. Of the points of the sequence 2’, 22’, . . 
approaching Z’ as a limit, all but a finite number lie in any 
S,’. Then, all but a finite number of points of the corresponding 
sequence 2, 22, ... lie in S,. The cluster points of the latter 
sequence all lie within or on the boundary of S,, for alln. These 
cluster points must then be points of the boundary element. 
Conversely, let Z be a point of the boundary element. We can 
choose 2; in Sj, 2: in Se, etc., in such a way that 21, 2, .. 
approaches Z as a limit. Then the corresponding sequence 2,’ 
in Si’, ze’ in S.’, .. . approaches Z’ as a limit. Thus every 
point of the boundary element corresponds to Z’. 

We now derive certain propositions concerning sets of curves of 
the kind we have defined. 

Proposition 6.—If S, Ss, . . . do not possess more than one 
common accessible boundary point, then Cy, Co, .. . define a 
boundary element. 

It is clear from Proposition 3 that a boundary element cannot 
possess two accessible boundary points. Suppose, now, that 
Si’, So’, . .. have a common bounding arc. Let Z;’, Zs’ be 
points within this are corresponding to the accessible points 21, Z: 
on the boundary of S. To the curve Li, L» defining Z1, Ze 
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there correspond curves Lj’, Le’ terminating in Z;', Z2'. In the 
neighborhood of Z,’, Ly’ lies in S,’; so, in the neighborhood of 
Z,, Ly lies in S,. Hence, Z, and, likewise, Z2 are accessible 
boundary points for each region S,. Since we assume there are 
not two such points, it follows that S;’, Se’, . . . have no com- 
mon bounding arc; hence, we have a boundary element. 


In Fig. 55, let C,, be drawn vertically across the region from boundary to 
boundary at a distance e, from CD, where en tends steadily to zero as n 
increases. The regions S, have the common boundary line CD, all points 
of which are inaccessible, and have no other common boundary points. 
Hence Cy, C2, . . . define a boundary element comprising the points of CD. 
When this region is mapped conformally on a circle, any sequence of points 
21, 22, . . . in the region, such that the distance of z, from CD approaches 
zero as n becomes infinite, is mapped on a sequence 21’, Zo’, . . . converging 
to a single point on the boundary of the circle. 


Proposition 7.—If all points on the curve C, for n sufficiently 
large lie in an arbitrarily small neighborhood of a point Z, then 
Ci, Co, . . . define a boundary element. 

If we suppose the contrary, then S;’, S.’, . . . have a common 
boundary arc AB. Using this arc, and the function z— Z 
= 9(Z’) — Z, we apply the lemma at the beginning of this 
section. For « > 0 given and for n sufficiently great, |¢(z’) 
— Z| < « on C,’, where C,’ is a curve lying near the are AB. 
We conclude in the usual way that ¢(z’) is a constant; and this 
contradiction establishes the proposition. 


In Fig. 55, we can draw the curves from the ends of the radial slits to the 
neighborhood of B in such a manner that the curves converge to B. Then, 
a boundary element is defined comprising the points of the line AB. This 
boundary element contains one accessible point; namely, B. 


Proposition 8.—If the diameter of the curve C, approaches zero 
as n becomes infinite, then Cy, Co, . . . define a boundary element. 

By the diameter of C,, is meant the maximum distance between 
two points of C,. We can choose a subsequence Cn,, Cn, . 
converging to a point Z. By Proposition 7 this subsequence 
defines a boundary element. Each S,, encloses all S,, 
for n > Mm} hence, Ci, Co, . . . define a boundary element. 

81. Regions Bounded by Jordan Curves.—As a consequence of 
the preceding propositions, the following theorem is readily 
established: 

THEoREM 15.—Let 2’ = f(z) map a plane region S whose bound- 
ary C consists of a closed Jordan curve conformally on the unit 
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circle Qo. Then the points on the boundaries of the two regions 
correspond in a one-to-one and continuous manner. 

If at each point Z of C we set f(Z) = lim f(z), as 2 approaches 
Z from the interior of S, then f(z) is continuous in the closed region S. 

C is without double points and each of its points is an accessible 
boundary point. To each point of C, then, there corresponds a 
unique point on the circumference of Qo. To each point of the cir- 
cumference there corresponds a boundary element consisting 
of one or more points of C. But, since this boundary element 
cannot contain two different accessible points, it must consist of a 
single point. The correspondence is thus one-to-one. 

It is a well-known theorem that when a continuous function 
in a two-dimensional region takes on boundary values in this 
manner, the sequence of values taken on is continuous on the 
boundary and forms with the values within the region a con- 
tinuous function. 

Numerous consequences of Theorem 15 will occur to the 
reader. For example, if we map S on a second plane region > 
bounded by a closed Jordan curve I, then the points of C and T 
correspond in a one-to-one and continuous manner; and the 
mapping function is continuous in the closed region S, if we define 
the value of the mapping function on C by the limiting process 
mentioned in the theorem. This we see by mapping S on Qo 
and then mapping Qo on >. 


Many of the facts concerning the mapping on the boundary 
can be extended to a wide variety of many-sheeted regions. We 
shall find use for the following theorem and corollary: 

THEOREM 16.—Let S be a plane or many-sheeted region which is 
mapped conformally on Qo. Let the boundary of S contain a 
Jordan curve C, with the property that a Jordan curve K, can be 
drawn in S connecting the ends of Ci and cutting off a plane sub- 
region S; whose complete boundary consists of Cy and Ky. Then 
the points of Cy correspond in a one-to-one manner to the points 
of an arc of Qo. 

When S is mapped on Qo, Si is mapped on a plane simply 
connected region S;’ and, so, can be mapped on a circle. 8S,’ 
is bounded by a Jordan curve. For, K, is mapped on a Jordan 
curve,—this includes the end points, by the reasoning of Propo- 
sition 1—and the rest of the boundary is on the circumference of 
Q). Then, the points on the boundaries of S; and S;’, each 
boundary being a closed Jordan curve, correspond in a one-to-one 
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manner. Hence, the points of C; correspond to the points of 
an are of Qo. 

It may happen that the boundary of a sheeted region, while 
not lying in a plane, can be broken up into pieces, each of which 
is a Jordan curve of the kind mentioned in the theorem. Each 
piece corresponds to an arc of Qo, and we have the following 
result: 

Corotiary.—If the boundary of S in Theorem 16 consists of a 
finite number of Jordan curves, A;A2, AoA;, ... , AnA1, of the 
kind specified, then the points of the boundary and the points of 
the circumference of Qo correspond in a one-to-one manner. 

When the mapping is continuous on the boundary, there arises 
the question of performing the mapping so that certain given 
points on the boundary of one region shall be mapped on given 
points on the boundary of the other region. 

TuErorEM 17.—If two regions S and S’ of the type stated in 
Theorem 16, Corollary, can each be mapped conformally on a 
circle, then S can be mapped conformally on S' in one, and only 
one, way such that three given distinct points on the boundary of S 
are mapped on three given distinct points arranged in the same 
order on the boundary of S’. 

Both S and S’ can be mapped on Qo, the mapping being con- 
tinuous on the boundary. Let m, n, p be three points on the 
boundary of S, arranged so that, proceeding in a positive sense 
around the boundary from m, we encounter first n, then p. Let 
m’, n’, p' be three points arranged in like manner on the boundary 
of S’. Let t = g(z) and ¢t’ = y(2’) map S and J’, respectively, 
on Q. Then m,n, p and m’, n’, p’ are carried, respectively, into 
mi, M1, pr and my’, ni’, pi’ ordered in the same way on the cir- 
cumference of Qo. Now, there is a linear transformation ¢! = 
T(t), which carries m1, 1, pi, respectively into my’, ni’, pi’. This 
transformation carries Qo into itself, the interior being carried 
into the interior. Then the transformation t = ¢(z), followed 
by the transformation t/ = T(t), followed by the inverse of 
t’ = ¥(z’), is a sequence of transformations which maps S on S’ 
and carries m, n, p, into m’, n’, p’, respectively. 

Suppose, now, that this mapping can be performed by two 
functions 2’ = f(z) and 2’ = F(z). Then, # = ye’) = vif) 
and ¢; = ¥[F(z)] map S on Q). Hence (Theorem 14), ¢; is a 
linear function of t’/. But when z = m, n, p, we have t’ = t; = 
Mm, M1, pi; hence (Sec. 3, Theorem 6), 4 =’, or y¥[F(z)] = 
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Wf(z)]. It follows that F(z) = f(z), and there is only one func- 
tion performing the mapping. 

82. Analytic Arcs and the Continuation of the Mapping 
Function across the Boundary.—We return to the mapping of a 
region S on Qo. If the mapping function 2’ = f(z) is analytic 
at Z on the boundary of S, so that the function can be extended 
analytically across the boundary, and if f’(z) #0, then the 
inverse function z = g(z’) is analytic at Z’ = f(Z) on the 
boundary of Qo. The neighborhood of Z is mapped conformally 
on the plane neighborhood of Z’. The boundary near Z’ is 
mapped on an analytic arc z = g(e*) through Z.! 

If f’(Z) = 0, we have f’(z) #0 in the neighborhood of Z 
except at Z itself; and the boundary of S in the neighborhood 
of Z consists of analytic arcs. In order that f(z) be capable of 
continuation across the boundary it is necessary that the boundary 
contain one or more analyticares. If there are no analytic ares on 
the boundary C of S, then f(z) has C as a natural boundary. 

THEOREM 18.—If the Jordan curve C; in Theorem 16 ts an 
analytic arc, then f(z) is analytic at any interior point Z of C, and 
so can be extended analytically across the boundary in the neighbor- 
hood of Z. The neighborhood of Z is mapped conformally by the 
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Fig. 60. 


Let z = v(t) be the equation of C,, where Y(t) = Z, Wy’ (to) 0. 
The function z = y(t) maps the neighborhood of t) conformally on 
the neighborhood of Z so that the real axis near ¢) is mapped 
on the arc ©, near Z. A suitably small region g, (Fig. 60) 
abutting along the real axis in the neighborhood of t)—in the 
upper half plane, let us say—is mapped on a region g of S and 
abutting along C; in the neighborhood of Z. This is mapped by 
z’ = f(z) ong’ in Q abutting along an arc through Z’, the point 

1 An analytic curve is a Jordan curve, z = z(t), ti < ¢ < t, in which 
z(t) is an analytic function of ¢ in the interval and the derivative z'(t) # 0. 
In the present case 6 takes the place of ¢. 
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corresponding to Z. Then, 2’ = f[y(t)] maps gong’, is analytic 
in g:, and is continuous on the part of the real axis bounding g:. 

Let hy, h’ be the inversions of g, and g’ in the real axis and the 
circle Qo, respectively. If we invert in the real axis carrying h, 
into g:, then map g; on g’, and, finally, invert in Qo, carrying g’ 
into h’, we have a conformal map of h; on h’ by some function 
z’ = F(t), analytic in h; and continuous on the part of the real 
axis bounding h, Now, this transformation affects the points 
of the real axis in exactly the same way as the transformation 
z’ = f[y(t)]. These two functions are analytic in the adjoining 
regions g;, h, and take on the same continuous values along the 
common boundary. Hence, F(t) is the analytic continuation of 
f[W¥(}] throughout h; This latter function is analytic in the full 
neighborhood of to; whence, f(z) is analytic in a sufficiently small 
neighborhood of Z. The mapping of the neighborhood of Z 
on the neighborhood of ¢) and of this latter on the neighborhood 
of Z’ is in each case conformal; whence, 2’ = f(z) maps the 
neighborhood of Z conformally on the neighborhood of Z’. 

83. Circular Arc Boundaries.—The following theorem which 
is of considerable importance in various applications may be 
derived here: ; 

THEOREM 19.—Let 2’ = f(z) map a region S upon a region S' in 
such a way that a circular arc AB of the boundary of S is mapped 
continuously on a circular arc A'B’ on the boundary of S’. Let 8; 
and 81’ be the regions got by inverting S and 8S’ in AB and A'B’, 
respectively. Then f(z) can be extended analytically across AB 
into S; and maps 8; conformally on Sy’. 

The proof follows the lines of the proof of Theorem 18. Let 2; 
be a point of S;; and let z be the point in S got by inverting in AB; 
let 2’ = f(z); and let 2,’ be the point in S,’ got by inverting 2’ 
in A’B’. Then 2,’ is a function of 21, 21’ = F(z), which, as a 
result of one analytic transformation and two inversions, maps S; 
directly conformally on 8;’._ Hence, F(z;) isanalyticin 8S; As2, 
and z approach a common point on AB, z,' and 2’ approach a 
common point on A’B’. Hence, F(z,) and f(z) take on the same 
values on AB. It follows that F(z,) is the analytic continuation 
of f(z) across AB into and throughout the region Sj. 


Coro.iary.—If the region S' of Theorem 19 is the unit circle Qo, and if AB 
is not the whole boundary of S, then the region formed by joining S and Sy along 
AB can be mapped on Qy. 
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In this case, A’B’ is an are of Qo but not the whole circumference; and 
S,’ is the whole exterior of Qo. The function z’ = f(z) maps the region 
formed by joining S and S, along AB upon the region formed by joining 
the interior and exterior of Qo along the are A’B’, The latter region is a 
plane region whose boundary consists of that part of the cireumference of 
@. which remains after A’B’ has been removed. By Theorem 13 it can 
be mapped on Qo. 


84. The Mapping of Combined Regions.—We shall presently 
consider the mapping of a many-sheeted region on a circle. 


Fig. 61. 


As an aid to establishing later a much more general theorem, we 
shall prove the following proposition: 

THEOREM 20.—Let S, and S2 be regions, with boundaries of the 
type stated in Theorem 16, Corollary, each of which can be mapped 
conformally on a circle. Let the boundaries Cy, C2 meet in two 
points m, n, the region common to 
S;, and Sj’ being simply connected. 
Let m, n be interior points of analytic 
arcs on both boundaries, and let the 
angle between the bounding arcs of 
the common region at each point be 
different from zero. Then, the region 
formed by combining Si; and Sz can 
be mapped on a circle. 

The regions S; and Se are 
shown schematically in Fig. 61. 
Let p be a point of C; lying in S,. Let 2: = fi(z) map S; con- 
formally on Qo. The points m, n, p are carried into points m1, 
n1, pi on the circumference of Qo (Fig. 62). The region common 
to S; and S, is mapped on a region K in Q bounded by the 
are nipim;. The mapping function is analytic at m and n; 


Fie. 62. 
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hence, angles at these points are preserved. Hence, the portion 
of Cy which lies in S; is mapped on a curve in Qp (the heavy line 
in Fig. 61) meeting the are nypiym, at m, and n, at angles greater 
than zero. 

We can draw a circular are \ joining m; and n; and lying 
entirely in K. It will be convenient to take the are such that 

it makes with the are nypym, an 
angle @ = 7/2*, where s is an 

m integer. Let ’ be the are got 
a7/ by inverting nipim, in ); let dX” 
is be the arc got by inverting nipimi 
1 BS ey ind’;andsoon. We find readily 
\ that A“ lies on the circumfer- 
\ Do ence of Qo. These arcs divide Q» 
“hp Qo into regions By By Be eee 

B,® asin the figure. Let B, B’, 
BY’, ..., B® be the correspond- 
ing regions in S}. 

Let A be the portion of Se exterior to S;. Let 22 = f2(z) map 
the region formed by combining A and B, which we shall designate 
by A + B, conformally on Qo. This mapping is clearly possible, 
for, when S2 is mapped on a circle, A + B is mapped on a plane 
region which can be mapped on Qp (Theorem 13). Let Ao, Ba, 


Pigs 63: 


Fira. 64. 


M2, N2, po be the regions and points on which A, B, m, n, p are 
mapped (Fig. 63). 

The function f2(z) can be extended analytically across the 
boundary of B; we shall show that it can be extended throughout 
the whole of B’. Let 2s’ = g2(21) be the unique function mapping 
B, on Bz 80 that mi, 11, pi are carried into me, nz, pe, respectively. 
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Then (Theorem 19) this function can be extended analytically 
across \ and throughout B,’ and maps B,’ on B,’, the inverse 
of BeinQ. Thefunction 2’ = ¢2(21) = ¢2[f1(z)| exists throughout 
B+ B’ and maps B + B’ on B, + B,’. But, in B, ¢g{f,(z)] = 
fo(z), since both functions map the three boundary points 
m, n, p alike (Theorem 17). Hence, ¢[f.(z)] is the analytic 
continuation of fo(z). The function f.(z) maps A + B+ B’ 
conformally on A, + B, + B,’. This latter region is a plane 
region and can be mapped on Q>. 

We now repeat the reasoning, replacing B by B + B’ in the 
argument. Let z; = f3(¢) map A+ B+ B’ on Q) (Fig. 64). 
The function z3; = ¢3(2:) which maps B, + B,;’ on B; + B;' 
so that mi, m1, pi go into ms, nz, p3 can be extended analytically 
throughout B,’’ and maps B,’’ on B;'’ the inverse of B; + B,’ 
in Qo. By the identity of ¢:[f1(z)] and f3(z) in B + B’, we prove 
that f3(z) can be extended analytically throughout B’’ and maps 
B” on B;'’. Hence, 23 = f3(z2) maps A + B+ B’+ B” on 
a plane region which can be mapped on Qo. 

Continuing in this manner we arrive in a finite number of 
steps at a function which maps A+ B+ B’+..-.- + Bo 
on Qo; and the theorem is proved. 

85. The Mapping of Limit Regions.—By the method of the 
preceding section, we can build up, step by step, by the combi- 
nation of a finite number of overlapping plane regions, other 
regions which can be mapped on a circle. These latter regions 
are finite sheeted and are bounded by Jordan curves. We shall 
now prove a theorem wherein the final region is constructed by 
an infinite process. By its use we shall be able to deduce results 
concerning regions with general boundaries and regions with 
an infinite number of sheets. This powerful theorem is due to 
Koebe. 

THEOREM 21.—Let ¢1, ¢2,... be an infinite sequence of 
regions each of which can be mapped on a circle. Let on be a 
subregion of gn41. Let ¢ be the region consisting of all points 
which are interior to any region on. Then, ¢ can be mapped 
conformally either on a circle or on the whole plane exclusive of a 
single point. 

Let a be an ordinary interior point of ¢;. Then, a is within 
gn. Let 2n = fn(2) map ¢» on the unit circle Q in the z,-plane 
in such a manner that a is carried into the origin and the direction 
of the positive real axis at a is carried into the direction of the 
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positive real axis at the origin. Then f,(a) = 0; and f,’(a) > 0. 
This mapping is possible according to the corollary to Theorem 14. 
We shall now study the sequence of functions 


fil), fo(z), fa(2), eae t (59) 

The regions ¢, are shown schematically at the left of Fig. 65. 

The mapping of the first few regions is shown at the right in the 
same figure. Let z be a point in ¢,, and let 


@m = fm(2), @n = falZ),n > m (60) 


z3-plane z4-plane 

Fre. 65. 
be the corresponding points in the z,- and z,-planes. The first 
of these functions maps ¢» on Qo in the 2-plane; the second maps 
gm On a region lying in Q» in the z,=plane. The inverse of the 
first function followed by the second, 


Zn = frlfm ‘(2m)] = Pn,m(Zm); (61) 
maps Q, in the z,,-plane on a region lying in Qo in the z,-plane. 
The function @nr,m(Zm) satisfies the conditions of Schwarz’s 
lemma, Theorem 1; hence, we have 
d2n 
dem 


diy \ dn) 
(1. 2) ‘h m (a) 
Linz] < |fm(2)|, 2 A a; fr'(a) < fm'(a). (63) 


In particular, 


[fn+il2)| < [fn(Z)|, 2 Aa; flngi(a) < fr'(a). (64) 


[Zn = nvm Zan))| <a esl em # 0: 


From (60), since 


| lemm(0)| < 1. (62) 


we have 
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Let a circle Q with center at the origin and radius r < 1 be 
drawn in each plane. Let C, be the corresponding curve in 
¢n Which the function z, = f,(z) maps on Q. The curves Cj, C2, 
enclose a set of regions S;, Ss, . . . lying in ¢, such that S,, lies 
in ¢, and contains a, and S, together with its boundary C, lies 
within S,,;. This last statement follows at once from the fact 
that the interior and boundary of Q in the z,-plane are, from the 
first inequality of (62), mapped on a region lying within Q in 
the 2n4:-plane. 

Further, r can be taken near enough to 1 that any preassigned 
point P of ¢ is an inner point of the regions S,»,, Smyi, . . . form 
sufficiently large. Let ¢,, contain P. Then zn = f(z) maps om 
on Qo, P going into an interior point P’. It then suffices to take r 
large enough that Q contains P’. 

The derivative f,’(a) is positive and (Inequality (64)) decreases 
as n increases. Hence, it approaches a limit h > 0 as n becomes 
infinite. We have two cases to consider: 


teins, = fh 0; IT. lim fea) = 0 


The Convergence.—We prove first that 7n both cases the sequence * 
fr(2) converges throughout ¢ and the limit function is analytic in ¢. 
To prove this, it suffices to prove that the sequence converges 
uniformly in S,. The limit function is then analytic in S,,. 
Since m and r can be so chosen that S,, encloses any preasssigned 
point of ¢, the limit function is then analytic throughout ¢. 

Instead of considering functions of z in S,,, we shall map 
S,, on Q in the 2m-plane and consider the corresponding functions 
of 2m. We have fn(Z) = n,m(@m); and we shall establish the 
uniform convergence of the sequence 


pCa Dupin en); Pure. em) ee (65) 
in Q. Consider the function 


Pn+p,m (2m) = Pn, rere 
em 


i ie i. p =O. (66) 


This function is nowhere zero in @; for, when z,, # 0, we have 
from (63) that |gn+p,m(@m)| < |¢n,m(2m)|, and when z, = 0 we have 


Cntp,m(2m) — Pn,m(em) a déntp a den, 
em 0 On 0 2m 0 


_ Sf nty(a) — fr%@) 
pees fa) a0) 


208 CONFORMAL MAPPING [Suo. 85 


The function is also bounded in Qo, for from (62) |@n,m(@m)/Zm| <1]; 

so , 

Gntp,m(Z PA oe Pn,m(2m) 
em 


<2. (67) 


The function (66) then satisfies all the conditions of Theorem 
10, where the circular regions Q and Q, take the place of 2 and 2’, 
respectively, of that theorem. Hence, we have (setting 2; = 2m 
and z, = 0) 


1/K 


Snel) ~ Ja@® ogg 


fm'(a) 


where K, and K are independent of m, n, p, and depend only 
upon r, the radius of Q. The inequality (68) holds for all points 
in Q. 

Since the sequence f,’(a) converges, we can choose n large 
enough that the second member of (68) is less than a preassigned 
positive e«. We have, then, within and on Q 


[Pntp,m (2m) = Yn, m(2m) | < €|2m| Te (69) 


for all p > 0. This proves the uniform convergence of the 
sequence (65) in Q. 

In Case II, we find readily that the limit function is identically 
zero. We have but to apply Theorem 10 to the function 


On, m(Zm)/@m. We have in Q 
phe Pen an ENC DI bles 
te Kz (Pe) (70) 


Gn m(2m) 
em 

By taking n large enough, we can make f,,’(a) arbitrarily small, 

whence, |¢n,m(2m)| is arbitrarily small. It follows that’ 


Cutpim 2m) — (n,m(Zm) 
em 


< Ke 


Pn,m(Zm) 


Z Sa 


lint <2 a(S yao Uy 


n= oo 


Case I.—Let f(z) be the limit of the sequence (59), We shall 
prove that the 2’ = f(z) maps ¢ on the circle Qo. 

The function f(z) is nowhere greater than 1 in absolute value 
in ¢, since at each point of ¢ it is the limit of functions which are 
less than 1 in absolute value. It will suffice to prove that f(z) 
takes on each value in Q once, and only once. When ¢,, is 
mapped on Qo by @m =fm(z) let f(z) be transformed into a 
function gm(Zm). Then when z is in @m, 2m is in Qo, and 

F(Z) = Gm(2@m) = Tim ¢n,m(Zm). 


n=e 
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Let a be a point in Qo; and let r be taken large enough that Q 
encloses a. This fixes Ky and K in (68). Taking n = m we 
have, 

Ouivinlen. een 
em 


fm'(a) 


ae F'mev(@) = fm’ (a))/* (71) 


Let e > 0 be chosen so that 
e<r-— lal. (72) 


Then, since f,’(a) converges, we can choose m sufficiently large 
that the numerator in the fraction in the second member of (71) 
is arbitrarily small, whereas the denominator f,,’(a) is greater 
thanh. Wecan make the second member less thane, and we have 


lPmip.e (Sm) — Sail Se (em < <€. (73) 
Letting p become infinite we have 
lem(@m) — 2nl < €. (74) 


Now ¢m+p,m(2m) maps Q and its interior on a plane region in the 
Zm+p-plane. On Q itself |z,,| = r and we have from (73) and (74) 


T — €< |Pmtp,m(@m)| < r +e; r—e < |omlem)| < r +. (75) 
It follows from the first of these inequalities, together with 
(72), that Q is mapped on a curve enclosing a. Hence, for all 
p > 0, Om+p,m(2m) — a has a single zero in Q. It follows from 
the latter part of (75) that omn(ém) — a is not zero on Q. 
Applying Theorem 12, it results that gn(Z@m) — a has a single 
zero in @. That is, gm(2m) takes on the value a once, and only 
once, in S,. Then f(z) takes on the value a once, and only once, 
Hes 

We show finally that f(z) cannot take on the value a at any 
other point of ¢. Suppose, on the contrary, that this value 
is taken on at two points of ¢. Then, r (>|a|) and » can be 
taken large enough that both points are included in S,. If in 
the preceding reasoning we choose m > », we have the contradic- 
tion that f(z) takes on the value a more than once in S,p. 

Case IIJ.—If lim f,’(a) is zero, the limit of the sequence 
(59) is identically zero; and we get no map of the surface 
~. In this case, we alter the mapping as follows: Instead 
of mapping ¢, on Qo, we map it on a circle Q, with center at the 
origin and radius 1/f,’(a). We take as the mapping function 


Z, = Fa(@) = Hen (76) 
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This maps a on the origin, and, since F’(a) = 1, lengths at a 
are unaltered. The radius:of Q, increases with n and approaches 
infinity as n becomes infinite. The mapped regions are got 
from the circles shown in Fig. 65, by an expansion from the 
origin according to the formula Z, = 2n/fn’(a). @ is carried 
into a circle Q,’ of radius r/f,’(a). 

We shall show that the sequence 


F(z), F(z), F3(2), tf = (77) 


converges in ¢, that the limit function F(z) is analytic in ¢, 
and that Z’ = F(z) maps ¢ on the whole finite plane. 

When ¢, is mapped on Q, in the Z,-plane by (76), each sub- 
region S,, m <n, is mapped on a subregion of Q,. Call the 
boundary of this subregion Cy. The region bounded by 
Crim is a plane map of Q,,’ in the 2m-plane by the function 


Ln = F,,(2) = FP (mpl a Vom\ 2m): (78) 
We have 


Vint = (G72) =Ra@eh 


We now apply Theorem 7, Corollary, to the map of Qn’. When 
Zm lies on the circumference of Q,,’, the corresponding boundary 
point on C,,, in the Z-plane satisfies the inequalities 
r r 
gee © |Zal = )lWarel Zeal, Sere 
CER) <4! eel See) 
Fixing our attention on a particular S,, in ¢ and its map in 
Qn’ in the Z,, plane, we wish to prove that, given e > 0, there 
exists an ” such that 
[Wty Selon) ae Vins Bre) < € (81) 
for all p > 0. We arrive at this inequality by considering a 
larger region S,, s > m, containing S,, and its map on Q,’ in 
the Z,-plane. 
Since f,/(a) approaches zero as s increases without limit, we 
may choose s(>m) so large that 
me 2 
G #! fm’ (a) | B (82) 


1 2! 
(arn i,(@) | 
We have from this inequality and from (80), for any n greater 


r 2 
than s, 
< CHAN) 5 ot (83) 


(80) 


i 
Wn,s(Zs) 


va 
3 2 
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Hence, on Q,’ 
eel epee 1 
WatipialZe) Wn,s(Ze) 
Now, the quantity in absolute value signs in (84) is analytic 
throughout Q,’.. Each of the two fractions has a pole at the 
origin, but is otherwise analytic. In the neighborhood of the 
origin, we have, since yn,./(0) = 1, 


l<. 


(= veal (84) 


1 i 1 
pe a Oe Ba oe 
an 
il 1 1 
eae hrbee Uttree 


Ve (.) 7 Wns (Zs) 4 Zs 1 
@ al Cae oes ) = 9(Z,), 


where ¢(Z,) is analytic at the origin. The inequality (84) 

then holds throughout the whole interior of Q,’, since the maxi- 
mum absolute value of the function is on the boundary. 

Now Q,’ encloses Q’.,m, the map of Q,,’.. Changing the variable 
to Zm, we have on Q,’ 
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on Q,,’. 

Since the expression in the first member is analytic throughout 
Qn’, this inequality holds throughout Q,,’, which was to be proved. 

It follows, from the preceding, that Wrm(Zm) approaches a 
limit function Ym(Zm) which is analytic in Q,,’.. The correspond- 
ing function of z, namely, ¥»(Z,) = F(z), the limit of (77), is 
analytic in Sp. Since S, may be taken so large as to enclose 
any given point of ¢, it follows that (77) converges in the whole 
of ¢ and that the limit function is analytic. 

We now prove that Z’ = F(z) maps ¢ on the whole plane 
exclusive of the point at infinity. Let a be any finite point; and 
let m be chosen so that r/[(1 + 7)?f’m(a)] > ja]. Then on Qn’, 


from (80), 
[ym(Zm)| = lim Wom(Zm)] > lal. 
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Then, ¥n(Zm) — a does not vanish on Q,,’; hence, from Theorem 
12, this function and Wn,m(Zm) — a, for n sufficiently large, have 
the same number of zeros in Q,,’.. The latter function has one 
zero in Qm’, since Z = Wam(Zm) maps Q,,’ on a plane region 
to which @ belongs. It follows that ~n(Zn) takes on the value 
a once in Q,,’; that is, F(z) takes on the value a once in Sm. 

We prove, as in the previous case, that a is not taken on 
at two different points of ¢. For, S, can be so chosen that it 
contains both points; and we have a contradiction with what 
we have just proved. Hence, a is taken on only once. This 
completes the proof of the theorem. 

The limit surfaces ¢ fall into the two classes, those which can 
be mapped on a circle and those which can be mapped on the 
finite plane. It is conceivable that a surface can belong to 
both classes; that by forming the approximating regions 41, 
go, . . . incertain ways we should get one case, and in other ways 
the other. But this is not possible. For, if ¢ can be mapped 
both on Q» and on the finite plane, then the finite plane can be 
mapped conformally on Q); and we found at the beginning of 
Sec. 78 that this is impossible. 

As a convenient test for distinguishing between the two 
cases, the following theorem is useful: 

THEOREM 22.—If the limit region ¢ of Theorem 21 is bounded in 
part by a plane piece of curve, then ¢ 1s mapped on a circle. 

If we assume the contrary then, making a linear transformation, 
there exists a function z’ = f(z) mapping ¢ on the whole z’-plane 
exclusive of the origin. We draw a Jordan curve in the form 
of a cross-cut ¢ cutting off from ¢ a plane finite simply connected 
region S whose boundary consists of g and a part h of the given 
boundary of ¢. We construct S so that the point of ¢ which is 
carried to infinity in the mapping is exterior to S. 

The map of S in the z’-plane is a finite simply connected region 
S’ bounded by a closed Jordan curve. This curve is the map of q. 
As z traces g, approaching either end, the corresponding point 
z’ approaches the origin. If we map S’ conformally on the unit 
circle Q , the boundary points of S’ and Q» correspond in a 
one-to-one manner (Theorem 15). The succession of these two 
mappings is a conformal map of S on Qo. 

Now let Li, Le be curves drawn in S to two different accessible 
points of h. The corresponding curves Ly’, Ls’ in S’ both ter- 
minate at the origin. The corresponding curves L,’’, Lo’’ in Qo 
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both terminate at the same point on the boundary of Qo. This 
contradiction to Proposition 3 of Sec. 80 establishes the theorem. 

86. The Mapping of Simply Connected Finite-Sheeted Regions. 
Before studying the general finite-sheeted region, we consider 
regions formed by putting square elements together. By a 
square element we shall mean (a) the plane interior or exterior of a 
square together with its boundary; or (b) the region formed by n 
superimposed equal squares hanging together at a single interior 
branch point of order n. 

The square element is simply connected and can be mapped 
on acircle. The mapping of (a) follows directly from Theorem 
13. In (6), let 2 be the branch point. Then z — zg) = ¢” maps 
(b) on a plane simply connected region in the ¢-plane, which can 
be mapped on a circle. 

Suppose, now, that we put square elements together—like 
the pieces of a patch-work quilt—to form finite-sheeted regions. 
We shall establish the following proposition: 

If a finite number of square elements be adjoined to form a simply 
connected region with a boundary consisting of more than one point 
and with no branch points other than those belonging to the individual 
square elements, the resulting region can be mapped comformally on a 
circle. 

The proof is by induction. We assume that all regions of 
the kind mentioned formed by adjoining n square elements can be 
mapped on a circle, and prove that any region formed with n + 1 
elements can be mapped on a circle. Then, since any region of 
one square element can be mapped on a circle, the proposition 
holds. 

A region S,,4; of the kind mentioned in the proposition formed 
with n + 1 square elements can be constructed by adjoining 
to a like region S,, a square element S, where a part of the bound- 
ary of S belongs to the boundary of S,4:. Sand, by hypothesis, 
S, can be mapped on circles. We shall apply Theorem 20. 
Now, S and S, abut along a common bounding are mn but there 
is no common region. But, since the points of mn are not 
branch points, S can be slightly enlarged to form a square element 
S’ which has with S, a common simply connected region and 
where the boundaries of S,, and S’ meet as required in the theorem. 
Then S,, + S’ can be mapped on a circle. The subregion S,,41 is 
mapped on a plane simply connected region which can in turn be 
mapped on a circle, which was to be proved. 
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THEOREM 23.—A simply connected region with a finite number of 
sheets and of branch points and whose boundary consists of more 
than one point can be mapped conformally on a circle. 

We shall show that a given region of the kind stated in the 
theorem can be got as the limit of a sequence of regions formed 
from square elements. We first transform the region so that all 
boundary and branch points lie within the unit circle Qo. This 
can be done as follows: Let P be an inner point of the region whose 
coordinate Zz) is not the z-coordinate of any boundary point 
or branch point. (Sucha point clearly exists, since the number of 
branch points is finite and the boundary points in any sheet do 
not fill any area.) We can draw a circle C with zp as center such 
that all boundary and branch points are exterior toC. Thenif we 
make a linear transformation carrying 2) to » and C into the circle 
Qo, we have the branch points and boundary points within Qo. 

We can suppose further that the z-coordinate of each branch 
point, z= 2+ 7y, is such that x and y are both irrational. 
For, the points whose. x-coordinates or whose y-coordinates 
differ from those of a branch point by a rational quantity lie 
on a denumerable set of straight lines parallel to the z- and y-axes. 
Let z; be a point in the neighborhood of the origin and not lying 
on any of these lines. Then, a translation which carries z; to the 
origin carries the branch points into points whose z- and y-coordi- 
nates are both irrational. We take z; near enough to the origin 
that the branch points and boundary points lie in Qo after the 
translation. 

We now proceed to cut the region, which we shall call 4, 
into square elements by lines parallel to the z- and y-axes. 
Each cut will be made through all the superimposed sheets. We 
first cut along the sides of the square K whose vertices are 1 + 7, 
1—12z, —1+71, —1—1.. K contains Q). The exterior of K in 
each sheet is a square element lying entirely within or entirely 
without ¢. The former we shall call the elements of the first set. 
By an element we mean here and subsequently a square element all 
of whose interior and boundary points are interior points of ¢. 
There is at least one element in the first set; namely, that into 
which the point P was carried. 

We next cut up the finite sheeted region within K. Let vp 
be an integer sufficiently large that the diagonal of a square of 
side 1/y is less than the shortest distance between the points 
of the z-plane at which branch points occur. We cut the square 


Sec. 86] THE MAPPING OF FINITE-SHEETED REGIONS 215 
along sides parallel to the y-axis through the points —1 + B 
Vv 

2 ; 
—-1+ = ae and along lines parallel to the z-axis through 


—t+ =: —7t+ 2, - ++. None of the pieces into which the 


region is cut contains more than one branch point. The square 
elements resulting from this cutting lying in ¢ are the elements of 
the second set. 

We next cut up what remains of the region. We cut each 
previous square into quarters along lines joining the midpoints 
of opposite sides. The elements that result constitute the 
third set. Similarly, we divide the latter squares into quarters, 
cut up what remains of the region, and take out the elements 
of the fourth set; and so on ad infinitum. 

We now adjoin the elements to form regions. Let ¢; be an 
element of the first set. Let ¢2 consist of ¢; together with all 
elements of the first and second sets that can be joined to ¢, to 
form a connected region. In general, let ¢, consist of ¢,-1 
together with all elements of the first n sets that can be joined to 
¢n—1 to form a connected region. In the process of adjunction all 
cuts separating adjacent squares of ¢, are closed up. As the 
boundary of ¢, consists of interior points there are elements 
adjoining ¢, along its boundary. The process is never brought 
to an end; and we get an infinite number of regions. 

The region ¢, is made up of a finite number of square elements. 
All branch points of the region are interior points of elements. 
For, owing to the manner of making the cuts, a point on the 
boundary of an element has either a rational z or a rational y, 
whereas at a branch point both z and y are irrational. 

Further, ¢, is simply connected. Suppose not; then ¢, 
has two or more bounding curves. Let Cy, C2 be two of these 
- curves. We can draw a curve C’ in ¢, separating C;and Cy. C’ 
divides ¢ into two parts, one of which contains no boundary 
points of ¢. Let this part contain C;, say. Then C; bounds a 
subregion S, of ¢ abutting on ¢,, and S; has no further boundary. 
In our process of cutting into elements S, is entirely divided into 
elements when or before we arrive at the n-th set; so, S; belongs to 
¢n, Which is a contradiction. 

It follows from the proposition at the beginning of this section 
that ¢, can be mapped conformally on a circle. 
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We next show that for n sufficiently large ¢, contains any 
preassigned point P; of ¢. Let P2 be a point of ¢ Py, and Pe» 
can be joined by a curve L lying entirely within ¢. Theie exists 
ad > 0 such that no point of LU can be joined to a bouadary 
point of ¢ by a line lying in ¢ and of length less than d. If n 
be taken so large that the diagonal of the square elements of the 
n-th set is less than d, Lis completely covered by elements of the 
first n sets. All these elements belong to ¢,, whence P; is an 
inner point of dn. 

In the sequence of regions ¢1, ¢2, . . . certain successive 
regions may be identical. Thus, there may be no elements of the 
n-th set that can be added to ¢n-1, so that ¢, and ¢,_; are identi- 
eal. But, after a finite number of steps, we arrive at elements 
which can be added to ¢,_1.. We now rewrite the sequence in the 
same order, but including only one of a succession of identical 
regions. The resulting sequence, 


?1, Pno) Pn3) Sig erate: 


satisfies all the conditions of Theorem 21. Hence, the limit 
region, ¢ itself, can be mapped either on a circle or on the whole 
plane exclusive of a single point. 

Suppose the latter case to hold. Then, making a linear 
transformation of the plane on which we map, ¢ can be mapped on 
the whole t-plane exclusive of t=0. Let z = g(t) be the 
mapping function. ¢(¢) is analytic in the ¢plane except at the 
origin and at the points corresponding to z = © ing. Let mbe 
large enough that ¢,, contains all the elements of the first set, 
and let S» be the map of ¢» in the tplane. Points outside S,, 
are mapped on the interior of the square K. Outside S,, then 
lz| = |o(t)| < V2. This inequality holds in the neighborhood 
of the origin; so, the function is analytic at the origin if properly 
defined there. The function z = g(t) maps the neighborhood of 
the origin on a plane sheet or on a finite number of sheets con- 
taining a branch point according as ¢’(0) # 0 or g’(0) = 0. In 
either case, ¢ = 0 goes into a single point; and ¢ has a single 
boundary point. As this is contrary to the hypothesis that ¢ 
has more than one boundary point, it follows that ¢ is mapped on 
a circle. 

87. Conformal Mapping and Groups of Linear Transformations. 
We close this chapter with examples of the connection between 
conformal mapping and groups of linear transformations. 
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The ideas here introduced are fundamental in the developments of 
the following chapter. 

Let the simply connected plane strip in Fig. 66 be formed 
by the adjunction of regions 2, each of which is carried into an 
abutting region by the translation Z’ = Z +h. Let the strip be 
mapped on the unit circle Qo in the z-plane (Fig. 67), S, being the 
map of 2p. 


Fig. 66. 


The strip—call it ¢—has a group of conformal transformations 
into itself; namely, the group Z, = Z + nh. What can be said 
of the relation between the corresponding points z and 2, in 
Qo? If we carry zto Z, Z to Z,, and Z,, to Zn, we have a sequence 
of three conformal transformations. Hence, the correspondence 
between z and z, sets up a conformal transformation; whence, 
2n = T,(z), where 7,(z) is analytic. Further, in this sequence 
of mappings Q, is mapped on ¢, ¢ on itself, and ¢ on Qj; that 


| oS 


Ihe, (ohn Fig. 68. 


is, 2n = T(z) maps Q conformally on itself. It follows from 
Theorem 24, Sec. 12, that 7’, is a linear transformation. 

We find readily that the transformations 7’, satisfy both 
group properties. Also, the group is properly discontinuous, 
since each transformation, other than the identical transfor- 
mation, carries Sy outside itself. In fact, the group is the cyclic 
group generated by 7T;. A fundamental region for the group is 
So together with the inverse of So in Qo. 
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We now get a similar group in a different way. Consider the 
ring-shaped region lying between two curves in the Z-plane. 
Let the region be rendered simply connected by means of a 
cut connecting the boundaries. Call the severed region Zo 
(Fig. 68). Now, let us provide ourselves with an infinite number 
of copies of D» and use them to build up an infinitely sheeted 
region. Let one copy 2, be exactly superposed on 2p and 
joined, as in the figure, along one edge of the cut. Let another 
copy 2-; be placed below 2» and joined along the other edge 
of the cut. Similarly, a copy 22 is superposed and joined along 
the remaining free cut in 21; Y—2 is joined along the free cut in 
x_1; and so on. 

Now, the region dn, = T-»t: +: +2+--- +2, issimply 
connected and can be mapped on a circle (Theorem 23). Hence, 
by Theorem 21, the limit region ¢ can be mapped on a circle or the 
whole finite plane. In this case (Theorem 22) the mapping is 
on a circle. Let Z = f(z) map the surface spread over the 
Z-plane on Q» in the z-plane. 

The region ¢ admits a group of conformal transformations 
into itself. If 2» be placed accurately on 2,, L1 will coincide 
with Lai, 2-1 with Y,-1, and so on; and ¢ will be mapped 
conformally on itself. The transformations of ¢ for n = 0, 
+1, +2,... clearly form a group. When ¢ is transformed 
in this way the corresponding points of Qo undergo a transfor- 
mation 2, = 7,(z). By reasoning identical with that used in 
the former example, we conclude that 7, is a linear transforma- 
tion which carries Qo into itself. The transformations 7’, form 
a group isomorphic with respect to the group of transformations 
of ¢ into itself. 

Consider the mapping function Z = f(z). Let P be a point 
of ¢ and let P, be the point into which it is carried when %y is 
carried into 2,. The corresponding points z and z, satisfy the 
relation 2, = T,(z). The coordinates of P and P, are Z = f(z) 
and Z, = f(én), respectively. But, when 2 is carried into 
Zn, each point of ¢ is superposed on its original position. Hence, 
the Z-coordinate is unchanged and 

Fen) = f(@). 
That is, the mapping function is unaltered when a transforma- 
tion of the group 7’, is made. 

We can readily generalize the method of Fig. 68 and get 
much more complicated Fuchsian groups. We can take an 
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initial plane region with n boundaries and cut it into a simply 
connected region 2». We superpose copies of Yo joining along 
the edges of the cuts, to form an infinitely sheeted region which 
can be mapped on a circle and which admits a group of conformal 
transformations into itself. The details of this generalization 
offer no difficulty. 


CHAPTER IX 


UNIFORMIZATION. ELEMENTARY AND FUCHSIAN 
FUNCTIONS 


88. The Concept of Uniformization——As early in his study 
as analytical geometry and the calculus, the student of mathe- 
matics becomes acquainted with the advantages of the para- 
metric representation of curves. Thus, he finds that the circle 


W?+Z27=1 (1) 
can be represented in the parametric form 
Z = sin’ 2, W=-cos 2 (2) 
Another parametric representation of the same curve is 
22 | ei 
GE SS = 
Lite ag 1 +2? (3) 


In plotting the curve, or in evaluating integrals involving W 
and Z; that is, containing Z and 1/1 — Z?, he finds that certain 
simplifications result from the use of the parametric equations. 

Looked at from the standpoint of the theory of functions, the 
relation (1) defines W as a two-valued function of Z. In (2), 
and also in (3), both W and Z are expressed in terms of single- 
valued, or uniform, functions. We say that the functions (2), 
or (8), uniformize the function defined by (1). 

DEFINITION.—Let 


Wn Zy (4) 
be a multiple-valued function of Z; and let 
W=We€), Z=Z(z) - (5) 
be non-constant single-valued functions of z such that 
Wz) = F(Z); (6) 


then, the functions (5) are said to uniformize the function (4). 

The variable z is called the uniformizing variable. 

If there is one pair of uniformizing functions there are clearly 
infinitely many others. We have but to put z = f(t), where 


f(t) is a single-valued function of ¢, in (5), and we have, if the 
220, 
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functions exist, a pair of uniformizing functions with ¢ as the 
uniformizing variable. 

We shall be interested, primarily, in uniformization by means 
of automorphic functions. In the example given above, we note 
that the functions (2) are automorphic functions of z. 

We have found (Sec. 43) that between two simple automorphic 
functions f(z), f(z) belonging to the same group and having 
the same domain of definition, there exists an algebraic relation 
G(fi, fo) =0. If W is an algebraic function of Z defined by 
the relationG(W, Z) = 0, then the functions W = fi(z), Z = fo(z) 
uniformize the algebraic function. The converse theorem that 
any algebraic function can be so uniformized will be proved in 
the present chapter. 

Before taking up the study of this problem we turn to a brief 
discussion of Riemann surfaces and their connectivity. 

89. The Connectivity of Regions—The general algebraic 
function is defined implicitly by the equation 
Ce 2 =P We PZ) Wt ee i PZ) =, (7) 
where P,(Z), ..., Pm(Z) are polynomials, and G(W, Z) is 
irreducible. Except for certain isolated values of Z, to each 
value of Z correspond m distinct values of W. The Riemann 
surface for W as a function of Z is a closed m-sheeted two-sided 
surface with a finite number of branch points. The uniformiza- 
tion of the function depends upon the way the Riemann surface 
is joined together, and brings up the question of the connectivity 
of the surface. 

We consider regions lying on such a surface, and we suppose 
each region considered to be bounded by curves—Jordan curves, 
say. As a special case of a bounding curve, we include the 
point. Thus, the region consisting of the interior of the circle 
Q) exclusive of the origin has two boundaries, Qo and the origin. 

We shall consider the question of altering a region and of 
separating it into two or more regions by cutting it along curves. 
Except possibly at its ends, a cut shall pass only through interior 
points of the region and shall not pass twice through the same 
point. Asa cut is drawn, it severs the surface; so that two sides 
or banks of the cut belong to the boundary of the new regions 
or region. ‘These banks are considered a part of the boundary 
in making subsequent cuts, or in continuing the same cut. 

Across-cut is a cut beginning and ending inthe boundary. Thus 
in Fig. 69, where the region is bounded by the rectangle and the 
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circle, q; and q2 are cross-cuts. <A sigma cross-cut (q3) is a special 
kind of cross-cut which begins in the boundary and ends in one 
of the banks of the cut itself. A loop-cut (qs) begins at an interior 
point and ends at the initial point. A sigma cross-cut is equiva- 
lent to a loop-cut followed by a cross-cut. 

A finite-sheeted region with a boundary is called “simply 
connected”’ if every cross-cut separates it into two pieces. The 
elementary properties of such a region—for example, that the 
two pieces into which a cross-cut separates the region are them- 
selves simply connected; that a loop-cut separates the region 
into two pieces, one of which is simply connected; that the 
boundary of the region consists of a single connected set of 
points—have been considered as being probably sufficiently well 
known to the reader to be used without proof in the preceding 
chapter, and they will be taken for granted here. We shall 
devote our limited space to the derivation of certain propositions 
which are necessary for the study of regions which are not simply 
connected, and which are less likely to be already known to the 
reader. 


We shall deal only with regions with boundaries. A boundary- 
less region will be given a boundary by marking a point or by 
cutting out from the surface a small circle at some point. 

A region which can be rendered simply connected by one 
cross-cut is called “doubly connected.” In general, a region 
which can be rendered simply connected by n cross-cuts is 
(n + 1)-ply connected or of connectivity N=n+1. That 
two different systems of cuts which render the region simply 
connected contain the same number of cross-cuts is a consequence 
of the following theorem: 

TuEoreM 1.—If a region or set of regions is cut by a system of 
vy; cross-cuts into a, simply connected pieces and by a system of vo 
cross-cuts into ay simply connected pieces, then 

Vy — Q, = Vg — Qe. (8) 
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We suppose the cuts slightly deformed, if necessary (this 
does not affect the number of cuts or of pieces), so that the 
beginning or end of no cut in one system lies on a cut of the 
other system, and so that the cuts of the two systems have a 
finite number s of points of intersection. We now make both 
systems of cuts and count the number of pieces. 

Having made the first system of cuts and got a; pieces, we 
make the second system of cuts. When, in making a cut of the 
second system, we meet a cut of the first system, the cross-cut 
ends and a new cross-cut begins; so that each point of inter- 
section increases the number of cross-cuts by one. The second 
system of cuts then is a set of vz + s cross-cuts in the regions 
made by the first system of cuts. Each is a cross-cut ina 
simply connected region and increases the number of simply 
connected regions by one. We have, then, a; + ve + s simply 
connected regions as a result of the two systems of cuts. Making 
the second system of cuts first,.we have, similarly, ag + », + s 
simply connected pieces. Equating the two expressions for 
the number of pieces, 

Qin Va SS ay pe Te 8; 
from which (8) follows. 

If a; = ae in (8), then »; = 9; that is, if the number of simply 
connected pieces is the same for two systems, then the number 
of cross-cuts is the same. In particular, the number of cross-cuts 
which yield a single simply connected piece is independent of 
the way the cuts are made. 

THEOREM 2.—/f a region is divided by v cross-cuts into a simply 
connected pieces, the connectivity of the region is 

N=v—-a-+2. (9) 
If n suitably made cross-cuts result in a single simply con- 
nected piece, we have, from (8), 
y—a=n-—Il, 
whence, 
No= m1 = 97 — a + 2: (10) 

It remains to show that, under the circumstances of the theorem, 
the region is of finite connectivity; that is, that a finite number of 
cross-cuts can be made which result in a single simply connected 
piece. If the region is not simply connected, we can make a 
cross-cut, by hypothesis, which does not cut it in two. If the 
resulting region is not simply connected, we can make a second 
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cross-cut not cutting the surface in two; and so on. Let m such 
cuts be made without cutting the surface in two; and let these 
cuts have s intersections with the v cuts of the theorem (the cuts 
being deformed slightly, if necessary, as in the proof of the 
preceding theorem). These cuts superimposed on the preceding 
vy cuts amount to m + s cross-cuts in the set of a pieces; hence we 
havea + m+ spieces. Now make the m cuts first and then the 
vy +s cross-cuts. We start with one piece and each of these 
vy +s cuts adds one new piece at most; and we get » +s + 1 
pieces at most. Hence, 


atm+s<rv+s+1, mov— ai. 
H G 


wo 
ra 


F E 
(a) (b) 


Fie 70 


It follows from this inequality that, in applying the preceding 
scheme, we cut the region into a simply connected piece in a finite 
number of steps. The number of necessary cross-cuts is, then, 
from (10),n =vy—a+l1. 

THEOREM 3.—If m cross-cuts are made in a region of connec- 
tivity N without cutting it in two, the resulting region is of connec- 
tivity N — m. 

N — 1 suitable cross-cuts make the original region simply 
connected. We may use for these the given m cuts together with 
N —1—™ other cross-cuts suitably made. These latter cuts 
render the new region simply connected; hence, its connectivity 
is (N —1—m) +1, or N — m. 

TurorEeM 4.—A region of finite connectivity is of odd connectivity 
af it has an odd number of boundaries and of even connectivity if it 
has an even number of boundaries. 

We show first that a cross-cut increases or decreases the number 
of boundaries by one. Consider, first, the ordinary cross-cut 
(Fig. 70 (a)). If the cross-cut joins points on two different 
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boundaries, CG ... HA and BF... HD (each traced in a 
positive sense, that is, with the region on the left), then we 
have, after the cut, the single boundary CG...HABF... 
HDC; and the number of boundaries is decreased by one. If the 
cross-cut joins points on the same boundary CG... HDBF 
. . . HA, then we have, after the cut, two boundaries, CG. . . 
HDC and BF ... EAB; and the number of boundaries is 
increased by one. 

In the case of a sigma cross-cut (Fig. 70 (6)), the inner bank of 
the loop forms a new boundary, whereas the remaining banks of 
the cut combine with the boundary from which the cut issued to 
form a single boundary; hence, the number of boundaries is 
increased by one. 

Let the region have k boundaries and let n cross-cuts make it 
simply connected. The 7-th cross-cut increases the number 
of boundaries by ¢:, where e; = +1. We have as a result of 
the n cuts kK +¢«;+ -+- +, boundaries. But, at the end, 
there is a simply connected piece with a single boundary; so 
the connectivity N is 


Ne=nt+1lentkt+at::+ +a, 
N=(1+4)+Q0dt+e)+---dAt+ea) +h. 


Each term in the second member, excepting the last, is even, being 
either zero or two; hence N and k are both even or both odd, 
which was to be proved. 

Turorem 5.—The Riemann surface of an algebraic function is 
of finite and odd connectivity. 

The surface is a closed region with a finite number of sheets 
and of branch points. In determining the connectivity, we first 
mark a point or cut a small hole in the surface to give it an 
initial boundary. According to Theorem 4, the connectivity is 
odd, provided it is finite. We have merely to show that the sur- 
face can be divided into simply connected pieces by a finite num- 
ber of cross-cuts. 

It may be remarked that in cutting a region into simply 
connected pieces, we may put in a finite number of loop-cuts 
without counting them among the cuts. For, in the process 
of cutting up the region, the loop-cut is subsequently joined to a 
boundary point. Now the loop-cut and the cross-cut joining it 
to the boundary are equivalent to a single sigma cross-cut; 
so we need only count the cross-cut. 


or 
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Let the surface have m sheets and s branch points. For 
convenience, let the surface be slightly deformed, if necessary, 
so that no two branch points are superposed; that is, no two have 
the same z coordinate. Let ai, a2, . . . , as be the coordinates of 
the branch points and let a be any other point. We now draw 
circles C;, .. . ,Cs,Cabouta, . . . ,ds,a, sufficiently small that 
they are exterior to one another; and we make cuts along these 
circles through all m sheets (Fig. 71, where the two-sheeted 
surface with four branch points is cut up). One of the circles at 
a is used as an initial boundary, and the piece which it encloses 
is discarded. The remaining cuts are all loop-cuts, and they 
enclose simply connected pieces. We now join C to each of the 


Fie. wae 


circles Ci, . . .., Cs by lines Zi, . . . , Ls which nowhere inter- 
sect, and we cut through the m sheets along these lines. These 
cross-cuts divide the m-sheeted region exterior to the preceding 
loop-cuts into m single-sheeted regions, each of which has a 
single boundary and is simply connected. The surface is cut into 
simply connected pieces by this finite set of cuts; hence, its 
connectivity is finite. 

We can get a formula for the connectivity. We made s 
cross-cuts in each sheet; in all v = ms cuts. At the branch 
point a; let r; sheets hang together. The neighborhood of the 
branch point is simply connected; in addition, there are m — 7; 
plane circular pieces in C;. Hence, C; contains m — r; +1 
simply connected pieces. There are m — 1 plane circular pieces 
in C. Finally, there are m pieces exterior to the circles. All 
together, then, the number of pieces is 


a=>(m—r+1)+m-1+m. 


i=1 
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The connectivity, from (9), is 


N = ms — [Z(m — r; +1) + 2m — 1] +2, 
or 
N = Xr: — 1) — 2m +3. (11) 

The quantity r; — 1 is called the “order of the branch point.” 
Since NV and 2m — 3 are odd numbers, we see that the sum of the 
orders of the branch points is necessarily even. 

As an example of the formula, consider the two-sheeted surface 
of the function 


Weil a2 ay (2 = a, (12) 


where the constants a; are distinct. The points a; are branch 
points, and in addition ~ is a branch point if nm is odd. Each 
branch point is of the first order, whence Y(r; — 1) is equal 
to the number of branch points, n orn + 1. Since m = 2, we 
have, from (11), 
N=n-lorN=n 

according as m is even or odd. If n = 1 or n = 2, the surface is 
simply connected. If n = 3 orn = 4, the connectivity is 3; the 
surface is called elliptic. If n >4, the surface is called 
hyperelliptic. 

The Genus of the Algebraic Surface-——Many properties of 
algebraic surfaces and of the functions to which the surfaces 
belong are dependent upon the connectivity. These properties 
are usually stated in terms of the genus, which is defined as 
follows: 

DeFINITION.—Let 2p + 1 be the connectivity of the surface; then 
p is called the genus of the surface. 

We recall that, since the connectivity is odd, it can always be 
written in the form 2p + 1, where p is an integer. 

There exist surfaces for which p is equal to any given positive 
integer or zero. If n = 2p+1 or n= 2p + 2 in (12), the 
connectivity is 2p + 1 and the genus is p. 

By the genus of an algebraic function is meant the genus of its 
Riemann surface. 

If p = 0, the surface is simply connected. If p > 0, it is 
multiply connected. It requires 2p cross-cuts to render the 
surface simply connected. 

From (11), we have the following formula for p: 


p = W%xX(r: — 1) — m+ 1. (13) 
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If » cross-cuts result in a@ simply connected pieces, we have, 
from (10), 
p=’ -—a+l1). (14) 


Euler’s Formula.—The formula connecting 7, V, and #, the number of 
faces, vertices, and edges, respectively, of a solid, can now be derived. We 
first make a loop-cut, around each vertex. After discarding one piece to 
supply the initial boundary, we have V — 1 pieces cut out. What remains 
is cut into F simply connected pieces by cross-cuts, # in number, along the 
edges. Formula (14) then gives 


p = WleE-—(V -1+F) +1]; 


whence, 
V+tF=E£#+2(1 — p). 


This is a generalization of Euler’s formula for the case of a solid bounded 
by a simply connected surface (p = 0): 


V+F=E#+2. 


‘On Severing the Surface—We now describe a method of 
severing the algebraic surface such that at each stage of the 
process there are never more than two boundaries. We noted in 
the proof of Theorem 4 that a cut joining points of the same 
boundary, also a sigma cross-cut, increases the number of 
boundaries by one; while a cut joining points of different bound- 
aries decreases it by one. By alternating the cuts, we get 
alternately one and two boundaries. We note that, in the former 
case, the opposite banks of the loop of the sigma cross-cut 
belong to different boundaries. 

If a cross-cut joins different boundaries and does not cut the 
surface into two pieces we can deform the cut—by the simple 
process of moving its ends along the boundaries—so that the 
cut joins any given point of one boundary to any given point of 
the other boundary and the surface is still a single piece. Simi- 
larly, we can deform any cut joining two points of the same 
boundary into a cut joining two prescribed points of that bound- 
ary. Or we can deform it into a sigma cross-cut springing from a 
prescribed point of the boundary; to do this, we move one end of 
the cut along the boundary to the prescribed point P, then move 
the other end along the boundary to P, and, thence, along a bank 
of the cut. Likewise, we can deform a sigma cross-cut into an 
ordinary cross-cut by reversing the process. 

Let P, an ordinary point of the surface, be selected as the 
initial boundary. If the surface is not simply connected, we 
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can make a cross-cut a; beginning and ending at P which does not 
cut the surface into two pieces. Let 6; be any cut joining points 
on opposite banks of a;. The cut b; does not cut the surface in 
two, the reason being that we now have a single boundary, whereas 
two pieces would have two boundaries. 

We can suppose 6b; to be so drawn that it joins points on 
opposite banks of a; at P. 

If p = 1, the surface is now simply connected. If not, we 
can draw a cross-cut a2, which does not separate the surface. 
This cut can be deformed so that 
it begins and ends at a single one 
of the boundary points at P. A 
cut be joining points on opposite 
banks of a2 does not separate the 
surface; and we can suppose the 
ends of b, are moved to P. If 
p = 2, the surface is now simply 
connected. If not, we continue 
in this manner to get cuts as, 
Oe ia.04) ses. = 4)-Gp, U9, all: begin-= 
ning and ending at P which render 
the surface simply connected. 

The boundary of the severed 
surface consists of 4p curves 
each beginning and ending at 
P; to wit, the two banks of each of the p a-cuts and the two banks 
of each of the p b-cuts. 

‘In Fig. 72, the hyperelliptic surface with six branch points 
(p = 2) is cut into a simply connected piece. The two sheets 
of the surface are joined along the three rectilinear branch lines 
of the figure. The cuts drawn with the heavy lines are in the 
upper sheet, those drawn with broken lines are in the lower 
sheet. 

90. Algebraic Functions of Genus Zero. Uniformization by 
Means of Rational Functions.—We first prove the following: 

TuEorEM 6.—An algebraic surface of genus zero can be mapped 
conformally on the whole plane. 

Let P be an ordinary point of the surface, and let a circle 
C,, with P as center and of radius r, be cut from the sheet in 
which P lies. Here, r, is to be sufficiently small that the 
piece cut out is plane. Then, the part of the surface that 


Hig. 72. 
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remains—call it ¢,—is simply connected and can be mapped 
conformally on a circle (Theorem 23, Sec. 86). We form a 
sequence of circles with radii r1, re, . . . , where Tnyi < Tn and 
lim r, = 0. There results a sequence of regions ¢1, $2, ...-, 
each of which is a subregion of the following. These regions 
satisfy the conditions of Theorem 21, Sec. 85; hence, the limit 
region ¢, which consists of the surface bounded by the single 
point P can be mapped conformally either on a circle or on the 
plane bounded by a single point. 

Suppose ¢ can be mapped on the unit circle Q) in the z-plane; 
and let z = f(Z) perform the mapping. At all points of ¢ we 
have |f(Z)| <1. Since this inequality holds, in particular, in 
the neighborhood of P the function f(Z) is analytic at P if 
properly defined there. The function is analytic at all ordinary 
points of the surface and continuous at the branch points and | 
at infinity. Hence, it is a constant,! which is impossible. 

Then ¢ can be mapped on the whole z-plane exclusive of a 
single point, which we may take to be the origin. In the neigh- 
borhood of P the mapping function z = f(Z) remains finite as 
before, and is analytic at P if properly defined there. The 
plane neighborhood of P is mapped on the plane neighborhood 
of the origin, P corresponding to the origin. Hence, ¢, together 
with its boundary P, is mapped on the whole z-plane. 

TuEorEeM 7.—Any algebraic function of genus zero can be uni- 
formized by means of rational functions. Conversely, if a function 
is uniformized by means of rational functions, it is an algebraic 
function of genus zero. 

Let 2 = f(Z) map the Riemann surface of the given algebraic 
function of genus zero on the whole z-plane. Consider the 
inverse function Z = Z(z). Z(z) is an analytic function of z 
except at the finite number of points a; in the z-plane correspond- 
ing to the points Z = © in the various sheets of the Riemann 
surface. At a;, Z(z) becomes infinite. Then Z(z) is analytic 
except for poles and is, therefore, a rational function of zg. It 
is a rational function of order m, where m is the number of 
sheets in the Riemann surface. For, an arbitrary value Zp is 
taken on m times; namely, at the points 2, 22, . — » 2m eorre- 
sponding to the points P1, Pe, ... , Pm which lie superposed 
in different sheets of the surface and have the coordinate Zp. 


1 Briefly, because, if not constant, |f(Z)| takes on its maximum value at 
some interior point, which is impossible. 
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Let W = F(Z) be the algebraic function. On the Riemann 
surface F(Z) is single valued and analytic (continuous at the 
branch points and at infinity) except at certain points where W 
becomes infinite. From the equation satisfied by W (Equation 
(7)), we see that the m values of W are finite except when P,(Z) = 
0 and possibly when Z = ©. W becomes infinite only at a 
finite number of points on the surface. On changing the variable 
to z, W = F(Z(z)) is single valued in the z-plane and analytic 
except at the points corresponding to the points on the surface 
at which W becomes infinite; at these points the function has 
poles. F[Z(z)| is then a rational function of z. The two rational 
functions, Z = Z(z) and W = W(z) = F[Z(z)], uniformize the 
algebraic function. 

Conversely, let a function W = H(Z) be uniformized by 
means of rational functions, Z = Ri(z), W = R.(z). The 
relation connecting W and Z is got by eliminating z from these 
latter equations. On clearing of fractions we have two poly- 
nomials Gi(Z, z) = 0, Ga(W, z) = 0, the eliminant of which is 
a polynomial in Z and W. Or, we can apply the method of 
Sec. 48. Since Ri(z) and R2(z) take on each value the same 
number of times in the z-plane, the reasoning of that section 
can be applied word for word to show that Ri(z) and R2(z) are 
connected by an algebraic relation. 

It remains to show that the algebraic function is of genus 
zero. Let ¢ be the Riemann surface of H(Z). To a point 
2) of the plane corresponds a single point Po(Zo, Wo) of the 
surface, although to Py» there may correspond other values 
21, 22, .. . én at which Ri(z) and R2(z) have the same values 
as at 2. If Ri'(2o) 40, the function Z = Ri(z) maps the 
neighborhood of 2) on the plane neighborhood of Po. ‘Then, to 
a curve on ¢ passing through Po, there corresponds a single curve 
passing through 2p. ; 

Now, suppose that ¢ is not simply connected. With Po as 
the initial boundary, we make an ordinary cross-cut a; not 
cutting the surface in two pieces. We suppose a, so chosen that 
it avoids those points on the surface which correspond to the 
finite number of points in the plane at which R,‘(z) = 0 and 
z= 0. Now, let P start at Py and make a circuit of a1. By 
virtue of the inverse of the function Z = R,(z), starting with 
the branch in which z = 2, 2 traces a curve \ which begins 
at 2) and ends either at 2 or at one of the points 21, . . . , 2n. 
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If the latter is the casé, let P make a second circuit around a, 
in the same sense, thus continuing the curve \ to one of the 
points 2, ... , 2n; and so on. In tracing \, we arrive, even- 
tually, at a point on the part of the curve previously traced; for 
there is but a finite number of points in the plane corresponding 
to each point of a;. Let 2’ be the first such point encountered; 
and let P’ be the corresponding point on a. If 2’ is different 
from 2, we have two different curves through 2’ which correspond 
to one curve through P’ which, as we noted above, is impossible. 
Hence z’ = 2; and ) is a simple closed curve in the z-plane. 

Let b; be a cross-cut joining opposite banks of ai at Py and 
avoiding the exceptional points mentioned above. Except at Po, 
b; nowhere meets a;. Let P trace the cut 6; repeatedly in the 
same sense, starting at Py. Then z traces a curve u, beginning 
at 2) and eventually closing at 2. Except at zo, 1 nowhere meets 
d. At 20, owing to the conformal mapping of the neighborhood 
of Py on the neighborhood of 20, the beginning and end of u are 
on opposite banks of \. But, it is impossible to join points on 
opposite banks of a closed curve in the plane by a curve which 
does not meet the closed curve. The hypothesis that ¢ is multiply 
connected is untenable. Hence, the surface is of genus zero. 

We can now find all pairs of functions which uniformize the 
algebraic function of genus zero. 

TuHroremM 8.—Let Z = Z(z), W = W(z) be uniformizing func- 
tions of an algebraic function of genus zero such that Z = Z(z) 
maps the whole z-plane in a one-to-one manner on the Riemann 
surface of the function. Then, the most general uniformizing 
uncttons are got by substituting 2 = y(t) in this pair of equations, 
where y(t) is a single-valued function of t. 

Suppose that Z = Z(t), W = W.(¢) uniformize the function. 
The two functions have the same domain of existence S, since 
the relation W,(t) = F[Z,(t)] supplies an analytic continuation 
of each function into the domain of existence of the other. 
The equations Z = Z,(t) and Z = Z(z) define z as a function of ¢, 
z= g(t). To each value of tin S corresponds a single point on 
the Riemann surface and to this point corresponds a single value 
of z. Further, g(t) does not exist outside S; for, otherwise, 
Z(t) = Z(z) = Zly(t)] can be continued analytically outside 
S, contrary to hypothesis. Hence, zis a single-valued function of 
t. It is obvious that, conversely, if we replace z by a single- 
valued function of ¢ we have a pair of uniformizing functions, 
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As an example, we find readily that the functions (3) uniformize 
the function W defined by (1) in the way mentioned in the 
theorem. Consider the uniformizing functions Z = sin t, 
W =cost. On eliminating Z from the first of these equations 
and the first equation of (3), we verify that z is a single-valued 
function of ¢. 

91. Algebraic Functions of Genus Greater than Zero. Uni- 
formization by Means of Automorphic Functions.'—If the genus 
of the surface is greater than zero, the method of the preceding 
section must be altered; for the uncut surface cannot be mapped 
on a plane region. In this case, we shall cut the surface and 
build up an infinitely sheeted region by a method akin to that 
employed in Sec. 87 (Fig. 68). 

Given an algebraic function W = F(Z) of genus p > 0. 
We represent its Riemann surface by fF. We shall render the 
surface simply connected by a system of 2p cross-cuts a, by, 

. , Gy, by, beginning and ending at an ordinary point P of the 
surface (see Fig. 72). The severed surface, which we shall 
call Fy, is a simply connected region whose single boundary is 
composed of 47 ares or sides, each of which begins and ends at P. 
These sides meet at 4p vertices—all at P—and the sum of the 
angles at the vertices is 27. 

We provide ourselves with an infinite number of copies of Fy 
and proceed to put them together in such a way that at each 
step we have a simply connected region. We start with one copy 
of F'5 which we shall designate by ¢o. Let asecond copy be super- 
posed on ¢» and joined to it along one of the 4p sides—for 
instance, one bank of a; in ¢»5 is joined to the opposite bank of a1 
in the copy. The combined region is simply connected. Let 
other copies of Fy be joined along the 4p — 1 remaining sides of 
¢o, a bank of a cut in ¢» being joined to the opposite bank of 
the same cut in the copv. Call the region formed by ¢, and the 
copies that have been adjoined along its 4p boundaries 41. 
¢; is bounded by a finite number of sides. Along each side of ¢; 
we join a new copy of Fo, the junction being made between the 
opposite banks of the same cut; and let ¢2 represent the total 
region. 

In general, ¢n41 is got by joining copies of Fy along all the 
free sides of ¢,. In applying the process, we shall close up 
other sides as follows: Whenever in passing around the bound- 

1P, Koebe, Math. Ann., vol. 67, pp. 145-224, 1909. 
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ary of a combined region we encounter one of the a- or b-cuts 
followed by the same cut, we shall join the two banks together 
and reduce the vertex separating them to an interior point. 

In Fig. 73 we show, for the surface of Fig. 72, how the regions 
{it together at P itself. We start with a particular one of the 
vertices of ¢o. The figure shows how the neighborhood of the 
vertex is filled out to form a plane sheet. The 4p vertices of do 
lie in 4p different plane sheets of the later regions. 

By continuing indefinitely the adjunction of copies of Fo 
we build up an infinitely sheeted boundaryless region ¢.' Each 
of the regions ¢, is a finitely sheeted simply connected region 
which can be mapped conformally on a circle. The region ¢, 


12 / B 
is a subregion of the region ¢,41. The sequence ¢o, ¢1, . . . is 


one to which Theorem 21, Sec. 85, applies; hence, ¢ can be mapped 
conformally either on a circle or on the whole plane exclusive of 
a single point. 

The function W = F(Z) is single valued on the surface F 
and, hence, on the severed surface Fo, or ¢9. What can be said of 
the analytic continuation of F(Z) throughout ¢? To each 
point of F’) corresponds a single Z and a single W. When a copy 
of Fo is adjoined it is so superposed that each point has the same 
Z as before. Let it also bear the same value of W as before. 
Then, the function W so defined is an analytic function (except 
for poles and branch points) in each of the copies of Fo. 

It is a principle of analytic continuation that when two func- 
tions are analytic in abutting regions and are equal at the points 

1 The rather obvious fact that there are always free sides along which to 
adjoin copies of J’) can be shown in various ways. Assume that ¢, has a 
side J joining vertices P’ and P’”’ each of which belongs to but one of the 
copies of Fy comprised in ¢,. Then, when copies of Fy are added to form 
gn+i that copy which is joined along lis not joined elsewhere. This copy has 
4p vertices of which P’ and P” belong to other copies. The remaining 
4p — 2( 2 2) vertices provide at least one side joining vertices not belonging 
to any other copy in ¢n41. Since each side of ¢» joins vertices belonging to 
but one copy, it follows by induction that ¢, has free sides; and the process 
of constructing the surface proceeds ad infinitum. 
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of the common boundary, each is the analytic continuation of 
the other. We have joined the copies of Fy) along curves at 
every point of which W has the same value in the two copies. 
Hence, the function W of one copy is the analytic continuation 
of W in the adjacent copy. The function W, or F(Z), borne by 
the copies Ff) fit together to form a function which is single 
valued and analytic, except for poles and branch points, over 
the whole surface ¢. 

It is clear from the manner of constructing the surface that 
¢ is infinitely sheeted; but the remarks just made furnish an 
independent proof of that fact. If a finite number of copies fit 
together to form a closed surface, we can map ¢ on the whole 
plane. By the use of the mapping function, we can uniformize 
F(Z) by means of rational functions after the manner of the 
preceding section. It follows that /(Z)% of genus zero, contrary 
to hypothesis. 

The Uniformization when ¢ Can Be Mapped on a Circle.—Let 
z = f(Z) be the function mapping ¢ on the unit circle Q) in the 
z-plane. Let Z = Z(z) be the inverse function. To each 
point z of Q, there corresponds, by the mapping, a single point 
P of ¢. To P are attached a unique Z and W. If z traces any 
closed path in Q,, P traces a closed curve on @, and the functions 
Z(z) and W(z) = F[Z(z)] return to their initial values. 

It is conceivable that Z(z) or W(z) can be extended analytically 
around a closed curve not lying entirely within Qo such that, on 
completing the circuit, the function has a value different from 
its initial value and so is not single valued. To prove that this 
is impossible, it suffices to show that the circle is a natural 
boundary for each function; that is, that neither function can 
be continued analytically across the circumference. Suppose 
that Z(z) can be continued analytically across the circumference; 
and let z’ be a point on the circumference at which Z(z) is ana- 
lytic and Z’(z) #0. Then Z = Z(z) maps a sufficiently small 
neighborhood s of 2’ on a plane region S of the Z-plane. Let 
z be a point of s lying in Qp, and let P be the corresponding point 
of . The function z = f(Z) maps the region S enclosing P 
on s. But this is impossible for S is a subregion of ¢, and is 
mapped on a region lying entirely within Qo. Also W(z) cannot 
be continued analytically across the circumference; otherwise, 
since Z is an algebraic function of W, Z(z) could be continued 
analytically across the circumference. 
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The two functions _ 
Z=Z(z), W=W) =F[Z@)] (15) 


are then single-valued functions of z. We see, from the definition 
of uniformizing functions, that they uniformize the function 
W=F(Z). Z and W become infinite at a finite number of 
points on each copy Fy of the severed Riemann surface. At the 
corresponding points in Qo, Z(z) and W(z) have poles. Since 
the number of copies of /’y is infinite, each of the functions has 
an infinite number of poles in Qo. 

We wish to show next that Z(z) and W(z) are automorphic 
functions. The surface ¢ admits an infinite set of conformal 
transformations into itself. If the initial region ¢o is placed 
in coincidence with any copy F’ of which ¢ is built up, the 
copies of Fy adjacent to ¢o will be carried into coincidence with 
those adjacent to /’’, and so on, the whole region ¢ being carried 
into itself. The set of transformations of ¢ into itself which 
we get by carrying ¢» into each of the copies contained in 
constitute a group. For, the succession of two transformations 
or the inverse of any is equivalent to the carrying of ¢ into a 
suitable one of the copies. 

Let P be a point of ¢ and let P, be the point into which it is 
carried by one of these rigid motions of ¢ into itself. Let z 
and z, be the corresponding points of the z-plane. We derive 
Zn from z by the process of mapping Qo on ¢, ¢ on itself, and ¢ 
on Q. The result is that Qo is mapped conformally on itself; 
hence z, = T(z), where 7’,,(z) is a linear transformation (Sec. 12, 
Theorem 24). The set of linear transformations of Qo into 
itself form a group isomorphic with the group of transformations 
of ¢. 

The points P and P,, bear the same values of Zand W. Hence, 
Z(én) = Z(z) and W(z,) = W(z). In other words, Z(z) and 
W(z) are automorphic with respect to the group 7. 

The map of any of the copies Fy) of which ¢ is composed is a 
fundamental region for the group 7',. For instance, let So be 
the map of ¢o (see Fig. 74). Each of the transformations of 
¢, other than the identical transformation, carries ¢o outside 
itself; and there exist transformations carrying ¢o into any 
adjacent copy. Hence, in the z-plane no two points of So are 
congruent, whereas any region abutting on So contains points 
congruent to points of So. So is, thus, a fundamental region 
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for the group. So is bounded by 4p sides—the maps of the 4p 
sides of ¢o. These sides are congruent in pairs, each pair being 
the maps of the opposite banks of the same a- or b-cut. 

The boundary of ¢o consists of interior points of ¢; hence, the 
boundary of So lies within Qo. If, now, we form the region 
R exterior to the isometric circles of the transformations 7',, the 
part Ro of R which lies within Q) does not extend to the circum- 
ference (Sec. 34, Theorem 17). It follows, then, from Theorem 
14, Sec. 34, that the group 7, is a Fuchsian group of the first 
kind. 

When ¢ is transformed into itself by carrying ¢o into some 
copy of Fy) other than itself, no point of ¢ remains fixed. Each 
inner point of.a copy /> is carried into an inner point of some 
other copy. A boundary point of the copy may be carried into 
another boundary point—if the copy is carried into an adjacent 
copy—but, if so, itis a different boundary point. It follows that 
no transformation 7',(#1) has a fixed point lying within Q). In 
other words, the group T, contains no elliptic transformations. 

The Uniformization when ¢ Can Be Mapped on the Finite 
Plane.—Let z = g(Z) be a function mapping ¢ on the finite 
plane. Let Z = Z,(z) be the inverse function. To each point 
z there corresponds, by the mapping, a single point P of ¢; and 
P bears a single Z and W. If z traces any closed finite path, P 
traces a closed curve on ¢; and Z,(z) and W,(z) = F[Zi(z)] 
return to their initial values. The functions 


Z=Z2i(2), W = Wil) = FIZ.()] (16) 


are single-valued functions of z which uniformize the function 
W = F(Z). Each function is analytic in the finite plane save 
for an infinite number of poles. 

Corresponding to a transformation of the group of transforma- 
tions of ¢ into itself is a transformation z, = 7T,,(z) which maps 
the finite plane on itself. It follows that 7’, is a linear transfor- 
mation with infinity as fixed point. We can prove, exactly as 
in the preceding case, that 7:(z) and Wi(z) are automorphic with 
respect to the group T’,. 

¢o is mapped on a region Sy which together with its boundary 
lies in the finite plane. So is a fundamental region for the group. 
As before, the group contains no elliptic transformations. 

We are now able to identify the group 7. The transforms 
of So cluster about no finite point; hence, infinity is the only 
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limit point of the group. All the groups with infinity as the 
sole limit point were derived in Secs. 59 and 60. The groups 
of the latter section, however, contain elliptic transformations 
and so are ruled out. There remain the simply and the doubly 
periodic groups. But the simply periodic group has no funda- 
mental region lying, together with its boundary, in the finite 
plane. Hence, the group 7’, is a doubly periodic group. 

The uniformizing functions Z,(z) and W4,(z) are elliptic 
- functions. Each is a rational function (Sec. 61) of the Weier- 
strassian functions $(z) and ’(z) connected with the doubly 
periodic group 7p. 

92. The Genus of the Fundamental Region of a Group.—So 
is a map of the severed surface ¢. If we bring the congruent 
edges of S, together (Fig. 74) to form a closed surface, we have 


Fie. 74. Ice 745), 


a surface whose points correspond in a one-to-one manner to the 
points of the uncut Riemann surface /. The two surfaces have 


the same genus, since the connectivity is invariant under con- 
tinuous deformations; if a set of cuts renders one surface simply 
connected, the corresponding cuts render the other simply 
connected. 

Derrinition.—By the genus of the fundamental region of a group 
is meant the genus of the closed region formed by bringing congruent 
sides of the region together so that congruent points coincide. 

We shall derive a formula for the genus in the case in which 
the fundamental region, before being closed, consists of a single 
simply connected piece. Let 2n be the number of sides, arranged 
in n congruent pairs, and let k be the number of cycles. When 
the region is formed into a closed surface, all the vertices of the 
i-th cycle coincide at a point P; on the surface. We now cut 
the surface into simply connected pieces as follows. We first 


Src. 93] THE CASES p=1 AND p>1 239 


draw k loop cuts about the points Pi, ... , Py, cutting out 
simply connected pieces. One of these cuts is taken as an 
initial boundary, and the piece which it encloses is discarded. 
The surface that remains outside the loop cuts can be rendered 
simply connected by cutting along the curves where congruent 
edges have been joined. These cuts give us the original region 
save for the removal of pieces at the vertices. 

Since the loop cuts are not to be counted, we have made 
vy = n cross-cuts. In addition to the k — 1 pieces at Py, ..., 
P;, we have a single other piece, so a = k. We have, then, 
from (14), 

p= (in -—k+1). (17) 


If the unclosed fundamental region is not simply connected, 
formula (17) does not hold. 

93. The Cases p = 1 and p > 1.—Consider, first, the case in 
which the infinitely sheeted region ¢ is mapped on Q». Let Ry 
be the fundamental region of the group 7, formed by means of 
isometric circles. Rp, has a finite number of sides. Let 2» be the 
map of Ry on ¢. Xp» is a fundamental region for the group of 
transformations of ¢ into itself. Hach point of do, or a congruent 
point in one of the copies of /’5, is contained in Yo; and, except on 
congruent sides, 2» contains no two congruent points. Congruent 
sides of Y» are superposed; and, if we join them to form a closed 
surface, we have an exact copy of the closed Riemann surface F’. 
The closed surface formed by joining the congruent sides of Ro 
together is a one-to-one continuous transformation of this surface 
and, hence, has the same genus as the Riemann surface. 

We now replace the ares bounding [fy by their chords to form a 
rectilinear polygon (Fig. 75); and we consider the angles in the 
two polygons. Let Ry have 2n sides and k cycles. 

Since there are no elliptic transformations in the group, 
the sum of the angles at the vertices of each cycle is 2r. Hence, 
the angles of the circular arc polygon amount to A = 2rk. The 
sum of the angles of the rectilinear polygon of 2n sides is 
B=2r(n—1). Since the latter is the greater, we have 
B-—A>O. Making use of (17), we have 


B—A =2r(n —k — 1) = 4x(p — 1) > 0,7 


whence, p > 1. 
In the case in which ¢ is mapped on the finite plane, the 
group 7’, is the doubly periodic group, A fundamental region for 
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the group is the period parallelogram (Fig. 13). We note, 
exactly as before, that ‘this fundamental region has the same 
genus as the Riemann surface’. The opposite sides of the period 
parallelogram are congruent-and there is one cycle; hence n = 2, 
k =1. We have, then, from (17), p = 1. 

The surface ¢ can be mapped conformally on the finite plane if, 
and only if, p = 1. It can be mapped conformally on the circle 
Qo if, and only if, p > 2. 

The fact that the fundamental region has on its boundary 
no limit point of the group and no fixed point of an elliptic trans- 
formation has the following consequence: Let 2p lie in the domain 
of definition of the uniformizing functions and let Po» be the 
corresponding point on the Riemann surface F. A sufficiently 
small neighborhood of z) contains no two congruent points; that 
is, no two points corresponding to the same point of Ff. The 
correspondence between the points of the z-plane in the neighbor- 
hood of 2) and the points of the Riemann surface in the neighbor- 
hood of Po is one-to-one. 

We summarize our results in the first part of the following 
theorem: 

TuHErorEM 9.—An algebraic functions can be uniformized by 
means of 

(a) Rational functions, if p = 0, 

(b) Elliptic functions, of p = 1, 

(c) Fuchsian functions of the first kind, if p > 2, 
wn such a manner that in a sufficiently small neighborhood of a 
point in the domain of existence of the uniformizing functions the 
correspondence between the points of the plane and the points of 
the Riemann surface of the algebraic function is one-to-one. 

The three cases are mutually exclusive. Further, the most 
general such pair of uniformizing functions, in each case, is got 
jrom any given pair by subjecting the uniformizing variable to a 
linear transformation. 

It is conceivable that by constructing uniformizing functions 
in some way other than by the use of the sheeted surface ¢, 
we should be able to uniformize an algebraic function in two 
of the ways stated in the theorem. Let Z = Z(z), W = W(z) be 
one pair of uniformizing functions and let S (the whole plane, 
the finite plane, or the interior of a circle) be the domain of 
existence of the functions. Let Z = Z,(t), W = W(t) be another 
pair with the domain of existence S’. Let to, be a point in S’; 
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let P(Zo, Wo) be the corresponding point on the Riemann 
surface Ff; and let 2, 21, ... be the corresponding points in 
S. The equations Z = Z(z), Z = Z(t) together with the condi- 
tion that 2 = z when t = to, define a function z = ¢o(¢) analytic 
in the neighborhood of ft). The equations define other functions 
gilt), go(t), . .. analytic at ¢ and taking on the values 2, 
22, ... at t. Each function can be extended analytically 
throughout S’; but, since for each value of ¢ the corresponding 
values of z are distinct, each of the functions is single valued 
in S’.t Hence z = g(t) is a function single valued in 8’. Inter- 
changing the réles of S and S’, the inverse of the function is single 
valued in S. 

The function z = g(t) maps S’ conformally on S. But of the 
three domains, the whole plane, the finite plane, and the interior 
of a circle, no one can be mapped conformally on the other. 
Hence S and S’ are domains of the same kind. An algebraic 
function which can be uniformized in the way stated in the 
theorem by one of the three kinds of functions cannot be so 
uniformized by either of the other two kinds of functions. 

Suppose now that S and S’ are domains of the same kind. 
Then, 2 = g(t) maps the whole plane conformally on itself, 
or the plane bounded by a point on the plane bounded by a point, 
or the interior of a circle on the interior of a circle. In each of 
these cases, 2 = gp (t) is a linear transformation, which establishes 
the final statement of the theorem. 

94. More General Fuchsian Uniformizing Functions.—In the 
preceding method, there are no elliptic or parabolic cycles. We 
now consider the possibility of uniformization by means of 
Fuchsian functions belonging to groups of the first kind without 
this restriction. We treat, first, the case p > 0. 

On the Riemann surface F of the algebraic function, let s 
points, P:, P2,..., Ps, be selected at which the mapping 
from the surface to the plane of the uniformizing variable is 
not to be one-to-one. With P; we associate an integer »; > 1 
and require that the mapping be one-to-y; in the neighborhood 
of P;. We shall admit »; = ~ as a possible value. 

Let the surface be rendered simply connected by a system of 
2p cuts beginning and ending at an ordinary point O, the cuts 
being so made that Pi, ... , P; do not lie on the boundary. 
Let P; be joined to the boundary at O by acut C;. The cuts C; 

1 Osaoop, ‘Lehrbuch der Funktionentheorie,” 2nd ed., p. 396. 
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shall have no common points except the common end point O 
(Fig. 76). The region F resulting from the 2p cross-cuts and 
the s cuts C; is simply connected. /y has 4p + 2s sides; namely, 
the opposite banks of the 2p + s cuts, and an equal number of 
vertices. 

We now provide ourselves with an infinite number of copies 
of Fy and proceed to superpose them and join them together in 
such a manner that (a) the region at each stage is simply con- 
nected; (b) in the limit region the neighborhood of O in each 
sheet is a plane piece; and (c) v; copies of /y hang together to 
form a branch point wherever P; occurs. Take one copy—call 
it do—as the initial region. We superpose copies of /) and join 


along each of the sides of ¢o (opposite banks of the same cut in 
¢o and the copy being brought together) to form ¢:. We super- 
pose copies of /’y) and adjoin along each of the sides of ¢; to form 
¢2; and so on. In this process, whenever the neighborhood 
about a point O is filled out, we join the copy which fills out the 
neighborhood along two adjacent sides and reduce O to an interior 
point. Also, when v; — 1 copies hang together at P;, the next 
copy adjoined along C; shall have both banks of its cut C; 
joined to the two free banks there, thus reducing P; to an interior 
branch point. If »; = ©, this latter situation never arises, and 
P,; is never an interior point. 

We can show, easily, as in the footnote of Sec. 91, that there 
are free sides at every step. The process of construction thus 
continues indefinitely. 

Let ¢ be the infinitely sheeted limit region of the sequence 
go, oi)... Let W =F(Z) be the algebraic function to be 
uniformized. F(Z) is asingle valued function of Z on the severed 
surface /o. If we let each point of each copy bear the same 


Sno, 94) GENERAL FUCHSIAN UNIFORMIZING FUNCTIONS 243 


values of W and Z as were originally associated with the point, 
the values of W fit together to form a function single valued 
and analytic, except for poles and branch points, on ¢. For, we 
80 superpose the copies that each point has the same Z ag in 
its original position; and we join up the copies along lines at 
which W has the same values in the copies, so that W in the 
one copy is the analytic continuation of W in the adjacent copy. 

The sequence qo, ¢1, . . . satisfies the conditions of Theorem 
21, Sec. 85; hence, @ can be mapped conformally either on Qy or 
on the finite zplane. Let Z = Z(z) be a function performing 
this mapping. 

Corresponding to the group of conformal transformations of 
¢ into itself, got by carrying one copy of /’y in ¢ into another or 
into the same copy, is a group of conformal transformations 
zn = T(z) which carry Q, into itself or the finite plane into 
itself. The set 7, is a group of linear transformations. The 
map of any copy /’) is an fundamental region for the group. 
Conversely, the map on ¢ of a fundamental region in Q, or in 
the finite plane, of the group 7’, is a region 2» which is a funda- 
mental region for the group of transformations of ¢ into itself. 
If congruent edges of 2, be brought together, we have an exact 
copy of the unsevered region /. The fundamental region in the 
plane is of genus p > 0. 

We now show that the mapping cannot be done on the finite 
plane. A reference to Secs. 59 and 60 and the figures connected 
therewith shows that the fundamental regions of all groups with 
a single limit point are of genus zero, with the exception of the 
doubly periodic group. The latter group is ruled out by the 
following considerations. Corresponding to a point P; (»; finite) 
of ¢ is an elliptic fixed point a; of order v; in the z-plane. For, 
each point in the neighborhood of a; has v; — 1 congruent 
points in the neighborhood of a;, these v; points corresponding 
to v; congruent points in different copies of /) which are joined 
together at P;. The doubly periodic group, however, contains 
no elliptic transformations. Again, if »; = ~, P; is a boundary 
point of ¢. If the group is doubly periodic, a period parallelo- 
gram is mapped on a region not extending to the boundary of 
¢; and not enclosing points in a suitably small neighborhood of 
the superposed points P;. Then there are points in the z-plane 
not having congruent points in the period parallelogram, which 
is contrary to fact. Hence, in this case also, the group is not 
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the doubly periodic group. It follows that in all cases @ can 
be mapped on Q». 

The mapping function Z = Z(z) and the function W = W(z) 
= F[Z(z)], which together uniformize the algebraic function, are 
automorphic with respect to the group 7. For, when 2 is 
carried into 7’,(z), the corresponding point P of ¢ is carried into 
a point P, at which Z and W have the same values as at P. 

TuHEorEM 10.—Let Pi, Po, . . . , Ps be points on the Riemann 
surface F of an algebraic function W = F(Z) of genus greater than 
zero. With each point P; let an integer v; > 1 be associated 
(vy; = © ts admitted). Then, the algebraic function can be uni- 
formized by means of Fuchsian functions of the first kind, 

Z= Zz), W = Wz) = FiZ@)i, (18) 
in such a manner that in a sufficiently small neighborhood of a 
point a in the principal circle of the group the correspondence 
between the points of the plane and the points of F is one-to-one, 
except when a corresponds to P;, in which case the correspondence 
is v;-to-one. 

The most general such uniformizing functions are got from 
one pair by subjecting the uniformizing variable to a linear 
transformation. 

The latter part of the theorem is proved as in the preceding 
theorem. Let the functions (18) exist in the principal circle Qo; 
and let Z = Z,(t), W = W(t) be uniformizing functions with the 
principal circle Q and with the properties stated in the theorem. 
Let t) be a point of Q; let Po(Wo, Zo) be the corresponding 
point of F; and let 2, 21, ... be the corresponding points 
of Qo. If Po is an ordinary point of F, the equations Z = Z(z) 
Z = Z,(t) define distinct function elements z = g(t), 2 = ¢i(t), 

. analytic at t and such that g(t) = 2. If Py) = P; we 
have 
Z—Zo=cole— 2)" + +++ Halt —h)yi t+ +--+ ,o9o40,d x0 
(with suitable changes in the first member if P; is a branch 
point of F or a point at ©). On solving for z, we find distinct 
function elements in this case also. Any one of these functions, 
say 2 = g(t), can be extended analytically throughout Q and is a 
single-valued analytic function of tin Q. Similarly, the inverse is 
single valued in Qo; whence, z = go(t) maps Q conformally on Qo. 
We thus have a linear transformation of the uniformizing 
variable. 
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95. The Case p = 0.—If the genus of the surface is zero, the 
initial cross-cuts are absent. From an ordinary point O, we 
draw cutsC;,...,C,toP,... , P., respectively, to form the 
severed surface Fo (as in Fig. 77). Fy has 2s sides and vertices, s 
vertices being at 9. We take an initial copy of /)>—call it 6>—and 
adjoin copies along each of its sides to form ¢;, and so on. As 
before, when »; copies lie about P;, we join up the sides to reduce 
P; to an interior point. We join up the sides about O in any 
sheet when s vertices meet there. 

If s S 4, we find readily, by the method of the footnote of. 
Sec. 91, that we can continue to adjoin copies ad infinitum. 
The limit surface ¢ of the sequence ¢o, ¢1, . . . is infinitely 
many sheeted. This will also appear presently from the fact 
that the inequality (21) cannot be satisfied. 

If s =1, the construction is impossible. It is, likewise, 
impossible if s = 2 and v1 # vy. For, two copies of Fy suffice to 
fill up the region about each verted O. Hence, each added copy 
is joined along the line P;OP.; and when the sides close up about 
one point they necessarily close up about the other. If v1 = 7, 
we get for ¢ a closed surface containing »; copies of Fo, if »; is 
finite, and an infinitely sheeted surface, if y; is infinite. 

If s = 3, we may be able to add copies ad infinitum so that ¢ 
is an infinitely sheeted surface; or the surface may close after a 
finite number of copies have been added, and ¢ is a finite-sheeted 
closed surface. 

The surface ¢ can be mapped, according to circumstances, 
on a circle, on the finite plane, or on the whole plane (the last 
if ¢ is closed). The mapping function Z = Z(z) and the function 
W = W(z) =F{Z(z)| are uniformizing functions. They are 
automorphic with respect to the group of transformations in the 
z-plane corresponding to the group of transformations of ¢ into 
itself. The group in the z-plane is a Fuchsian group of the first 
kind, a group with a single limit point at infinity, or a finite 
group, according to the mapping. We now distinguish between 
the three cases. 

Suppose that ¢ is mapped on Q; and let the fundamental 
region Ry, be formed. fo is of genus zero. On its boundary lie 
points corresponding to each of the points P;, and each such 
point belongs to a cycle of angle 27/v;. Let Ro have 2n sides 
and k cycles. Of the latter, k — s are of angle 27. We now 
compare the sum of the angles A of the fundamental region with 


‘ 
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the sum of the angles B of the rectilinear polygon formed by 
joining successive vertices of the region by straight lines (Fig. 
75). We have 


A=" 4... + 4 On(k — 8), B= 2x(n— 1), 


whence, 


Bar| ole (ee 
1 


s 


But, sitice p = 0, we have, from (17), n = k — 1; hence, 
il 
Eee ee. ee: (19) 
Vi Vs 


If the mapping is:on the finite plane, we can take a rectilinear 
polygon as fundamental region; for, we have found such funda- 
mental regions for all possible groups with infinity as the only 
limit point. Then B = A, and we have 


UN Sk eee (20) 
Vj Vs 


We have already found that in the remaining cases, namely 
those for which 


5 A ait ren (21) 
Vy Vg 


all possible solutions in integers lead to finite groups (Sec. 57), 
and, conversely, that for all finite groups the inequality is satisfied. 


Those cases in which ¢ is closed may also be determined by Euler’s 
formula. Let ¢ be deformed into the surface of a sphere. Then, the copies 
with their sides and vertices may be looked upon as the faces, edges, and 
vertices, respectively, of a solid. Let F be the number of faces. Each face 
has 2s sides; so there are F’s edges altogether. Each face has s O-vertices; 
but these meet in groups of s, giving F O-vertices in the solid. Each face 
has one P;-vertex, but these fall together in sets of »;, giving F’/»; of these 
vertices in the solid. Euler’s formula, F + V = H+ 2, then becomes 


r+|r+r(% + Ss +=)| ree 
or 


1] poppies ee ae 
Vy Vy F 


We state our results in the following theorem. We enumerate 
the possible solutions of (20) and (21) and specify the types of 
functions resulting. The proof of the last statement of the 
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theorem proceeds as in the previous theorems and will not be 
repeated here. 

TuHroreM 11.—Let P;, ...P, (s > 1) be points on the Rie- 
mann surface F of an algebraic function of genus zero. With 
each point P; let an integer v; > 1 be associated. Here v; may be 
infinite; and vy = ve if s =2. Then the algebraic function 
can be uniformized by means of automorphic functions in such a 
manner that, in the neighborhood of a point a in the domain of 
definition of the functions, the correspondence between the points 
of the plane and the points of F is one-to-one, except when a cor- 
responds to P;, in which case the correspondence is v;-to-one. 

The uniformizing functions are: 


1. Rational (polyhedral) functions, if 
(a) s = 2, vi finite; 
(6) s = 3, +e $5>1 
2. Simply periodic functions, if 
(a) s= 2) w= "o; 
(Gas = (BP yy es = 2) 3 00. 
3. Elliptic functions, if 
1,1, 
Vy V2 V3 


(a) s =3, = 1; 


(b) s=4, m1 = vp = v3 = vg = 2. 
4. Fuchsian functions of the first kind in all other cases. 


The most general such uniformizing functions are got from 
one pair by subjecting the uniformizing variable to a linear 
transformation. 

The uniformizing variables (2) at the beginning of this chapter 
fall under 2(a). The Riemann surface of W = V1 — Z? isa 
two-sheeted surface with branch points at +1. The points 
P,, Pz are at z = © in the two sheets. 

96. Whittaker’s Groups.—The following groups for the uni- 
formization of the hyperelliptic algebraic functions are due to 
Whittaker.! They appear as subgroups of groups generated 
by elliptic transformations of period two. 

In Theorem 11 let the Riemann surface of genus zero be the 
Z-plane; let the relative branch points be 

@1, €2, * * * » Copp2, DP > 1 

1 Phil. Trans., vol. 192, pp. 1-32, 1899. 
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and let »v; = 2 for all the points. The limit surface can be 
mapped on the circle Qo. é 

The initial surface ¢o is formed by cuts extending from a 
point O to the points é1, . . . , exp42 (Fig. 77, for the case p = 2). 
Any adjacent copy is joined to ¢o along the two banks of the 


e3 e2 
Fic. 77. 
cut extending from O to one of the points e;. When ¢p is placed 
upon this copy, the copy, falls on ¢o, and e; remains fixed. 
Let ¢: and the adjacent copy be mapped on regions So, S; 
in the z-plane. Either region is a fundamental region for the 


Fia. 78. 


group I’ in the z-plane corresponding to the group of conformal 
transformations of ¢ into itself got by carrying ¢» into the various 
copies composing ¢. When S, is carried by a transformation 7; 
into S;, S; is carried into S) and a point e;’ on the common 
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boundary remains fixed. 7’; is thus an elliptic transformation of 
period two with e;’ as fixed point. The transformations 7), 
T2, ... , Tx 42, which connect congruent sides of So and so 
generate the group I, are all elliptic of period two (Fig. 78). 

The automorphic function Z = Z(z)—the inverse of the map- 
ping function—maps Sp» on the whole Z-plane and so takes on 
each value once in Sp. Hence, all simple automorphic functions 
belonging to the group are rational functions of Z(z). Any 
function which can be uniformized by means of these simple 
automorphic functions, according to Theorem 7, is of genus 
zero. 

Now, let ¢o’ be the surface formed by adjoining to ¢o one 
copy of the severed Z-plane, the junction being made along 
the two banks of Oe;. The limit surface ¢ may be looked upon 
as made up of copies of this two-sheeted surface joined together 
without relative branch points. 

To the group of transformations of ¢ into itself got by carrying 
¢. into each of the copies composing ¢, there corresponds a 
group I” in the z-plane. I’ isa subgroup of [. A fundamental 
region for I’ is the map So’ of ¢o’. So’ consists of S, together 
with the adjacent region S; = 7,(S,.). The generating trans- 
formations, connecting the congruent sides of So’, are (Fig. 78) 


T 2’ = TiT2, T;' ad T,Ts, ecm Np T’ op+2 = TT oun 
I’ contains no elliptic transformations. 
Now, ¢o’ is a severed two-sheeted surface with branch points 


at €1,..., €p42. This surface is the Riemann surface for 
the two-valued function 
W? = A(Z — e1)(Z — €2) - + « (JZ — Copia). 


The coordinates (Z, W) on ¢ are simple automorphic functions, 
Z = Z(z), W = We), which uniformize this hyperelliptic 
function. 
‘97. The Transcendental Functions.—Each analytic function 
W = F(Z) (22) 
possesses a Riemann surface F spread over the Z-plane on which 
the function is single valued. The surface is got by analytic 
continuation from some element of the function. The details 
will be found in many texts on the Theory of Functions. 
The Riemann surfaces of analytic functions exhibit the greatest 
variety. The number of sheets may be finite or denumerably 
infinite. There may be branch points of finite or infinite order 
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or branch points may be absent. The function may fail to be 
analytic at isolated points or along curves, and sheets may 
contain holes, or lacunary spaces, into which the function cannot 
be continued analytically and which do not belong to the surface. 

We shall consider certain of the isolated singular points of 
the function as belonging to fF. A point in a plane sheet at 
which the function becomes infinite—a pole—shall belong to 
F. Also, we include a branch point of finite order at which the 
function is continuous or becomes infinite. All other singular 
points shall not belong to Ff, but lie on its boundary. JF consists 
of interior points. 

We shall show that it is possible to make a system of cuts, 
finite or infinite in number, in the surface / which will render 
it simply connected. 

We may suppose, without loss of generality, that all points 
of F which lie at infinity are in plane sheets. This can be 
accomplished by a linear transformation. For, the branch 
points of F are denumerable, and their Z-coordinates do not 
include all points of the Z-plane; it suffices to make a linear 
transformation carrying a point which is not the Z-coordinate 
of a branch point to infinity. We may suppose, also, that at 
each branch point, Z = X + 7zY, both X and Y are irrational. 
For, the points whose abscissas and ordinates differ by rational 
numbers from those of the branch points lie on a denumerable 
set of lines parallel to the X- and Y-axes; and we have but to 
make a translation carrying the origin to a point not lying on one 
of these lines. 

We shall now cut the surface up into square elements (Sec. 
86) after which we shall put the pieces together in such a manner 
that the resulting surface is simply connected. The component 
square elements shall lie together with their boundaries in F. We 
put aside the case in which F consists of the whole plane. 

Consider, first, the points of / at infinity. Each such point 
lies in an element (the exterior of a square) bounded by lines 
X = +n, Y =+n, where n is a positive integer. We take for 
n the minimum value such that the element belongs to F. This 
gives a finite or denumerably infinite number of elements belong- 
ing to F. 

We next cut what remains of the surface by lines X = m. 
Y =n, where m and n take on all integral values. Whatever 
plane unit squares or superposed squares winding about a single 


Src 97] THE TRANSCENDENTAL FUNCTIONS 251 


branch point as are cut out shall be exempt from further cutting. 
There is at most a denumerably infinite number. 

We divide what remains into quarter squares by lines 
X=m+%, Y=n+, and take out the square elements. 
We divide again into quarter squares, taking out the square 
elements; and so on. 

In this process, no branch point lies on the side of a square, 
for on a side either X or Y is rational. The resulting finite or 
denumerably infinite set of elements contains all points of F; 
for the neighborhood of any point of F is either a plane piece or an 
isolated branch point and is cut up when the squares are small 
enough. 

We propose, now, to put the squares back together in such 
a way that the resulting surface is simply connected. 

When two square elements abut, they have a common piece 
of straight line boundary equal in length to the side of the smaller 
square (if unequal). We shall call such a piece an edge. Two 
square elements may have several common edges if each bears a 
branch point and several sheets. Likewise, an element contain- 
ing a point at infinity and an adjacent element will have two 
common edges, if they have a common vertex. Since the number 
of sides of each square element is finite, it follows that the number 
of edges is denumerable. We can, therefore, write them in 
serial order: 

Ia, danse 7s (23) 


Let go be one of the square elements of Ff; and /,, be the 
first edge of (23) forming part of the boundary of go. We adjoin 
to go the square element abutting along the edge /,, and close up 
along this edge. If there is a common edge adjacent to [,, 
(a possibility if one element is the exterior of a square) we close 
this edge also. Call the resulting surface ¢;. We cancel from 
(23) any other common edges of the two square elements. 

In general, we form ¢, from ¢n_1 a8 follows: Let /,,, be the first 
edge of the sequence (23) which forms part of the boundary of 
¢n-1, after cancelling from the sequence each edge common 
to two elements of gn-1 which have not been joined along that 
edge. We adjoin to ¢,_1 the square element abutting along l,,,, 
closing up the edge I,,. We shall close up further edges, if possi- 
ble, in the following way: If in tracing the boundary of the new 
region we encounter any edge followed by itself, we extend the 
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line of junction by closing this edge. If an edge follows itself in 
the new boundary, we close it up, and continue the process as 
long as possible. The resulting surface is gn. 

The surface y, is simply connected. Assume that ¢,_; is 
simply connected. The line of junction made in forming ¢, is 
a cross-cut (possibly a sigma cross-cut) cutting ¢, into two 
simply connected pieces—g,_; and the added element. Hence, 
¢n is simply connected. Since gp is simply connected, the result 
follows by induction; and the limit surface 9 defined by the 
sequence 

P0, 1; $2, * * + > ho (24) 
is simply connected. 

The surface ¢9 contains all the square elements of F. Since 
F is connected, we can draw a curve in F from ¢p to any given 
element s, meeting a finite number of elements go, 81, S2, . .. , 
Sn, 8 and crossing the edges i, lx, ..., ik, separating the 
successive elements. After a finite number of steps, [,, either 


will be cancelled or will be the first uncancelled edge of (23) on 
the boundary of some gm. In either case, gm4i contains 8}. 
Similarly, se, ..., Sn, S are reached in a finite number of 
steps. 

Consider, now, the possible forms of the surface ¢o. It 
may happen that there is a finite number of square elements and 
that the surface closes up completely. Then F is of genus zero; 
and the function F(Z), having no other singularities than poles 
on F, is algebraic. 

It may happen that there is a finite number of square elements 
but that ¢) has a boundary. The function is again algebraic 
but of genus greater than zero. The boundary of ¢o constitutes 
a set of cuts in / which render it simply connected. We put 
these algebraic cases aside. 

If F contains an infinite number of square elements, the 
function is not algebraic. There are two possibilities. ) may 
have no free edges left, in which case /'( = ¢9) is simply connected. 
Or, ¢o may have free edges. In the latter case, the free edges 
constitute a system of cuts in / which render the surface simply 
connected. 

The sequence (24) is one to which Theorem 21, Sec. 85, applies; 
SO, #o can be mapped either on the unit circle Qo or on the finite 
plane. If ¢o has free edges, the mapping is certainly on a circle 
(Theorem 22, Sec. 85). 
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If ¢o has free edges, we proceed to build up a limit surface. 

Let the edges on the boundary be arranged serially 

fi, My Me, Me os + (25) 
m; and m,’ being opposite banks of the same edge. We take a 
copy of ¢o and join to ¢» so that m; in ¢o is joined to mj’ in the 
copy. We continue the junction as far as possible in each direc- 
tion by closing when an edge follows itself along the boundary. 
We then take another copy of ¢» and adjoin along the first edge of 
(25) on the boundary of the original ¢) which has not been closed 
up, extending the line of junction as before. We continue this 
process until all edges of (25) are exhausted and the original ¢o 
is completely embedded. Call the resulting surface ¢). 

We next arrange the edges bounding ¢; serially and adjoin 
copies of ¢9 around the boundary in a similar manner to form 
¢2; and so on. At each step, ¢, can be mapped on a circle. 
Hence, the limit surface ¢ defined by the sequence 


$0, $1, $2, eae? (26) 
can be mapped on the circle Q» or on the finite plane. 

Let ¢ (take ¢ = ¢ =F, if the Riemann surface is simply 
connected) be mepped on Q> or on the finite z-plane. Let 
Z = Z(z) be the inverse of the mapping function. Then the 
functions 

vine ACH W = Wz) = F[Z(z)] (27) 
are analytic except possibly for poles in Q» or in the finite plane. 
The poles of Z(z) are the points in the z-plane corresponding to 
the points at infinity on ¢; the poles of W(z) correspond to the 
points of ¢ at which F(Z) becomes infinite. 

If the mapping is on the finite plane, at least one of the func- 
tions (27) has an essential singularity at infinity. Otherwise, 
both functions would be rational and F(Z) be algebraic of genus 
zero. 

If the mapping is on Qo, at least one of the functions has a 
singularity at each point of the circumference. Suppose, on the 
contrary, that both functions are analytic at a point a on the 
circumference. The function Z = Z(z) maps a sufficiently small 
circle K enclosing a on a region K’ in the Z-plane, where K’ is 
a plane piece or is the neighborhood of a branch point of finite 
order, according as the derivative Z’(a) does not or does vanish. 
This function maps the part of K lying within Qo or a portion 
of ¢. But, W can be extended analytically throughout K’, so 
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all of K’ belongs to ¢. Then, the corresponding region K lies 
in Qo, contrary to hypothesis. 

The surface ¢ possesses a group of conformal transformations 
into itself got by carrying the initial copy ¢o into the various 
copies of ¢o of which ¢ is composed. There corresponds in the 
z-plane a group of conformal transformations carrying Q into 
itself or the finite plane into itself, and which are, therefore, 
linear transformations. This group consists solely of the 
identical transformation, if there is but one copy of ¢o. The 
functions (27) are invariant under the transformations of this 
group. 

We have established the first part of the following theorem: 

THEOREM 12.—Any transcendental function 


W = F(Z) 
can be expressed parametrically in terms of two functions 
4=Z(2), W = Wiz) (27) 


which are analytic except for poles in a domain , consisting 
either of the interior of the unit circle Qo or of the finite 2-plane, 
such that each pair of values (Z, W) satisfying the functional 
relation ts given by one or more values of z in X, and such that the 
correspondence between the points in a sufficiently small neighbor- 
hood of a point of = and the points on the Riemann surface of the 
function ts one-to-one. 

The most general functions with these properties may be got 
from one pair by subjecting z to a linear transformation. 

If the Riemann surface of the function is not simply connected, 
the functions (27) are invariant under an infinite group of linear 
transformations. 

The second paragraph of the theorem is proved in the usual 
way. 

As to the final paragraph, it is conceivable that the sequence 
(26) should break off after a finite number of steps due to the 
junction of all free edges. The mapping would still be possible, 
but the group would be finite. The group would contain an 
elliptic transformation with a fixed point 2 in 2. At 2 the 
one-to-one character of the correspondence would break down; 
so this supposition is untenable. 

The functions (27) are automorphic, according to the definition 
of Sec. 39, if they are single valued. This is the case if } consists 
of the finite plane. If, however, = consists of the interior of 
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Qo, it may be possible to extend one or both functions outside 
the circle and back again in such a way that new branches 
appear. 

For example, let F(Z) be analytic in a semicircle and have 
the boundary of the semicircle as a natural boundary. Here, 
¢o is the semicircle and it is mapped on Qo. Qo is a natural 
boundary for W(z). However, Z(z), which maps Q> on the 
semicircle, can be extended analytically across the circumference, 
and is, in fact, a two-valued function. 

As in the case of algebraic functions, it is possible to get quite 
different pairs of functions by altering the one-to-one character 
of the correspondence. We may select certain points of the 
Riemann surface at which there is to be v-to-one correspondence 
(v > 1), the correspondence being one-to-one elsewhere. We 
shall not work out the details. 


CHAPTER X 
UNIFORMIZATION. GROUPS OF SCHOTTKY TYPE 


98. Regions of Planar Character.—The preceding methods of 
uniformization have been arrived at by the mapping of simply 
connected regions. In order to be able to uniformize by means 
of automorphic functions belonging to groups whose fundamental 
regions are not simply connected, we shall now consider the 
mapping of multiply connected regions on plane regions. 

A region is said to be of planar character: if every loop-cut 
in the region separates it into two parts. This is a property 
of all plane regions. It is clear that a region which is not of 
planar character cannot be mapped in a one-to-one manner 
on, or otherwise continuously deformed into, a plane region; if 
it could, a loop-cut not cutting the original surface in two would 
be carried into a loop-cut not cutting the plane region in two, 
which is impossible. 

Let > be a finite-sheeted region with a finite number of branch 
points whose boundary consists of a finite number of closed 
curves Bi, Bo, ..., Bm. Further, let = be of planar character. 
We propose to show that 2 can be mapped conformally on a 
plane region with m bounding curves. 

As a first step, we cut 2 into a simply connected region and 
perform a preliminary mapping. We make a system of m 
regular cuts Ci, ...,Cmn. The cut C; joins an ordinary point 
O of the region to a point of B;; and the cuts are to have no 
common points other than O. The severed region 2» has a 
single boundary. We suppose the cuts so made (or the curves 
so numbered) that in passing around the boundary in the positive 
sense we encounter B,, Bs, ..., Bn in order. The region Zp 
is simply connected. If not, a cross-cut q can be made which 
does not separate 2» into two parts. If q is not already a sigma 
cross-cut, it can be deformed into one, since it joins points on 
the same boundary. If the stem of the sigma cross-cut be 
erased we have a loop-cut in Y,—and hence in 2—which does 
not separate 2, which is contrary to hypothesis, 

1 German, schlichtartig. 
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Figure 79 shows a region of planar character lying on a two-sheeted elliptic 
surface. In this surface, a loop-cut has been drawn, and the area enclosed by 
a curve B, in the upper sheet has been removed. 


We provide ourselves with copies of 2» and proceed to build 
up an infinitely sheeted surface. We take one copy as the 
initial region $0; we adjoin copies along the 2m banks of 
C; to form ¢1; we adjoin copies along the free banks of the 
cuts C; of ¢; to form ¢2; and so on. In this process, whenever 
the regions fit together to fill up the plane neighborhood about O, 


Fie. 79. 


we join up two successive banks meeting at O to reduce O to an 
inner point of the region. The region @¢, ¢1,... form a 
sequence to which Theorem 21, Sec. 85, applies. In this case, 
owing to the presence of the boundaries B;, the mapping of 
the infinitely sheeted limit surface ¢ can be made on a circle. 

We shall map the surface ¢, spread over the Z-plane, on the 
upper half of the t-plane bounded by the real axis, in such 
a manner that a point of B,, on the boundary of the initial copy 
¢o is carried to infinity. Let Z = Z(t) be the mapping function. 
The inverse function ¢ = g(Z) is single valued on ¢ provided we 
do not continue the function analytically across the boundaries 
B;. To each point of ¢, there corresponds one, and only one, 
point of the upper half ¢-plane. On the unsevered surface 2%, 
g(Z) is an infinitely many-valued function which takes on each 
value in the upper half plane once, and only once. In suffi- 
ciently small neighborhoods of a point Zp on = and of one of the 
corresponding points fp in the t-plane, the correspondence between 
the points of the surface and of the plane is one-to-one. 

Corresponding to the group of conformal transformations of ¢ 
into itself, got by carrying ¢o into any of the copies Zo of which ¢ 
is built up, we have a group of linear transformations in the 
t-plane which carry the upper half plane into itself. Let So be the 
map of ¢» (Fig. 80). A fundamental region for the group is So 
together with the reflection of So in the real axis. The group isa 
Fuchsian group of the second kind. 
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99. Some Accessory Functions.—We propose to set up certain 
functions which are single valued on ¢ and which take on equal 
values along opposite banks of each C; in ¢o. The functions 
will then be single valued on the surface 2, got by closing up 
the cuts in ¢o. In terms of the variable t we are concerned with 


So 


Co C3 ‘i 


a3) BM a@ 82 x) 8°) 
Fie. 80. 


functions which take on the same values along congruent boun- 
daries of So. The functions which we employ are set up by 
means of series and products whose convergence has already 
been established for the Fuchsian group of the second kind in 
Sec. 50. 

We use, as we have previously done, the notation t, = T,(), 
where 7, 7, . . . are the transformations of the group. Let +r 
and 7 be two inner points of So, and consider the function 


v@ = [=e (1) 


where bars indicate conjugate imaginaries. This function is 
analytic in the whole ¢-plane except for poles at the points mp 
in the upper half plane and r, in the lower half plane, and essential 
singularities at the limit points of the group on the real axis. 
It is different from zero except at the points 7, and 7,. We shall 
not be interested in its behavior in the lower half plane. At an 
ordinary point of the real axis we have 


Jt — tal = | — Tal, — [t — 0] = [t — al, 
and 
lv@)| = 1. (2) 
Consider the behavior of y(t) when a transformation 
at + b 
ih = T(t) = ct + aa ad — be = iis (8) 


of the group is made. We have 


by — Tn Uk = Hn 
vi.) = [[*—= .4+—" 


ti ae fe ti; a Mn 
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Let TT, be the inverse of 7T;; then, we can write 7, = TaK’s. 
We have (See. 1, Equation 7) 
te 


[n= Fipaoe 


OS i Ie ee ae 


and 


Ct, t= Nk’ n CTi'n + d Cnn + d 
t,) = disth Be : ape 
¥( ®) lit — Thin 6 — Nki'n CTkin = d CNk'n ar d 
Now, the set of quantities r;,-, is merely the set r, arranged in a 
different order; so we have 


es CT x =i d CNn = d _ 

Vey VO a WO, (4) 
where /7;, is a constant different from zero. Since the coefficients 
in (3) are real, we have |cr, + d| = |crn + d| and 

Lah == 1, (5) 


Let T;, T2, . . . , Tbe the transformations connecting the sides 
of So—arranged as in the figure. Considering the cycle at Oy, 


we find the relation T,, - - - T; = 1. By a repeated application 
of (4), we have y(t) = H,, - - - Hi(t); whence, 
Pia ao He 1) (6) 


We shall make repeated use of the elementary formula con- 
necting the number N of zeros and P of poles of a function f(t) 
analytic except for poles in Sy and continuous and not vanishing 
on the boundary. 


N ~P = 5-f dlog fit) = 5 [log |f(| +4 arg fle 


g,lare Sle @) 


where the boundary C of Sp is traced in the positive sense. As 
the interval b, (corresponding to B,) is traced in this sense, let 
B®) be its beginning and a its end (Fig. 80). Let h, be the 
change in arg f(t) as ¢ moves from 6B“ to a); and let y(t) be 
substituted in (7). We have N — P = 0, since there is one 
zero and one pole in So. Also, d log Y(t)|c,- = d log Y(é)]c,* 
from (4), and the integrals along two congruent sides cancel, 
being taken in opposite directions. We have then 


>| are vo |i, = Ay thet +--+ thn = 0. (8) 


We observe that H, = e*"s; so that (6) is a consequence of (8). 
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‘ 


We next set up another type of function 


— n> 
et) = [pag 8 = 12---,m-1 8) 


The point 6, is not a pole; for, since a“ and 6 are congruent 
points, there is a factor in the numerator which cancels t — B,“. 
The function is analytic in the whole plane exclusive of the limit 
points of the group. It is nowhere zero. 

At the ordinary points of the real axis y(t) is real, all factors 
being real. Each factor in (9) is then positive, with the possible 
exception of one factor. If ¢ lies in the interval 8;, a;“, 
t — a; and ¢ — 6; differ in sign and the factor is negative. 
We have, then, 


et) |, < 0, e.(t) |, > Ons. (10) 


It follows from this property that ¢,(¢) is not a constant. 
Let ¢ be subjected to the transformation T;. We have 


(t ) = tk —. an? = Ve ae! n® : CBnta™ Ge d 
sears tk ia a © (i Betn® Coty n ©? + d 

ae cBn® ate d = 8 

= el ag = Ki¢,(). (11) 


Here, each factor in the product for the constant K;,“) is real. 
Also, since —d/c is congruent to © and so lies in one of the 
intervals congruent to b,, we have, from (10), 


(eG Le = > 0. (12) 


In the same way that (6) was established, we show that 
K,K,® «+» Km® = 1. (13) 
The analogous function g(t) requires a slightly different 
definition. If we form the product in (9) with a, B(”™ at the 
extremities of b,, (b; in the figure) on the boundary of So, ¢ lies 
between a”) and 6°" except when ¢ is on the interval b» on the 
boundary of So. The result is that the factor (£ — a(™)/(t — B™) 
in (9) has always the opposite sign from that appearing in the 
previous cases, If we define ¢,,(t) by the equation 
os (m) 
Omit) = -]f,= aa 
the properties (10) to (18) all hold. 
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Since ¢,(¢) has no singularities and no zeros in the upper 
half plane, log ¢,(¢) is a single-valued analytic function in that 
domain, if we restrict ourselves to one branch of the logarithm. 
We have 

log en(t) = log |p.(O| + arg a(t) = 2 tog $= 28, (14) 
where we take the principal value of the logarithm in each 
term of the summation. We observe from Fig. 81 that the 
argument of each term in the summation is an angle lying between 
0 and 7z inclusive, and that t 
the sum of these angles does 
not exceed 7; that is, 

0 < arg ¢.(t) <7. (15) 
The inequalities hold when ¢ 
is in the upper half plane. 
When ¢ approaches a point of 
one of the intervals congruent 
to b,, one angle approaches 7 4's’ ae) 
and the rest approach 0; Fie. 81. 
when ¢ approaches a point of any other interval, all the angles 
approach zero. Hence, 


arg a(t) |, = 7, arg alt) |, =0,n#s. (16) 


(These also hold for ¢,,(¢) if we take arg(—1) = z). 

At all congruent points of the domain under consideration, 
arg ¢,(t) has the same value. From (11), we have 

arg ¢s(t) = arg Ki + arg ¢.(t) = arg ¢.(¢), (17) 

for K;,“) is real and positive and the assumption that arg K,“ = 
2nr, n #0, leads to a contradition of (15). In particular, if ¢ 
moves from 6“ to a along bs, arg ¢3(t) attains at a) the same 
value as at 6. 

Finally, the function 


Ge(t) = ett log vst) = 0, [1 log lys(t)|—argea(t)], (18) 

where a, is a real constant, has the following properties: 
IGOb,=e, |@@b,= LAs, (19) 
G.(t.) = G.(demer™, wp = log Ky, (20) 


«,) being real. The function is analytic and nowhere zero in 
the upper half plane. 
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100. The Mapping of a Multiply Connected Region of Planar 
Character on a Slit Region.'—Consider the function 


Gt) = Gi)G@r2(t) - - + Gn). (21) 
From (2) and (19) we have 
IG()|o, = e-™s. (22) 
From (4), (5), and (20) 
G(te) = G(t)em tae + ++ + ameoelm + he) (23) 
The function will take on the same values at congruent points on 
the boundary of Soifai, . . . , Gm be chosen so that the equations 
Ayo PY Spar ones aD Omoy™ + hy a 0, 
Stat, sae am (24) 
Gidea) +e <ix5 FE Gye Fig 0) 


are satisfied. 
Can these equations be satisfied? We observe, first, that 
they are not independent. Wehavefrom (13), taking logarithms, 


w,) a 5 “ete a Wm = 0. 
This, together with (8), shows that the sum of the first members 
of (24) vanishes whatever a, . . . , @m may be. The equations 


can be solved, provided the matrix of the coefficients is of rank 
ieee 

Suppose the matrix of the coefficients is of rank m — 2 or less. 
Then the m equations 


ayo? = + antag’ =O" ki= 1, = =~, ae ee 
can be solved by taking at least two of the constants arbitrarily 


and determining the remainder. Let the arbitrary a’s be chosen 
unequal. Then the function 

H(t) = Gi) - + - Gn) (26) 
has the same values at congruent points on the boundary of So. 
Also, |H(t)| = e-™s on 6,. Since not all the a’s are equal, H(t) 
is not a constant. We shall show that a function with these 
properties is impossible. 

Let H(to) = 2 be a value taken on by H(t) at an inner point fo 
which is not taken on the boundary; and let H(t) — 2 be sub- 
stituted in (7). We have P=0 and N>I1. Since H(t) 
takes on the same values at congruent points of the boundary, the 

1 Korsp, P., Acta Math., vol. 41, pp. 305-344, 1918. 
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integrals along the congruent sides cancel. As ¢ moves from B®) 
to a, zg = H(t) moves on the circle |z| = e-™** and returns to 
its starting point. There is no change in the argument; for 


arg H(t) = a, log|gi(@)| +--+ + an log |gm(é)|, 
and we see from (11) that arg H(t) is increased by 
ay log KK, + eMedia + Ge log K,™ = Aw, 6) -b apes, - Anas, 


which is zero by (25). Thus z moves about the circle and returns 
to its starting point without completing a revolution. Then 
arg [H(t) — 20], which is the angle between the line segment joining 
zo to z and the positive z-axis, suffers no alteration. We have, 
then, from (7), that N = 0, which is impossible. 

The assumption that equations (24) are inconsistent has led 
to a contradiction. It follows that the equations are consistent. 


Let ai, . . . , Gm be constants satisfying the equations. Then, 

we have, from (23), 

Chie i) Seeet Lo Ms (27) 

We have, also, 

arg G(t) = ai log lei(t)| +--+ +m log len(t)| + arg v(t); 

and, as ¢t moves from 8“ to a, the argument is increased by 
ayw,) ss eee cr Onw,\™ SF ‘DP, 


which is zero, from (24). 
We now consider the mapping of the region Sy) by the function 


ae) (28) 


As t traces the boundary of So, z traces a path of the character 
shown in Fig. 82. Ast moves from O, along Cy; to 6“, z traces a 
curve C,/ from O’, the map of O,, to a point on the circle |z| = e-™. 
As t moves from 8B“ to a“, zg moves on the circle and returns to 
its initial position without change of argument. As ¢ moves 
from a along C1+ to Oz, z retraces the curve C1’ (as a consequence 
of (27)) in the opposite direction to O’.. In a similar manner as ¢ 
continues from O, to O3, 2 moves along a curve C2’, moves along 
an arc of |z| = e-*%:, and retraces C’,’ to 0’; and so on. 

Let 2) be a point not lying on the map of the boundary in 
the z-plane; and let G(t) — 2 be substituted in Formula (7). 
We have P = 1, since the function has a pole of the first order 
at 7. As ¢ moves around the boundary of So, G(t), or z, moves 
around the curve in Fig. 82. Arg [G(t) — Zo], which is the 
angle between a segment joining the moving point z to 2) and the 
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positive z-axis, obviously returns to its original value. We have 
then, from (7), N —1=0,orN =1. The value 2 is taken on 
once, and only once, in So. 

If 2 lies on one of the curves C,’ so that 2 is taken on at a 
point to of C,-!, we deform C,~! to reduce fp to an inner point and 
make the corresponding deformation in C,+. Then, 2 no longer 
lies on the boundary in the z-plane and the preceding analysis 
holds. Each value 2, not lying on an arc 0,’, is taken on once, 
and only once, in So, if we count only one of two congruent sides 
as belonging to the region. Similarly, we count but one of the 
points O,, ..., On as belonging to So. 


Fras $2: 


Now, let 2 lie on an arc b,’; whence, 2 is taken on at a point fp 
of b,. Then, zg = G(t) maps the neighborhood of ft in the upper 
half plane on the neighborhood of 2 on the interior or exterior 
of b,’, according as z is moving counter-clockwise or clockwise 
along 0,’ as ¢ moves in a positive sense through t. It follows, 
from this, that z cannot pass twice through 2 in the same sense; 
otherwise, a value in the neighborhood of 2 and not lying on 
b,’ would be taken on twice in So, which is impossible. 

If 2 is at an end of the arc b,’, the neighborhood of f) on the 
upper side of the axis is mapped on the whole neighborhood 
of 2, exclusive of the are 6,’. The arc 6,’ cannot consist of the 
whole circle; otherwise, the two ends would coincide and a value 
in the neighborhood would be taken on twice in Sp. Finally, if 
Zo lies on b,’, the value z is taken on at no point ¢, of So not lying 
on b,. For the function maps the neighborhood of ¢, conformally 
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on the neighborhood of 29; and a nearby value is taken on twice 
in the region. 

It is clear that the are b,’ cannot consist of a single point. 
Otherwise, G(t) is constant on 6,, and, hence, is identically 
constant, which is impossible. 

We now carry the function back to the surface ¢ by means 
of the mapping function t = g(Z): 


2 = Git) = Glg(Z)] = f(Z). (29) 


The function f(Z) takes on the same values at points of C,- and 
C,* on the boundary of ¢o on opposite banks of the cut C;. 
These banks can be joined and the function remains single 
valued on the resulting surface; that is, on the original unsevered 
region >. We have a one-to-one correspondence between the 
points of 2 and the points of the z-plane which do not lie on 
the arcs b,’. . 

We shall speak of a set of arcs, each of which lies on a circle 
with center at the origin and does not consist of the whole 
circumference, as concentric slits. We have proved the first part 
of the following theorem: 

THroreM 1.—A region of planar character which has a finite 
number of sheets and of branch points and has a finite number, m, 
of bounding curves can be mapped conformally on a plane region 
bounded by m concentric slits. 

If it be required that given points Pi, P» of the region be carried 
to 0 and ~, respectively, in the plane, then the mapping is deter- 
mined save for a transformation of the plane of the form 2 = cz. 

We now prove the latter part of the theorem. If, for 7 and 
m in (1), we select the points of S) which correspond to P; and 
P», then the function (29) performs the mapping in the required 
manner. Let 2’ = fi(Z) be any other such mapping function. 
On mapping in the ¢-plane, this function is carried into a function 
of t, 2’ = fil[Z()] = G.i(), which has a pole at y and a zero at r. 
Elsewhere in Sy it has no poles or zeros; it takes on the same 
values at congruent points of the sides of So; and its absolute 
value is constant along each interval b,. The quotient G,(t)/G(é) 
has neither poles nor zeros in So. Suppose this quotient is not 
a constant. Then, it has all the properties found for H(¢) in 
Equation (26); properties which we found to be inconsistent. 
It follows that Gi(t)/G(t) = c, a constant; hence, 2’ = cz. Con- 
versely, it is obvious that if we apply any such transformation 
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to one plane map bounded by concentric slits, the points 0 and 
«© which correspond to P; and P2 remain fixed and the concentric 
slits are carried into concentric slits.1 

101. Application to the Uniformization of Algebraic Functions.’ 
We turn now to the uniformization of algebraic functions through 
the use of the mapping theorem just established. Let F be the 
Riemann surface of an algebraic function W = F(Z) of genus 
p > 0. We show, first, that we can draw p, and not more than 
p, loop-cuts in / without separating the surface. 

In the construction of the cuts explained at the end of Sec. 
89, let each of the cuts az, . . . , a, be deformed into a sigma 
cross-cut beginning at P before the corresponding b-cut is made. 
The b-cut joins opposite banks of 
the loop of the sigma cross-cut. 
The. cuts°bi,/ «a5 Op havemne 
common points; and, if we erase 
the a-cuts entirely, we have p loop- 
cuts which do not separate the 
surface. The surface with the p 
loop-cuts has 2p boundaries, 
namely, the two banks of each 
loop-cut. (Fig. 83 shows such 
loop-cuts for the surface of 
Fig. -72.) 

Suppose that p’ loop-cuts are made in F without separating 
the surface. Let O be an initial boundary point and let 2p’ 
cuts be drawn from O to the banks of the loop-cuts. The 
surface remains a single piece, for it has a single boundary. 
Since not more than 2p cuts can be made in /' without separating 
the surface—loop-cuts which are subsequently joined to the 
boundary not being counted—it follows that p’ < p. In 


1Tn his article in Acta Math., vol. 41, pp. 305-344, Korse has considered 
the possibility and the uniqueness of the mapping of multiply connected 
regions on a great variety of types of slit regions—regions bounded by radial 
slits, parallel slits, combinations of radial and concentric slits, slits lying on 
logarithmic spirals, etc. In all cases the mapping is achieved by the con- 
struction of functions based on the group 7’, of Fig. 80, the functions being 
so formed as to behave in particular ways on the boundary of So. 

The original treatment of the problem of uniformization considered in this 
chapter was based on the mapping of multiply connected regions on regions 
bounded by parallel slits. 

? Korsr, P., Math. Ann., vol. 69, pp. 1-81, 1910. Osaoopn, W. F., 
Annals of Math. (2), vol. 14, pp. 148 ff, 1913. 


Fia. 83. 
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particular, if p loop-cuts have been made without separating 
the surface, then any additional loop-cut separates it; that is, the 
surface with the p loop-cuts is of planar character. 

Let Fy) be the severed surface after p loop-cuts which do not 
separate F have been made. We may suppose that the cuts 
are of elementary character—composed of a finite number of 
analytic ares, forinstance. We take an infinite number of copies 
of Fy and build an infinitely sheeted surface. Let ¢) be the 
initial copy. We superpose 2p copies and join one along each 
boundary of ¢o, opposite banks of the same loop cut in the two 
copies being joined together. Wecallthe resulting region ¢;. We 
superpose copies and join along each of the free boundaries of 
¢1 to form ¢2, and so on, ¢,41 being formed from ¢, by adjoining 
copies of Fo along the free boundaries of ¢,. We call the limit 


surface ¢. 

= Ss 

( @ 
0.948 -@ 
aS OS 


Fig. 84. 


Each region ¢, is of planar character and satisfies the other 
conditions of Theorem 1; hence, it can be mapped conformally on 
a plane region bounded by concentric slits. Let Pi, P. be inner 
points of ¢o, with coordinates Z1, Z2, and let them be carried 
to zero and infinity, respectively, in the mapping. If we require, 
further, that the derivative of the mapping function be unity at 
P,, the function is uniquely determined. We have, then, 

en = f,(Z), fn(Z1) = 0, fn'(Z1) = 1, fn(Z2) ae Oe (30) 
the conditions at Z,; and Z, being valid in the sheets in which P; 
and P, lie. The successive maps are of the type shown in Fig. 84 
(for p = 2). The maps of do, $1, and ¢2 are shown in the figure. 

102. A Convergence Theorem.—The direct proof of the 


convergence of the sequence f,(Z) is difficult. We shall make 
use of a general convergence theorem. This important theorem 
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could have been used to simplify a number of our earlier conver- 
gence proofs. 

THEOREM 2.—Given a finitely or infinitely sheeted region ¢ 
spread over the 2-plane, each of whose inner points lies in a plane 
sheet or is a branch point of finite order; and a sequence of regions 
$1, $2, - . » such that bn ts a subregion of dn41 and ¢ ts the limit 
region of the sequence. Let 


fil), fa(z), f(z), aN ie (31) 


be a sequence of functions such that f,(z) ts analytic in on (con- 
tinuous at the branch points and at infinity) and such that in a 
suitable neighborhood of each inner point p of ¢ the functions of the 
sequence which exist there are bounded: 


Jfn(2)| < M,, (32) 


where M , is independent of n. 
Then there exists a subsequence of (31) 


eae fa (2), en Si he et > Nk (33) 


which converges and whose limit function is analytic in the whole 
interior of ¢. Further, the sequence converges uniformly in. any 
finitely sheeted region which, together with its boundary, consists of 
inner points of >. 
Let 
Pi, P2, Ps, + * ° (34) 


be an infinite sequence of inner points of ¢ which are everywhere 
dense in ¢. Such a sequence can be formed, for example, 
from all points whose z2-coordinates have rational real and imag- 
inary parts. All rational points in the plane are denumerable; 
so, likewise, are all the rational points in a region with a finite 
or a denumerably infinite number of plane sheets. Thus, the 
rational points of ¢ are denumerable and can be arranged in a 
sequence. 

Consider the values of the functions (31) at p;. This point 
lies in one of the regions ¢,, and in all succeeding regions of the 
sequence. Then the quantities 


Sm(P1), fmis(p1)) + + + (35) 


1 For a general treatment of theorems of this type see the recent volume 
of P. Montel, Legons sur les familles normales de fonctions analytiques, 
Paris, 1927. 
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exist, and, from (32) are bounded. They have then at least one 
cluster point Ai; and we can choose a subsequence of (35) 


nai Dilad mya ils Imre Di) Po Py eases > M1,k (36) 


which converges to the value A;. We have now found a sub- 


sequence of (31) 
Fry (2), Fmyo(2), fmyg(2), aaa a (87) 


which converges at p;. Any subsequence of BD will, likewise, 
converge to the value A, at px. 

Considering, next, the sequence (37) and the point po, we can 
repeat the preceding reasoning and get a subsequence of (37) 


(PA OS Pee OF 2 HU SG P Ma, ky (38) 


whose members exist at po and converge there. 
We proceed in this manner ad infinitum. From the sequence 


i PLEAm AFCA fae); Sy EL a aE) = Ms, ky (39) 
whose members exist and which converge at each of the points 
Pi, D2, Ps) - : * » Ps, We form a subsequence 

Fg 43,1) Fm, 41,9), sty Mst1yk+1 > Ms41,hk; (40) 


whose members exist and which converges at p.41. 
We now take for f,,(z) in (83) the function fn,,(z); that is, 


we take for (33) the sequence 
[PA ON Ee OMe ay ae (41) 


formed by taking the first function of (37), the second of (88) 

- , the s-th of (89), etc. Here, owing to the manner of 
construction, we have mz+41,.41 > mx. Consider any point ps; 
of (34). All functions of (41), from the s-th function on, exist at 
p, and form a subsequence of (89). Hence, the sequence (41) 
converges at p,. 

The sequence (41) which we have just constructed converges 
at all points of the set (34), these points being everywhere dense 
in ¢. We next show that it converges at all inner points of ¢ 
and that the limit function is analytic. Let p be a finite inner 
point of ¢ other than a branch point. All the functions (41), 
from a certain point on, are defined at p and satisfy the inequality 
(32) in a plane region S, enclosing p. We omit from considera- 
tion the finite number of functions of the sequence which are 
not defined in S,. Let Ci, C2 be circles with p as center and 
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lying in S,, the radii being 71, 72 where 7; < 72. We shall show 
that the sequence (41) converges uniformly in C;, which will 
establish, at the same time, the convergence and the analytic 
character of the limit function. 

Let 21, 22 be any two points within or on the boundary of 
C,. We have 


fi) 2 aoe Faye 


. = ? 
QriJCc,t — 21 QriJIC,t — 2g 


WOR Co hater Sn (t)dt 
Fs) in ees ey 


and 


Here, since 
jti—alern—-n=9, |t-ales |,Ol< Ma 


we have 
[fn(ze) — fn(z1)| < 


l2o = 21| -M, 2nre 
275? 


os g\ze —s Zl, (42) 


where g is independent of 21, 22, and n. 

Given e >0. Let p;,,---, Ds, be points of (34) in Cy 
so chosen that each point in C; is within a distance ¢/3g of one 
of the chosen points. This can be accomplished by ruling C; 
into squares of side «/6g and taking one point in each square. 
Since the sequence (41) converges at p,,, there exists an 1,’ 
such that, for the functions of the sequence, 


| fr s4.p,s4y Poy) — fnis(Ds,)| < a Ne te (43) 


Let n’ be the greatest of the numbers n;’; then, (43) holds for 
all the points p,, provided m;; > n’. Let 2 be any point within 
or on the boundary of Ci; and let ps, be one of the m chosen 
points such that |z — ps,| < «/3g. Then, we have from (42) 
and (48), when mi; > 


n’ 
WPrngas guy?) a Tmgl2)| < Nf mag pentey cn Snip, tiy Dag) | + 
|F rsee ey Den) a aden) | =F Fvvg Day.) 2 Jnn®)\ 


€ € ,€ 
SoG Nee (44) 


This inequality, which holds for all points z of C; and for all 
positive values of v, establishes the uniform convergence of the 
sequence in Cj. 


Sec. 103] THE SEQUENCE OF MAPPING FUNCTIONS 271 


If p is a finite branch point of order n, the point at infinity 
in a single sheet, or an infinite branch point, we first map the 
neighborhood of p on a single-sheeted finite region by means 
of the functions z — p = t",z = 1/t,orz = 1/t. The preceding 
reasoning then applies. 

The final statement of the theorem follows from the fact that 
a finitely sheeted region S lying, together with its boundary, 
in ¢ can be covered by a finite number of regions, such as C, 
in each of which the inequality of the type (44) holds. We 
have but to take m;; > N, where N is the greatest of the numbers 
n’ for the various regions, and (44) holds throughout S. 

103. The Sequence of Mapping Functions.—We now consider 
the mapping functions (30): 


fo(Z), fi(Z), fo(Z), Nid ts (45) 
Owing to the pole at P, we shall exclude P, from each region 
and from ¢, considering it as a boundary point. Then, the set 
of functions (45) and the regions ¢o, ¢1, - - - > ¢, satisfy all 
the conditions of Theorem 2, with the possible exception of the 
inequality (82). We show, next, that this condition is satisfied 
also. 

Let P be an inner point of ¢; and let ¢, be the first of the 
regions ¢, containing P. Then, the function z,, = fn(Z) maps 
om on a slit region S,,, P being mapped on an inner point p of 
Sm. Let = be a region which, together with its boundary, 
consists of inner points of S,, and which encloses p and the 
origin. Now, any subsequent mapping function maps ¢m on 
a plane finite region; and, if we change the variable to zm, 


én = fr(Z) = Gumem), 1 SM, (46) 


we have a function which maps S,, on a plane finite region. The 
regions S,, and are a pair of regions to which Theorem 9, 
Sec. 76, applies; and, since ¢n,m(0) = 0, ¢’n,m(O) = 1, we have 
lon m(Z)| < L in Y. On returning from the 2,-plane to the 
surface ¢, we have 

lf.(Z)| < L, n > m, (47) 
in a region >, enclosing P, 21 being the region on ¢ which was 
mapped on = in the z,,-plane. An inequality of the type (32) 
thus holds in the neighborhood of any inner point of ¢. 

It follows that there exists a subsequence of (45) 


i PAVAPREACAE 2+, Mey > Nk, (48) 
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which converges throughout ¢ and whose limit function f(Z) 
is analytic in ¢. In any finitely sheeted subregion of ¢ which 
does not reach to the boundary, the convergence is uniform. 

What can be said of the limit function f(Z)? It is not con- 
stant; for, its derivative at Pi, being the limit of the derivative 
of fn,(Z) at P:, is 1. It vanishes at Pi and at no other point 
of ¢. For, consider any other point P. Draw a circle with P; 
as center and in the plane sheet in which P; lies of radius r 
sufficiently small as not to contain P. Then, for each mapping 
function we have, from Theorem 5, Sec. 74, |fn,(P)| > 7/4. 
Hence, in the limit, |f(P)| > r/4 > 0. 

The function has a pole of the first order at Po. Let Q be a 
circle with P, as center in the plane sheet in which Pz, lies and 
of radius sufficiently small as not to include P;. The function 
1/f,(Z) is analytic in and on the boundary of Q and does not 
vanish except at P2, where it has a zero of the first order. The 
sequence 1/f,,,(Z) converges uniformly in Q. The limit function 
1/f(Z) vanishes at P., and according to Hurwitz’ theorem 
(Theorem 12, Sec. 79), it has a zero of the first order there. 
That is, f(Z) has a pole of the first order at Po. 

Finally, f(Z) takes on no value twice in ¢. Suppose the 
value a to be taken on at the two points P’, P’’; and let dm 
enclose both points. We map ¢,, on the slit region S,, by means 
of the function 2m = fn(Z), P’, P’” being carried to p’, p’’. Let 
Sn’ be the region S,, with a region about infinity excluded, the 
part removed being such that p’, p’’ are interior to S,,’. Then, 
the sequence ¢n,,m(Zm) — a (Equation (46)) converges uniformly 
in S,,’.. We deform the boundary of S,,’ slightly, if necessary, so 
that the limit function gm(Zm) — a does not vanish on the bound- 
ary. Then, applying Hurwitz’ theorem, 9m(%mn) — a@ has the 
same number of zeros in Sm’ aS Ynjz,m(@m) — a, for k sufficiently 
large. But, this latter function either has one zero or none in 
Sm’; hence, Ym(Zm) takes on the value a not more than once in 
S»’. This contradicts the hypothesis that gm(%m)—the function 
f(Z) with the variable changed—takes on the value a at p’ and 

yr 


It follows from the preceding paragraph that the function 
z= f(Z) (49) 
maps the infinitely sheeted region ¢ on a plane region V in the 
z-plane. If we restore P: to the status of an interior point— 
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the point which is carried to infinity—the boundary of V lies 
in a finite region. 

The function (49) maps ¢» on a region Vy having zero and 
infinity as interior points and bounded by 2p curves (Fig. 85). 
The copies of / which adjoin ¢o are mapped on regions adjoining 
Vo, each having 2p boundaries. The infinite number of copies 
of Fy) which form ¢ are mapped on an infinite number of regions 
which fit together to make up V. 

The surface ¢ possesses an infinite group of conformal trans- 
formations into itself; namely, the transformations got by 
carrying ¢o into each of the copies Fy of which ¢ is constructed. 
When ¢ is so transformed, the corresponding points in the 
z-plane undergo conformal and, hence, analytic transformations 
z’ = T(z), which carry V into itself. V» is a fundamental 
region for the group 7,,. We shall represent by V, the trans- 
form of Vo by T,. Then, the regions V,, the maps of the copies 
Fo, fit together to form the region V. 

The inverse of (49), Z = Z(z), and the function W = F[Z(z)] 
= W(z) are unaltered when z is subjected to the transformation 
T,. For, the points on ¢ which correspond to z and T,,(z) are 
similarly situated points on two copies of Fy) and bear the same 
values of Z and W. 

104. The Linearity of 7',.—Hitherto, we have always inferred 
the linearity of a function from the fact that it maps the whole 
plane on itself, or the plane bounded by a single point on a plane 
bounded by a point, or a circle on a circle. Here, the matter is 
not so simple; and we shall be obliged to make a preliminary 
study of the regions V,. 

We show first that the series 


2|T',’(0)|? (50) 


converges. Let C be a circle with center at the origin and 
lying in Vo. Let r beits radius. Consider the map C, of C by 
the function 7,,(z). It follows from Theorem 5, Corollary, Sec. 
74, that C,, contains, on its interior, a circle of radius 147|T,,’(0)|. 
Hence, for the area A, of C,, we have 


T 27 1(Q)|2 
ApS 16” ME ARON es 


But the regions C,, lie in a finite region and are non-overlapping; 
hence, DA, is finite. It follows that (50) converges. 
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Consider the boundaries oi, the regions V,—the infinite 
number of closed curves in Fig...85. Let h, lh, ... be the 
lengths of these curves, arranged in» Some convenient order. 
We shall prove that ior 

hy? ule oD 
converges. Let C’ be a circle with center at the origi’ and 
enclosing all the bounding curves of Vo; and let Vo’ be that 
part of Vo lying in C’. Vo’ can be embedded in a larger region 
all of whose maps by T7’,(z) 


— 


ae ors, are plane and finite; for ex- 

i, ~ ample, the region V with the 

/ =e points congruent to infinity 

rf a a6 \ removed. It follows from the 

n Te s \ deformation theorem (The- 

Oe ke \ ; orem 8, Sec. 76) that there 

\ iN rt } exists a constant M_ inde- 

\ aes ¢ pendent of mn _ such _ that 

Me Vy ys ix (taking 21 = 2, 22 = 0) 

x & yt |T’,. (z)| << M|T,’(0)|, 

Scr betel where z is any point within or 

+--—— 7 on the boundary of V,’. 
BiG Pe: Let I’ be the length of 


one of the bounding curves of Vo, and let 1,’ be the length of 
its transform by means of T',. 


We have 
Le! = [Pa'@)lldel < MIT,(O), 
and 
Ln? << MA? THO)|?: 
whence 


Dh (52) 
converges as a consequence of (50). Now, (52) contains the 
lengths of all curves congruent to l’. Vo is bounded by p non- 
congruent curves. The series (51) is the sum of p convergent 
series of the type (52), and, hence, converges. 

We shall base the proof of the linearity of 7, on the following 
theorem :! 

THEOREM 3.—Given a finite region S whose boundary T consists 
of a finite number of regular curves. Let f(z) be a function analytic 
in S with the exception of a set of points 2, and continuous on T. 


1P. Koebe, Math. Ann., vol. 69, p. 29, 1910. 
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Let it be possible to enclose the points of = in a finite number of 
regular closed curves lying in S, such that the sum of the squares of 
the lengths of the curves and also the sum of the squares of the 
oscillations of f(z) on the curves ts less than a preassigned positive 
quantity, however small. Then f(z) ts analytic throughout the whole 
interior of S, if properly defined at the points of > 

By the oscillation of f(z) on a curve is meant the maximum 
value of |f(z:) — f(22)| where z: and 2. are points on the curve. 

Let z be an interior point of S at which f(z) is, by hypothesis, 
analytic. Then there is no point of © within a certain distance 
dofz. Givene >0. Let the points of 2 be enclosed in curves 


Ci, Co, . . . , Cm, lying in S and not containing z, of lengths 
Nee. Am, ON which f(z) has the oscillations Ai, ..~. , An; 
such that 

M2 + - + + Am’? < ade, Ay? -+- +A,? < mde. (53) 


We suppose the curves taken small enough—which is clearly 
possible—that C, contains no part of I and contains no point 
within a distance d/2 of z. We have, from Cauchy’s formula, 


foe iN fat 1 > fOat (54) 


2rt Jit — 2 212 ot — 2 


the integral being taken in the positive sense around the bound- 
ary. The first member of (54) and the first term of the second 
member are independent of the e chosen; so, also, then is the 
remainder of the second member. 

Let £ be a point on C;. We have 


fat _ gap dt 4 (10 —10y, 


Crt — 2 Ce tie 2 


The first integral of the second member vanishes, since z is outside 
C,; and we have, since |f(t) — f(&)| < Ax, and |é — 2| > d/2, 


f(t)di| — 2A; 2Arx Z Aw + i? 
Ct — z d Cs re 


the final inequality being got from the algebraic inequality 
2AB < A?+ B®. Then, we have, applying (53), 


a if. aie 


|dt| = 
Ck 


D2 + SAY 
ie Te 
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Since the first member of this inequality is less than e«, where 
e may be chosen arbitrarily small, and at the same time is inde- 
pendent of ¢, it must be zero. 

We have, then, from (54) 


1 rp f(t)dt 
f@) = Die pee (55) 
The second member of (55) is analytic throughout the whole 
interior of S. It furnishes a formula for the analytic continu- 
ation of f(z) throughout the interior of S; and the theorem is 
established. 

We now consider 7',(z). This function is analytic in V 
except at a single point p which is carried to infinity by the 
transformation; at this point, the function has a pole of the first 
order. Let S be the region lying within C’, previously con- 
structed, and exterior to a circle C’’ drawn about p in the region 
V,7 in which p lies. Let © be the set of all points of the plane 
which are not interior points of V. Then T,,(z) is analytic 
within and on the boundary of S except at the points of 2. 

If we remove a finite number of curves J, of Fig. 85 (we use 
l, indifferently for the curve and for its length) we can enclose 
the points of 2 in a finite number of the curves that remain. 
T,(2) maps J, on another curve l,- of the set. Hence, the 
oscillation of 7,,(z) on l, is equal to the maximum distance 
between two points lying on /,’, which is less than the length 
of 1,7. Let « > 0 be given. Then, by removing a sufficiently 
great, but finite, number q of terms at the beginning of the 
sequence 1;, lz, ..., we can accomplish the following: (1) 
remove all curves containing p; (2) remove a sufficient number 
that those that remain satisfy the condition 


Sh <€ 
k=9 


(This is possible owing to the. convergence of (51)); and (3) 
remove a sufficient number that the transforms by T’, of those 
that remain satisfy the condition 


> he? <aGe 
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Now, let lk,, lea, . . . , li, be a finite number of the remaining 


curves which enclose the points of 2. It follows, from the two 
inequalities just established, that 
Dye <6 
pg er etre als ess eb dl 8 << e, 
The conditions of Theorem 3 are, thus, satisfied. Hence, 
T,,(2) is analytie throughout the whole interior of S. 

The function 7’,(z) is analytic in the whole z-plane except at 
the point p, where it has a pole of the first order. It follows 
that it is a linear function. 

The group 7, is a group of linear transformations. The 
uniformizing functions Z(z) and W(z) are automorphic. Each 
has a finite number of poles in the fundamental region Vo; 
namely, at the points of V») which correspond to the points of 
¢o where Z = © or W = o, 

The group is a group of Schottky type (Sec. 25). We have 
proved the first part of the following theorem: 

Turorem 4.—An algebraic function of genus p > 0 can be 
uniformized by means of automorphic functions belonging to a group 
of Schottky type in such a manner that in a sufficiently small 
neighborhood of any point a in the domain of definition of the 
uniformizing functions the correspondence between the points of the 
plane and the points of the Riemann surface is one-to-one. 

Any other such uniformizing functions can be got by subjecting 
the uniformizing variable to a linear transformation. 

Suppose we have a second pair of uniformizing functions 
Z = Z(t), W = Wilt) belonging to a group of Schottky type. 
Let 20 lie in V, let Z) = Z(2) and let to, 1, . . . be the values of ¢ 
for which Z,(¢;) = Z). From the two equations Z = Z(z) and 
Z = Z,(t) we can solve for tas a function of z,t = go(z),t = (2), 

. , wheret; = ¢;(%). Any one of these functions, ast = gp (2), 
can be extended analytically and is single valued throughout the 
whole of V. Similarly, its inverse is single valued throughout 
V’, the domain of existence of the function Z(t). Then t = go(z) 
maps V on V’. 

By considering the new Schottky group we find readily that 
DI’? converges, where /;/isthe mapin V’ofl;inV. The linearity of 
¢o(2) is then established exactly as we proved the linearity of T’,,(z). 

The limit points of the group—the boundary points of V—form 
a discrete set. A closed set of points is called “discrete”’ if, in 
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any neighborhood of any point of the set, a curve can be drawn 
which encloses the point and passes through no point of the set. 
Such a curve lying in a given neighborhood of a boundary 
point of V can be chosen from among the curves /,. 

We observe that if p = 1, the set of limit points of the group 
reduces to two points. 

105. An Extension.—We can get other automorphic uniform- 
izing functions in a simple manner by altering the one-to-one 
character of the mapping at certain points of the surface. In the 
severed surface /’, let usinsert a finite numberof systems, .. . 


‘0 


) 


= 


Pg . 
P, 
re we 
B () 


Fig. 86. BG ESin 


L,, of cuts of one of the following types: Hither ZL, shall consist 
of a pair of cuts from a point O; to two points P;, P,’, or L; shall 
consist of three cuts from O; to P;, P,’, Pi’, the systems lying 
within /) and not meeting one another (Fig. 86). In the former 
case, we associate with P,;, P,’ two integers v;, v;’, where v;’ = »;; 
and, in the latter, we associate with P;, P,’, P,’’ three integers 
vi, vi, vis’ where 


1 it 1 
a ee 
Vi Vi Vi 


Let Fy’ designate the resulting surface. 

Taking an initial copy of Fo’, we add copies of Fo’ around 
its sides and proceed to build up a limit surface ¢ in the usual 
manner. In the usual way, we close up the surface about P;, etc., 
when v; copies meet there. We then map ¢ on a region V of the 
z-plane as in the preceding section. V has a group of analytic 
transformations z’ = 7',(z) into itself. 

That this group in the z-plane consists of linear transformations 
is established without essentially altering the preceding proof. 
The convergence of 

Dh? + SL," (56) 
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where the second summation includes all maps of the cuts L,, is 
established in the same way as the convergence of (51). Now, by 
the addition of copies along a cut L; in any copy, the boundary 
closes up after the addition of a finite number of copies, as we 
found in See. 95. We can add copies until the summation (56) 
extended over the maps of the remaining boundaries is arbitrarily 
small. We can then establish the linearity of 7, as in the 
preceding section. 

The map of the initial copy Fo’, which is a fundamental 
region for the group 7’,, has the character shown in Fig. 87. The 
group is a combination group whose component groups are the 
previous group of Schottky type and the m finite groups cor- 
responding to the m systems of cuts Z;, ... , Lm. In fact, the 
Schottky group is itself a combination group formed from p 
cyclic groups. 

There arises the general question of the uniformization of 
algebraic functions by means of functions automorphic with 
respect to combination groups. Let the Riemann surface be 
severed by a preassigned finite number of separate systems of 
cuts into a region of planar character, and let copies be adjoined to 
form the limit surface ¢. ¢ can be mapped on a plane region V, 
which has a group of analytic transformations 2’ = T,,(z) into 
itself. This group results from combining the groups arising 
from each system of cuts. But, in general, the transformations 
are not linear. There remains the question whether the mapping 
of ¢ can be done in such a way that the transformations are 
linear. Such is, in fact, the case. When it is topologically 
possible to construct the surface ¢, the mapping can be done in 
such a way that the transformations of the group are linear and 
the uniformizing functions are then automorphic. For the 
treatment of this problem, whose length prevents its inclusion 
here, the reader is referred to the papers of Koebe listed in the 
Bibliography.+ 

106. The Mapping of a Multiply Connected Region of Planar 
Character on a Region Bounded by Complete Circles.—We shall 
close the chapter with a further theorem on the conformal 
mapping of multiply connected regions. 

TuEorEM 5.—A region of planar character which has a finite 
number of sheets and of branch points and has a finite number, m, 


1 In particular, ‘Uber die Uniformisierung der algebraischen Kurven III,” 
Math. Ann., vol. 72, pp. 487-516, 1912. 
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of bounding curves can be mapped conformally on a plane region 
bounded by m complete circles. 

The latter region is uniquely determined except for a linear 
transformation of the plane. 

We first map the given region on a region ¢) bounded by 
concentric slits with center at the origin in the Z-plane and then 
map ¢» on a region of the desired character. We assume that 
m > 1, the theorem having been proved for m = 1. 

We first build up an infinitely sheeted limit surface containing 
$o. Let b.’ be a slit bounding ¢o. Let ¢o be inverted in b,’ 
and let the inverse be superposed on ¢ and joined along the 
slit b,’, opposite banks being brought together. Let ¢: be the 
surface resulting from the lke addition of sheets along all 
the slits of ¢o. 

¢: is bounded by concentric slits lying in the adjoined sheets. 
Let b,’’ be one of these slits lying in a sheet F;. Let F; be inverted 
in 6,’ and the inverse be joined to F; along the slit b,’’. Let de 
be the surface resulting from the like addition of sheets along 
all the slits bounding ¢;. We continue this process of inversion 
and junction ad infinitum; and we consider the limit surface of 
the sequence 


fo, $1, 2, es ae as 


Each region ¢, can be mapped on a slit region in the z-plane. 
Let 2, = fn(Z) map ¢, so that 0 and © in ¢o go into 0 and o, 
respectively, and f,,’(0) = 1 in the first sheet ¢ 9. The condition 
(82) is fulfilled; for, we can derive the formula (47) without 
alteration in the reasoning. We have, from Theorem 2, that 
we can select from f,(Z) a convergent sequence 


Fa (Z), fal), Moe I By, 
We find, readily, by the usual application of Hurwitz’ theorem, 


that 
z= f(Z) 


maps ¢ on a plane region V in the z-plane. 

An inversion in any slit carries ¢ into itself. ¢ has a group 
of transformations into itself, alternately inversely and directly 
conformal, got by carrying ¢9 by sequences of inversions into 
the various sheets which were put together to form ¢. There 
corresponds in the z-plane a group of inversely and directly 
conformal transformations of V into itself. These transforma- 
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tions carry Vo, the map of ¢o, into the maps V, of the various 
sheets of ¢. 

The regions V, composing V are, alternately, directly con- 
formal and inversely conformal maps of V>. The former arise 
from a set of analytic transformations z, = 7',(z). We can 
show, repeating word for word the reasoning used in the deriva- 
tion of (50), that >|T7',’(0)|? converges. 

Let 1, l2, . . . be the curves bounding the various regions 
V,. These curves are the maps of the slits on ¢. Hach. sepa- 
rates a directly conformal and an inversely conformal map of 
Vo. They are, thus, all congruent to the boundaries of Vo by 
the subgroup 7,. We can then show, exactly as the convergence 
of (51) was derived from (50), that the series 

Dh,” (57) 
converges. 

We now consider the transformation carrying V>) into an 
adjacent region V; abutting along the curve /;. The transforma- 
tion may be written 


Zim, Ut), i =Z, 


where U is an analytic function of ¢ and Z is the conjugate imagi- 
nary of z. We shall indicate by bars the reflections of regions, 
lines, etc., in the real axis. Then, U maps V in the ¢-plane on 
V in the z’-plane. The function is analytic in V except at a 
point p which is carried to infinity. Let S be a region lying 
within a regular curve so drawn in Vo as to enclose all other 
regions V, and from which a small circle about p has been 
removed (the piece removed lying entirely in the region V,, in 
which p lies). Let = be the set of all points of the plane not 
interior to V. Then U(t) is analytic within and on the boundary 
of S except at the points of 2. 
Given e > 0. We can remove from the sequence 1, lo, . 
a finite number of curves so that of those that remain (1) no 
curve I, encloses p; (2) the condition =l,2 < ¢ is satisfied; and 
(3) the condition 3J,/* < ¢ is satisfied, where I,’ is the curve 
into which U carries J. We can now choose a finite number of 
these curves Pe oa sibs enclosing the points of 2. We have, 
then, _ m 
bei oe eel 2 é, 
An,’ = ae oe Ax,” << beste os Se Peg =P lef” —nes 
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The conditions of Theorem 3 are satisfied and U(¢) is analytic 
in S, if properly defined at the points of 2. 

The function U(t) is analytic in the whole ¢-plane except for 
a pole of the first order at p. It is, therefore, a linear function, 


Ed 
: cz+d 


Consider, now, the curve 1; whose points are unaltered by the 
inversely conformal transformation U(z) Let Q be a circle 
through three points a, b, c of l;. An inversion in Q followed by 
U is a linear transformation. This transformation leaves a, b, ¢ 
unaltered, and so is the identical transformation. The two 
transformations are inverse transformations; hence, U is equiva- 
lent to an inversion in Q. The fixed points are then on the 
circle Q. Each bounding curve J; is, thus, a circle, which was 
to be proved. 

The latter part of the theorem is an immediate consequence 
of the following theorem: 

Turorem 6.—If a plane region bounded by a finite number of 
complete circles be mapped conformally on a second such region, 
the mapping function is linear. 

Let Vo, bounded by the circles 1, . . . , lm, be mapped on V)’ 
bounded by the circles 1;’, ..., lm’. The mapping is con- 
tinuous on the boundary and we shall so designate the circles 
that 1,’ corresponds to J;. 

We may suppose—making preliminary linear transformations 
if necessary—that both V> and V,’ have both the origin and the 
point at infinity as interior points. The mapping function 


= fle) 


is analytic in Vo, except for a pole of the first order at the point p 
which is carried to infinity. 

Let V;, V,’ be the regions got by inverting Vo, Vo’ in the 
circles U;, l,’, respectively. Then (Theorem 19, Sec. 83) f(z) can 
be continued analytically across 1; and throughout V; and maps 
V;onV,’. We extend thus across each circle bounding Vy. The 
region got by these inversions is bounded by circles and is mapped 
on a region bounded by circles. We can extend the function 
analytically across the new circles; and so on ad infinitum. The 
limit region V in the g-plane is mapped by the function on the 
limit region V’ in the 2’-plane. 
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The region V is invariant under the group of linear trans- 
formations 7, got by making even numbers of the preceding 
inversions in the circles of the z-plane. We find here, in the usual 
way, that >|7',’(0)|? converges and thence that 2/,?2 converges, 
where 1, ls, . . . are the circumferences of the infinite number of 
circles that arise in connection with the repeated inversions. 

In a similar manner, for the corresponding circles of the 
z'-plane, the series =J,’” converges. 

Let S be the interior of a regular curve in Vo which encloses 
the bounding circles but does not contain p. Then, f(z) is analytic 
in S except for the points = of the plane which do not belong 
to V. These points can be enclosed in a finite number of circles 
i, -- > » i, such that 


be” + aad, Ne _ Ee < G Te -t. orn “i Lee eee 


It follows, from Theorem 3, that f(z) is analytic throughout S, 
if properly defined at the points of 2. 

The function f(z) is thus analytic except for a pole of the first 
order at p. It is, therefore, a linear function, which was to be 
proved. 


CHAPTER XI 
DIFFERENTIAL EQUATIONS 


107. Connection with Groups of Linear Transformations.— 
Given a linear homogeneous differential equation of the second 
order 


£7 + Pw) + Q(wn = 0, (1) 
and two linearly independent particular solutions, 
n=mw), 1 = m2(w). (2) 
Then, the general solution is 
n = Am + Bro, (3) 


where A and B are constants. The connection with the linear 
transformation arises in the following manner: Let z = 71/72 
be the quotient of the two solutions, and let 2’ = m1'/n2’ be 
the quotient of two other solutions 


m = an + bn, ne’ = cn + dnp} (4) 


, anv +.bye _ ag b 

ee @) 
If the second solutions are linearly independent, that is, if 
their ratio is not constant, we have ad — be # 0. 

If the coefficients P(w) and Q(w) are analytic at a point wo, 
all solutions of the equation are analytic at wo. There is, then, 
one, and only one, solution n(w) such that 7» and dyn/dw have 
preassigned values at wo.! A particularly simple pair of linearly 
independent solutions are those for which 


then 


dni (w dn2(wo) 
nuovo) = 0, 0) 15 paleo) = 1, 7) = 0, 6) 
Then, (3) is a solution which has the value B and whose deriva- 
tive has the value A at wo. 


1 Proofs of these well-known properties will be found in WurrrakerR and 
Warson’s “‘Modern Analysis,” chap. X, or E, L, Ince’s ‘Ordinary 
Differential Equations,” Part II. 
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If the coefficients are analytic in a region S of the w-plane, all 
solutions are analytic in S, provided S is simply connected. If, 
however, S is not simply connected, a solution may fail to be 
single valued in S. On extending the solution analytically 
around a closed curve in S which encloses a point not belonging to 
S, we may return to the starting point with a different value for 
the solution. 

We fix our attention on a pair of linearly independent solutions 
(2) in the neighborhood of a point wo at which P(w) and Q(w) 
are analytic. Let these solutions be continued analytically 
from wy, around a closed curve C which encounters no singularity 
of P(w) or Q(w) and which is such that these coefficients, when 
continued analytically along C, return to their original values 
in the neighborhood of wo. The functions 7;(w) and n2(w) remain 
solutions of (1) as we continue analytically; and, since the coeffi- 
cients are unaltered in passing around C, the new values of the 
solutions—call them 7;/(w) and 72'(w)—are solutions of (1) with 
the original coefficients. Hence, 71/(w) and 72'(w) are linear 
combinations of 7:(w) and n2(w) of the form (4). The solution 
may, of course, remain unaltered; this is certainly the case if C 
can be shrunk to a point without encountering a singularity of 
either coefficient. The ratio of the solutions z = 7:(w)/n2(w), is 
subjected to the linear transformation (5), which may, in particu- 
lar, be the identical transformation. We note that ad — be ¥ 0; 
for m/(w) and 7.’(w) are analytic continuations of linearly 
independent functions and are, therefore, linearly independent. 

THEeorEM 1.—The set of linear transformations of the ratio z2 = 
ni(w)/no(w), resulting from extending the solutions analytically from 
Wy around all possible closed curves C, such that P(w) and Q(w) return 
to their initial values in the neighborhood of wo, constitute a group. 
Let C;, C; be two contours of the type considered, and let 
2, = T,(z), 2; = T;(z) be the transformations of z resulting 
from passing around these contours. Let C be the contour got 
by tracing first C; and then C; and let 2’ = U(z) be the resulting 
transformation. On making the circuit C;, z is carried into 
2;; on continuing around C;, 2; is carried into 2’. Now, by this 
second circuit, z is carried into 2;; hence, 2; is carried into T;(z;). 
So 2’ = T,[T;(z)], or U = T;7;. The succession of any two 
transformations of the set is a transformation of the set; and 
the second group property is satisfied (Sec. 13). Again, let 
z’ = V(z) be the transformation which z undergoes when C; is 
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traced in the reverse direction. By this, 2; is carried back to 
2° that is, T:[/V@)]) =z, or V=T-*. “‘Dhe: inverse vot any 
transformation of the set belongs to the set; and the first group 
property is satisfied. 

The group may consist solely of the identical transformation. 
For example, if the coefficients are entire functions, the solutions 
are unchanged on continuing around any closed contour. Other- 
wise, the group may consist of a finite or an infinite number of 
transformations. It may or may not be discontinuous. For 

d?n 1—mdyn 
example, dw? Ie ai 
no(w) = 1. If the ratio 2 = w” be continued around a curve C 
which passes k times around the origin in the positive sense, we 
have: 2’ = e7eew + 2k) ee. ethmmy It Wn asa rational bute moles 
integer, we get an elliptic cyclic group; if irrational, we get a 
continuous group. 

If we take a different pair of independent solutions, we get 
another group. If 2, is the ratio of the second pair, we have 
from (5), 21 = G(z), where Gislinear. On passing around a curve 
C let. 2’ =-S(z), 2 = T(@). Then 2; is carried into Gi7@); 
that is, GTG—'(z1);so S = GTG"!. The group of transformations 
S is the transform of the group 7’, as explained in See. 15. 

We get no new groups if we use a different initial point wy. 
The linear relations between the various values of 2, the quotient 
of two solutions at wi, persist when we extend the functions 
analytically along a curve from w; to Wo. The group to which 
z is subjected is precisely one of the groups arising from a pair 
of solutions at wo. 


= 0 has the solutions 7:(w) = w”, 


When 7:(w), n2(w) are extended analytically around the curves C they 
undergo a set of transformations of the form (4). These transformations 
form a group, according to the definition of Sec. 18. This group is called 
by Poincaré the group of the differential equation.! This concept applies 
equally well to the linear homogeneous equation of any order 

P p-l 
On + Pu) oe to os + Py alw)4™ + Py(w)n = 0. 
Here, we have to do with >: linearly independent solutions which are sub- 
jected to a group of transformations each of which is of the form 
ne = Aum t+ ++ + aapnp, k= 1,2, °° *, p. 
Each differential equation gives rise to a unique group, if we do not count as 
distinct two groups, of which one is the transform of the other. 


1 Porncarf, H., “Sur les groupes des équations linéaires,” Acta Math., 
vol. 4, pp. 201-311. 
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108. The Inverse of the Quotient of Two Solutions.—When 
w makes the circuit C and the quotient z = 7(w)/no(w) is 
subjected to a linear transformation, we have the following 
result: Although z has been subjected to a linear transformation, 
w has its original value. That is, the inverse function w = w(z) 
is unaltered by the linear transformation. The function w(z) 
has, thus, the first important property of the automorphic 
function, that of invariance under a group of linear transforma- 
tions. In general, however, w(z) is not a single-valued function. 
The requirement that w(z) be single valued can be put in the 
following geometric form: Starting with the ratio z(w) in the 
neighborhood of a point wo, we extend the function in all possible 
ways and form its Riemann surface ® spread over the w-plane, 
making two sheets coincide in the usual manner, when they bear 
identical functions. The Riemann surface of the inverse 
function w(z) is a surface spread over the z-plane whose points 
correspond in a one-to-one manner with the points of &. This 
second surface must be plane. That is, z(w) shall not take on 
the same value at two distinct points of ®. 

THEOREM 2.—I[f the coefficients of (1) are analytic at a point wo, 
then the ratie z = i(w)/n2(w) of two linearly independent solutions 
maps the neighborhood of wo on a plane region. 

Consider, first, the two solutions which satisfy (6). We have 


nie) = we— thy + aot — we)? ~~ ~, 
n2(w) = | -- be(w — Wo)? + .-:; 
2 — Wy -- 02 (W — We)? + 
(a3 — be)(w — wo)? +--+ 3 (7) 


and, inverting the last series, 
W— Wy =2— a2? + --- (8) 


Then, w(z) is a single-valued function of z in the neighborhood 
of the point, which establishes the theorem for the two solutions 
chosen. The ratio of any other pair of solutions (4) is a linear 
function (5) of z which maps the plane region in the z-plane on 
a plane region in the z’-plane, which proves the theorem for 
any other pair. 

TurorEeM 3.—Let the coefficients of (1) be analytic in the neighbor- 
hood of w = a except at a itself. When the ratio of two linearly 
independent solutions 2 = m:(w)/n2(w) ts continued analytically 
around a closed curve C enclosing a but no other singularity of the 
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coefficients, let 2 be altered by the transformation T. Then, in 
order that the inverse function w(z) be single-valued in the neighbor- 
hood of a, tt is necessary that T be an elliptic transformation of 
angle 2r/p, where p is an integer, or a parabolic transformation. 

Suppose, first, that (5) has two fixed points and that its 
multiplier is A. It is clear that if the inverse function is single- 
valued for one pair of independent solutions, it is single-valued 
for any other pair. By taking a suitable pair of solutions we 
can have the transformation in the form 


z= Kz K #1. (9) 


For this purpose, we have merely to replace 7; and n2 by ani + Bre 
and yn, + dn2, where G = (az + 8)/(ve + 4) is a transformation 
carrying the fixed points to zero and infinity. We shall suppose 
that the transformation has the form (9) when we pass counter- 
clockwise around C. 

Let S be the region enclosed by C (Fig. 88); let S’ be this 

region exclusive of the point a; and let S’”’ be the region bounded 
by C and a line / extending from a toa 
point of C. The function z2(w) is 
nowhere 0 or «~ in S’. For, the Rie- 
mann surface ® of 2(w) has a branch 
point at a; and if 2 = 0 or z= & at 
any point, we see from (9) that when we 
make a circuit of a we have again z = 
0 or 2= ~. Then 2(w) takes on the 
same value at distinct points of 9, 
Fra, 88. which is impossible. Then, log 2, 
where we take any branch of the logarithm, is single valued in 
the simply connected region S”’. 

Let q be the change in log z as we passfrom a point P 
of J around a curve in S’’, moving counter-clockwise around 
a, to the point P again. Here, q is one of the logarithms of K 
and is independent of the position of P. In fact, gis the change 
in any branch of log 2 when we make one counter-clockwise circuit 
about ain 8’. 

We now consider the function! 


C 


2Qri 
t(w) = e2 =2?. (10) 
‘ Korsex, P., Math. Ann., vol. 67, p. 157. 
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This function takes on the same values along the opposite banks 
of 1; and, hence, is a single-valued function of win S’. Further, 
7(w) takes on no value twice in S’. We have from (10) 


2 _logr 


g at 
2(w) a e2mi — 72m. (1) 


If 7(we) = 7(w1), where w; and we are distinct points of 8’, 
then log r(we) = log r(wi) + 2nmi, where n is an integer; and 
2(We) = e™z(wi) = Kz(w,). But this is impossible, for the 
value K”z(w,) is taken on at w, in one of the sheets of ®, and we 
have a violation of the requirement that z takes on no value 
twice on ®. It follows that (10) maps S’ on a plane region 2 
in the 7-plane. 

The function (10) maps C on a closed curve C’ in the 7-plane 
As 2 moves once counter-clockwise around C, log z increases 
by qg and arg 7 increases by 27; that is, 7, in tracing C’, moves 
once counter-clockwise around the origin. The region > lies on 
the left as we make this circuit, and, hence, lies in C’. The 
function 7(w) is analytic in the neighborhood of a and is bounded, 
since 7 is restricted to lie in the interior of C’; hence, 7(w) is 
analytic at a if properly defined there. 

Let 7, be any point lying in C’. As w passes counterclockwise 
around C, 7 passes around C”’ and arg(r — 7;) increases by 
exactly 27. It follows that 7(w) takes on the value 7) exactly 
once in 8S. S is mapped in a one-to-one manner on the interior 
of C’. Now, 7(w) takes on the value 0 nowhere in S’; hence, 7(w) 
has a zero of the first order at a. We have, then, 


Tw) = ctw — a) -olw—a)?-+-.-,c¢ #0, (12) 
and 
wat ir todr + es (13) 
From (10), 
w=a+ irl ie 6) oa aa: (14) 


This is a single-valued function of z only if 277/q = p, an integer. 
Then, 
Ka eh = 6272, (15) 


Hence, if 7 has two fixed points, it is an elliptic transformation 
of the type stated in the theorem. If it has only one fixed point, 
it is, of course, a parabolic transformation. In the former case, 
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we note that ® has a branch point at a where p leaves hang 
together. Equation (14) has the form 


w= at her + cyl” + tie (16) 
1 


The relation between w and z in the case of the parabolic 
transformation can be found ina similar manner. We can choose 
a pair of solutions whose ratio undergoes the transformation 

2 = 2b) 0220) (17) 
when w makes a circuit of C. We then consider the function 
Tw) =¢e" - (18) 


This has all the properties of the function defined in (10) and 

maps S in a one-to-one manner on the interior of a closed curve 

C’ enclosing the origin in the r-plane. The relations (12) and 
(13) then follow. The former may be written 

Qrt 

r=e =¢,(w—a)+e(w—a?+---,0 40. (19) 

What can be said of the coefficients of the differential equation 

ata? We first make a simplification of the equation. If we put 


1 WwW 
-4f, P(w)dw 
7 0 (20) 


n = Fe ) 


we find readily that the equation is reduced to the form 


CL + Hw F= 0, (21) 
where 
Qulw) = Qo) — 5 E&Y) — TP cw). (22) 


The solutions of (1) are got by multiplying the solutions of (21) 
by the factor e ~The quotient of a pair of solutions is 


unaltered by the multiplication. 

We now prove the following theorem: 

THeoreM 4.—Under the conditions of Theorem 3 the function 
Q:(w) has a pole of the second order at a. 

If we differentiate the quotient of two linearly independent 
solutions 2 = ¢:(w)/f2(w) three times with respect to w and 
substitute in the expression for the Schwarzian derivative 
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D(z), using the fact that ¢1 and ¢2 satisfy (21) to simplify the 
result, we find 
dz dz ihe ee 
1 dw dw — Ge 
Oe eta) OK): (23) 


Let primes denote derivatives with respect to w. Eliminating Q, from 
oY + Qo. = 0, f2' + Qits = 0, 
and integrating, we have 
Ff" — S1be"’ = 0, Saks’ — Fife’ = A, a constant. 


Here, A # 0, since the solutions are independent. Then 


/ 
v= 4 Ppa 
gt = — PAG | Gate” _ 200) | Ags! 
623 f24 §27 F24 


On inserting these values into D(z)» we get (23). 


Suppose, first, that 7 is elliptic. We take a pair of solutions 
whose ratio z2 = ¢1/f2 undergoes the transformation (9), where 
K has the value (15). We have from (12), using (10), 

2=c(w—a)tea(w—a)?+---,a #0, 

whence, 

z= (w — a)”[e, + oo(w—a) +--+ JY? = (w— a)” o1(w). 
(24) 

We use ¢:(w), g2(w), etc., to represent functions analytic at a. 

Here, ¢:(a) #0. We now differentiate (24) and use (23) to 

find the behavior of Q;(w). We shall use the second expression 

in Equation (9), Sec. 44, for D(z). We have 


$2 = (w — ae] Foal) + (w - ante | = (w—a)r" ga(w), 
where g2(a) ¥ 0. 


log “* = ( = 1) erator 


d 
ih 
log dz _ P fis + ga(w), 
dz d AO 
1 
is log i ar 5 + ¢s(w) 
dz? dw w— a)? 
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Whence, 
2 

er ee 

Pw = 2 (w - a)? a es(w) a 4 aan ie paw) ; 
or 

1 
1— oe a 
Ow) = gap Pa + oo + onlw). (25) 


@Q:(w) thus has a pole of the second order. 
If T is parabolic, we have, from, (19) 


se log (w — a) + log [e: + ea(w—a)+--- J 
= log (w — a) +¢7(w). 
2nt dz neg 1 a dp;(w) = gs(w) ‘ 
b dw w-a dw . w—a 
log = —log (w — a) + ¢(w). 


On differentiating and substituting as before (or, we note that 
log dz/dw above reduces to the form just found if we set p = ~; 
and so we set p = © in (25)), we have 


Quw) = ge : 


Reape oe (26) 
Here, also Qi(w) has a pole of the second order. 

THEOREM 5.—If z(w) ts unaltered when extended analytically 
around the curve C of Theorem 3 and if w(z2) ts single-valued, then 
Q.(w) zs analytic at a. 

The function z(w) is analytic in 8’, with the possible exception 
of one point at which it is infinite. Hence, the function has, at 
most, an isolated singularity at a. It cannot have an essential 
singularity, for then z(w) takes on values more than once 
near a, contrary to hypothesis. So z(w) approaches a definite 
finite or infinite value at a. We can suppose, making a linear 
transformation on z if necessary, that z(w) approaches the value 
zero at a; then, if defined to be zero, there the function is analytic. 
This zero is of the first order, since, otherwise, w(z) is not single- 
valued; and we have 


2=alw—a)+e(w—a)?+--+-,a 40. 


On substituting this value in (23), we see that Q,(w) is analytic 
at a. 
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The Point at Infinity—The character of the solutions at 
infinity is studied by making the usual transformation w = 1/t. 
Making this change in the independent variable, the differential 
equation takes the form 
2. 

Peet, ‘a 
In order that the inverse of the quotient of two solutions be 
single-valued at infinity, this differential equation must satisfy 
the conditions of the previous theorems at ¢ = 0. 

109. Regular Singular Points of Differential Equations.—If 
the coefficients of (1) are analytic at a finite point a, a is called 
an “ordinary point” of the differential equation; otherwise, a 
is a “‘singular point.” Ifaisa singular point and if (w — a)P(w) 
and (w — a)?Q(w) are analytic at a, then a is called a “regular 
singular point.’”’ That is, P(w), or Q(w), or both, have poles 
at a, but P(w) cannot have a pole of higher order than the first, 
nor Q(w) a pole of higher order than the second. The point at 
infinity is called an “ordinary point” or a ‘“‘regular singular 
point”’ if ¢ = 0 is an ordinary point or a regular singular point 
of the differential equation (27). 

If the inverse of the quotient of two solutions is single-valued 
and if the differential equation be written in the form (21), 
then, all isolated singular points of the differential equation in 
the neighborhood of which Q;(w) is single-valued, are regular. 
In (1) the singular points may or may not be regular. But the 
equation can be transformed, without altering the quotients of 
solutions, into one with regular singular points. If the singular 
points of (1) happen to be regular, we find readily that the 
singular points of (21) are regular. 

We can find a pair of linearly independent solutions in the 
form of series valid in the neighborhood of a regular singular 
point in a fairly simple manner. The equation has the form 


d?n pw) dy ACD wk 
EC on omy Mane oe 


where p(w) and q(w) are analytic at a: 
Dib) =I py + pil — a) paw = a)? P=» « (29) 
Cedar gw. — 4) + @2(wi— a)? 

If we assume a solution of the form 


n= (w—a){l +a(w—-a)+ea(w—a)?+ --- 4], (80) 
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differentiate it and substitute into the differential equation, 
which may be written 
dn 
dw 

+ lgo + qi(w — a) + +> + ly = 0, (6h) 
we have a result of the following form: 
(w — a)*{ f(a) + [f(a + ler + opi + u)(w — a) 

i fe + 2)ez + ge(er)}(w — a)? + : 
[fla'-+ nes F galery, - =~ , Cail — a)™ 


(w — a)" + (w-—alp+plw-a)t+---] 


Ne }= 0, (32) 
where 

f(a) = ala = 1) =F pea = Fo, 
and ¢n(ci, . . . ,Ca-1)isarationalintegralexpressionin¢c,... , 


Cn—1, Which need not be written out. 
Equation (42) will be a formal solution if 


f(a) = a + (po — la+q=0, (33) 
fla a3 De ca ars +a = 0, 
(34) 


fla ali nes + eal Tee yeh (4 Cio) = 0, 


Equation (33) is known as the “indicial equation.” It is satis- 
fied by two values a’, a’’ which may in particular cases be equal. 
These roots are called the “exponents” of the differential 
equation at the singular point. 

Taking a = a’, the first equation is satisfied. We can then 
determine c1, C2, . . . in order, unless some f(a’ + n) chances to 
be zero; that is, unless a’ + n is equal to the second root a’’. 
This will certainly not occur if we take for a’ the root whose real 
part has the greater value, and this we shall do. We get, in this 
way, the formal solution 
mw) = (w— a)@“[Ie- ci — a) Cab! 9G) 2s Se ee 
It can be proved that the series in brackets converges uniformly 
in the neighborhood of a and that the function 71(w) is a solution 
of the differential equation.! 

Proceeding in a similar manner with the second root a’’, and sup- 
posing a’’ + n ¥ a’ for all positive integers n, we get a solution 


na(w) = (w — a)@"[1 + c1’(w — @) + e2'(w— a)? + +--+]. (36) 
We, thus, have two independent solutions except when the roots 


of the indicial equation are equal or differ by an integer. In the 
1 See WHITTAKER and Watson, “Modern Analysis,” 2nd ed., p. 193. 
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former case, the two solutions are identical; in the latter the 
method of forming the series breaks down, except when 
@n(C1, - » » y Cn-1) happens to vanish when f(a’’ + n) = 0. 

In any case, if we know one solution, the differential equation 
can be solved by quadratures, so we have no difficulty in finding a 
second solution in these exceptional cases. Writing 

n= mg, (37) 
we find the following differential equation for ¢: 
dni 


ae dw dé 
(w — a)? 73 oa 200 _ Cae + (w— a)p(w) ie 0. (38) 


Dividing by (w — a)*d¢/dw and integrating, 


log ie a 2 logy: — polog(w—a) — pilw—a)—-:--, 
On substituting for 7; its value from (35), we have 

d ; 

Se = ew — a) + exw — a) + 


X [= plw-a)+ +) 
Let a’ = a’ +4; then, from (33), a’ + a” = 1 — po, whence, 
—po — 2a’ = —1—c. Then, 
OF = ow — a1 + Bilw — a) + kw — a)? + + + + 1. 9) 
On integrating this and multiplying by 71, we have the general 
solution of (28). 

Suppose the roots of the indicial equation are equal. Then, 
we have 

f=ec' + clog ww —a)+hiw—a)+--.:]. 
Taking c’’ = 0, c’ = 1 and multiplying by 7, we have the 
second solution in the form 
na(w) = mi(w) log (w — a) + (Ww — a)*[ki(w — a) + 
ke'(w—a)?>+ +--+] (40) 

Suppose the roots of the indicial equation differ by an integer. 

Then o is a positive integer, and we have 


eal : Steiner ROR ADE) ost 


—a(w — a)’ 


keri(w—-ay+--:: | 
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Choosing the constants as before and multiplying by m, we have 
a second solution of the form 
na(w) = kem(w) log (w — a) + 


wo — ay" — Ft hw —a) +++ |. AD 


This solution will be devoid of a logarithmic term if k, = 0. 

Conversely, it is easily shown that if the solutions of a differ- 
ential equation are of the types here considered, the equation 
has a regular singular point at a. The differential equation 
having the linearly independent solutions m1(w), n2(w) is the 
following: 


me ee 

ni nv tf fl | 0. 
I / 

2 2 2 


On substituting for 7: and y2 the expressions (35) and (86) and 
simplifying, we get an equation of the form (28). We get a like 
form if we use 7; and ys, or 4; and 74. 

Furthermore, it is not possible to get other solutions of the 
form here derived with altered values of a’, a’’. Thus, if the 
equation has the solutions (35) and (86), it is not possible to 
choose the constants in the general solution 7 = An; + Bre so 
that 

n= (w= aml + L(w =a) + ++] 
where m is different from a’ and a’’; and similar remarks apply 
to the other types of solutions. Consequently, if we have found 
in any way a pair of solutions of the kind given here, we know 
the values of the exponents. 

110. The Quotient of Two Solutions at a Regular Singular 
Point.—The behavior of two solutions at a regular singular 
point depends upon the roots of the indicial equation (33). If 
o (=a’ — a’’) is not zero or an integer, we have the two solutions 
(35) and (36), whose ratio is 


2=7=(w—a[lthw—a+t+-:--]. 
From this, we have 
give = (w ~ a) +“ (w — a) + gies | 


? 


ine gs one ae ce ee 
o 
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Then w is a single-valued function of z in the neighborhood of 
the singular point only if 1/o is an integer. We have, then, 
o« = 1/p, where p is an integer, which is by hypothesis not 1; and 
fe Weel hs (wa) +. | (42) 
2 

We see, from (42), that when w makes a positive circuit about 

a, z is subjected to the elliptic transformation 2’ = e27/rg, 
If the roots of the indicial equation are equal (¢ = 0), we have 


z= = = log (w — a) + ka(w — a) + kaw — a)? + meen (43) 


T=e=(w—aje*-9t---=(w—allt+hw—a)+-:-- ]. 
From this, we can express w as a power series in + which is 
single valued in z. When w makes a circuit of a, z, from (43), 
undergoes a parabolic transformation 2’ = z + 2z7. 

If o is a positive integer, we have 


a = ed ee (eee 
ae ee OE Deere a zthiw-ayt + | 
(44) 
It is easily seen that w is not a single-valued function of z if 
ee 1) 


We have 


z 1 1 
Be S226 560 | 
ae ps Cn EY ngw-orl ok, | 


The second member has an essential singularity at a, and so takes on the 
same value at different points w:, w2.near a. Then, 
z(we) _ 2(wi) 
Wise he 
where 7 is some integer. But from (44), letting w make circuits about a, 
z(w) takes on all values of the form z(wi) + 2nkgri at wi. We have, then, 
two values of w for the same value of z, which was to be proved. 


+ 2nmt, 2(we) = 2(wi) + 2nkert, 


If k, = 0, and if we consider the ratio 


g= = w—ayl[—o thw —a) + +> - |, 


we can show, exactly as in the case treated at the beginning of 
this section, that this series gives w as a single-valued function 
of z if, and only if, c, which must be a positive integer, has 
the value 1. Then, 

ae (OO (We 0d ett as | (45) 


In this case, 2 is wnchanged when w makes a circuit of a. 
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In this last case, the singularity is not significant. By a suitable trans- 
formation of the differential equation, it will disappear. The condition that 
the difference of the roots of (33) be 1 is that 


[(po — 1)? — 4qo]’? = 1; whence, go = Mpo? — Mepo. (a) 


We now find the condition k; = 0. The value k; in (39), as we see from the 
equation which precedes it, is 


ky = —pi — 2c, 
where, from the first equation of (34), c, is determined from 


f(a’ + 1c + apy -- ci= 0. 
Now, 


fla’ +1) = fle’) +f'(a’) + f(a!) = 2a! + po. 
On using these values, the equation k; = 0 leads to 
gi = }epop1. (b) 
If, now, we eliminate the middle term of (28), the coefficient of the last 
term becomes, according to (22), 


Qi(w) = Foes: at oS +P ex(w) = a seal Se ex(w) | 


w—a) ww (w — a)? 


= af ea + PS + ow) |. 


w — a)? w—-a 


Equations (a) and (6) are precisely the conditions that secure the cancelling 
of the terms with poles at a; and Q,(w) is analytic at a. 


We may state the preceding results in terms of conformal 
mapping as follows: 

THEorEeM 6.—The necessary and sufficient condition that the 
ratio of two independent solutions of the differential equation (28) 
map the neighborhood of the regular singular point on a plane 
region is that the roots of the indicial equation (83) be subject to 
one of the following conditions: 


i ; : 
(a) a =a" = Fs where p is an integer greater than 1; 
KO a 


p} 

(c) a — a’ = 1, together with the condition qi = Vpopr. 

When w makes a sinale circuit about the singular point, the 
quotient of the solutions is subject to (a) an elliptic transformation; 
(6) a parabolic transformation; (c) the identical transformation. 

We have considered in each case a particular pair of solutions. 
The theorem holds, however, in general; for, the ratio of any 
pair is merely a linear transformation of the ratio of the particular 
pair used. 
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111. Equations with Rational Coefficients.— We shall consider, 
first, the differential equation 


= a Pw) + Q(w)n = 0 (1) 


whose coefficients are rational functions of w and all of whose 
singular points are regular. In order that © be not an irregular 
point, certain conditions are imposed on the coefficients. From 
(27), P and Q must be of the form 


Paet+ot?+-.-=24+ 44. 
t (46) 
/ , c C: 
Q = col? + o307.4- > + - =e 


That is, P must have a zero of the first order, at least, and Q 
a zero of the second order, at least, at infinity. 

Let ai, ... , Gdn be the finite singular points, and let the 
exponents thereat be: ay’, a1’’; ae’, a@e"*-. . . 3 an’, On’. Let 
D1, D2, . » - ,» Pn be the residues of P(w) at these points. Since 
the sum of the residues of P(w) is zero, we have 

Dude pede ot Dna Gt — 0. 
But, we have, from (33), 
a; +a’ =1— pi; 
and from (27), representing the exponents at © by ax’, aw”, 
Ae + ae’ = 1— (2-—a) =a —-1. 
From these equations, we have the following relations between the 
exponents: 


ay +a’ +--+ > +on tan tae ta. =n—I1. (47) 


If © is not a singular point, Equation (47) still holds if we take a,’ = 1, 
a.,’’ =0. These are the exponents at an ordinary point, as we see from 
(33) on setting po = qo = 0. 


The products of P(w) and Q(w) by (w — ai) + + + (w — an) 
and (w — ax)? + - + (w — an)’, respectively, have no finite singu- 
larities and so are polynomials. Hence, the coefficients have the 
form 


P,-1(w) 
AUD =e parseear ame BAIT ar (48) 
* Qen—2(W) 
8) = way? wa an)” 
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where P,_:(w) is a polynomial of degree n — 1, at most, and 
Qon—2(w) is a polynomial of degree 2n — 2, at most, these degrees 
being determined by the requirements (46) at infinity. 

If we express P(w) in terms of the principal parts at its poles, we 
have 


Ry eee near ZLEs 

Oe arn ema 
ole 41 ONG) i ee 
x w= Oy as or w= Bn 39) 


We get an analogous expression for Q(w) by considering the prin- 
cipal parts of (w — a1) -- - (w — an)Q(w). At ai we have, if 
eee ale 
(w — a1) +--+ > (Ww — Gn)QW) 

=a) wan] Pe + exte)| 


i 


Ni Go(ai = Gz) - © + Ga — Ga) 
wa — Os 


Se g2(w). 


Here, qo, the constant term in the indicial equation for a, is 


equal to a;/a,;"’".. We have like principal parts at ae, . . . , Gn} 
whence, 

vs 1 ay’ay'"(ay — G2) + + + (a1 — Gn) 
Re) Sago eee w— a 


An! On! (An ian a1) oe 
W — an 


te a + Qs(w) (50) 
Here, the conditions at infinity (46) require that Q,_2(w) be a 
polynomial of degree n — 2 at most: 


Qr—2(w) = cow" 2 + +--+ - +kwt+l 
= Qe Ae Wr"? + -.+ +4, (51) 
We shall introduce two types of transformations of the differ- 
ential equation which will not alter exponent differences. If we 
change the dependent variable as follows: 


1 
Sos OG an a nua tae ct (52) 


(w = 1/t), the solutions of the new equation are got from those of 
the old by multiplying by (w — ai) On making this multiplica- 
tion in the solutions of the form (35), (36), (40), or (41), we 
see that a,’, a,’’ are both increased by 1;. At a;(7 ¥ 7), there 
is no alteration of the exponents, since the factor is analytic 
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and different from zero there. At infinity, each exponent is 
decreased by l;. By making n such transformations, we have the 
exponents 


ay’ is li, ay” a ly; eats Qn’ + bas Qn + las 


Om only, Oe — 2, (53) 


We can choose the constants 1; so as to give one of the expo- 
nents at each finite point a prescribed value. If one of each 
pair be made zero, we observe that all the terms in the brackets 
in (50) disappear with the exception of the polynomial Q,_»(w). 
Also, by this method we can eliminate the exceptional case (c) 
of Theorem6. By making a’ = 1, a” = 0, we have po = qo = (1 
= 0, and there is no singularity. 

Secondly, if we make a linear transformation of the inde- 
pendent variable 


ay AD — BC = 1, (54) 
the singular points of P(w) and Q(w) are transformed by T. 
Let a; be carried into a,’, both points being finite. Then, 


=D Bie = Das eB Ww — a, 
Cw A Cai — A (Cw’ — A)(Ca;’ — A)’ 


W—- a= 


w— a; = (w’ — a/)[lb thw’ — a’) + --- J, #0. 


On substituting in the solutions of the form (35), etc., we see 
that we have solutions with the same exponents as before. If 
either the original or the transformed singularity is at infinity, we 
can show in like manner that there is no change in the exponents. 

Let us suppose that finite regular points ai, ... , dn have 
been preassigned and that the exponents thereat and at infinity 
have been given such that in the neighborhood of each singularity 
the function w = w(z), inverse to the quotient of two solutions 
Z = £1/€2, is single-valued. There remain at our disposal n — 2 
of the coefficients of the polynomial Q,_2(w) in (50). There 
arise the questions whether the polynomial can be chosen so 
that w(z) is single-valued throughout and so that w(z) is an 
elementary or Fuchsian function. We shall prove the following 
theorem: 

THEoREM 7.—Let the regular singular points and the exponent 
differences satisfying the requirements of Theorem 6 be given. 
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Then, there is essentially but one differential equation such that 
the inverse of the ratio of two solutions is an elementary or Fuchsian 
function; that is, if the equation be reduced to the form (21), Qi(w) 
is uniquely determined. 

Let curves be drawn from a point O to the singular points 
to form a severed plane Fy. In order that w(z) be single-valued, it 
is necessary that z = ¢1/f2 = 2(w) take on no value twice in 
F,; that is, #o is mapped by this function on a plane region 
So. If 2(w) be extended analytically across any boundary of 
F, and then extended analytically throughout the severed plane, 
we must have again a plane map S; not overlapping So. On 
making a circuit p; times around a;, where o; = 1/p; is the 
exponent difference at a;, 2(w) returns to its original value. 
The p; maps of the severed plane must meet to fill up the neigh- 
borhood of a point of the z-plane. 

The topological problem here is that already treated in con- 
nection with Theorem 11 of Sec. 95. If we put copies of Fo 
together to form a limit surface ¢, closing up each time about a; 
when p; copies have been put together (never closing when the 
exponent difference is zero), then, z(w) shall map ¢ on a plane 
region. 

Let 2: = 2:(w) be the mapping function used in connection 
with Theorem 11 to map ¢ on a plane region. We have, elimi- 
nating w, 2 = T(z), a function which maps the z,-domain of 
Theorem 11 on a plane region. If the mapping of Theorem 11 
was on the whole plane or the finite plane, it follows, from 
Theorem 3, Sec. 1, that 7 is linear. Again, if w(z) is a Fuchsian 
function, the function z(w) maps ¢ on a circle. So 7'(z,) maps 
@ in the z-plane on a circle, and, hence, is linear. 

Now the inverse of z2:(w), w = ¢(21), is a simple automorphic 
function and appears as the inverse of the quotient of two 
solutions of a differential equation (Theorem 15, Sec. 44) 


dn 
ais + F(w)n = 0. 


Let (21) be the given equation. Then from (23), together with 
the fundamental linearity property of the Schwarzian derivative 
(Equation 11, Sec. 44), we have 


Qilw) = 5D@)w = 5DIT@)e = sD(er)w = Fw). 


@.:(w) is thus uniquely determined. 
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Whether the automorphic function arising from a pair of 
solutions is polyhedral, periodic, or Fuchsian depends upon the 
number of singularities and the exponent differences (setting 
v; = 1/c;) as stated in Theorem 11, Sec. 95. 

112. The Equation with Two Singular Points.—We first make 
a linear transformation carrying the singular points to the origin 
and to infinity. Let a’, a’ be the exponents at the origin. 
Then, from (49) and (48), where Q»,2(w) is a constant, tke 
equation is 

2. 
d*n i 


Lae ay ala 
dw? w dw 


a Fo oo 0. (55) 


This equation can be solved in terms of elementary functions. 

If a’ ~ a’, we have the two solutions 

m(w) = we, now) = we”, 

with the ratio 

= m(w) = ywe'—al! 
n2(w) 
If c = 1/p, we have 

z= wi/P: w= 2, 


— I) 1d 


the latter function being simply automorphic with respect to 
the elliptic cyclic group 2’ = e?"**/Pz, 

If a’ = a’, we find the solutions 

ni(w) = we, ne(w) = w® log w. 
Taking the ratio of these, 
_ 12(W) 
m(w) 
The function e? is simply automorphic with respect to the simply 
periodic group 2’ = z + 2nrt. 

113. The Hypergeometric Equation.—Given a differential 
equation with three regular singular points. We first make a 
linear transformation carrying the three points to 0,1, ©. Let 
the exponent differences be i, p, v, respectively. Then, by 
transformations of the form (52), we can give the exponents at 
zero the values ay’ = id, ao’ = 0 and at 1 the values a,’ = p, 
a’ = 0. Then, Q(w) in (50) reduces to the form 


=logw; w= e?’. 


But a./'—a./’ =v, and, from (47), ae + a0’ =1—d —4p; 


hence 
WwW ? (We M4{(1 = \ )2 ES v?|; 
(Kes on SA be ) 
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and the differential equation has the form 


ray — = = ee yy 
+ [3 rae ee pave eee ey he Ff 


dw? w w-—l1 4w(w — 1) 


This is simply the well-known hypergeometric differential equation.! 
dy dn a 
wil — w) Te +[e—-(a+6+4+c)v] rae abn = 0, (52) 
wherea = &(1 —A —wt+r),b = 41 -—rA—yw-v),c=1—X. Other 


familiar equations can be reduced to this form; for example, Legendre’s 
equation 


d d 
Cea “Gp + n(n + 1)n = 0, 


which has the regular singular points 1, —1, © with the exponents 0, 0; 
0,0; +1, —n, respectively. 


In order that the inverse of the quotient of two solutions 
of (56) be a single-valued function each of the quantities \, py, v 
must be (Theorem 6) either zero or the reciprocal of an integer- 
The coefficients of the equation are then real. We may assume 
that case (c) of Theorem 6 does not occur (for we could then 
reduce the number of singularities to two) and that X, uw, v are 
not negative. These conditions determine the equation uniquely. 
If the equation be put in the form (21), Q:(w) is uniquely deter- 
mined. There being thus, essentially, but one differential 
equation with the three singularities and the prescribed exponent 
differences, it must necessarily be the equation for which the 
inverse of the quotient of two solutions, z = oT f2 = 2(w), 
is an elementary or Fuchsian function. 

Consider the map of the upper half w-plane by any branch 
of z(w). On the real axis between 0 and 1, since the coefficients 
are real, we can select a pair of linearly independent real solutions. 
Their ratio z, is real and maps the segment 01 on a segment 
of the real axis. Since z is a linear function of 21, it follows that 
each branch of z(w) maps 01 on the are of a circle. Similarly, 
each branch maps the segment between 1 and + on a circular 
are and the segment between — and 0 on a circular are. 


1The problem considered in this and the following section was treated 
in a famous paper by Scuwarz, “Ueber diejenigen Faelle, in welchen die 
Gaussische hypergeometrische Reihe eine algebraische Funktion ihres 
vierten Elementes darstellt.” Jour. fiir Math., vol. 75, pp. 292-335; also 
Ges. Math. Abhandlungen, Bd. 2, pp. 211-259. 
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In the neighborhood of the origin, there exists a pair of solu- 
tions whose ratio (Equation (42)) is 


42=w{l+hwt+-.:- ij. 


This maps the neighborhood of the origin in the upper half plane 
on the interior of an angle of magnitude Ar. Then z, which is a 
linear function of 2, maps this on an angle of magnitude Ar. So, 
the two circles on which the parts of the real axis to the right 
and left of the origin are mapped meet at the angle \7. Similar 
remarks apply at 1 and at ~, with the result that any branch of 
z(w) in the upper half plane maps the half plane on a circular are 
triangle with angles Xr, ur, vr. 

If the branch of z(w) just used be extended analytically 
across one of the segments, as 01, into and throughout the lower 
half w-plane, the lower half plane is mapped on a circular are 
triangle which is the inverse of the previous triangle in one of its 
sides (Theorem 19, Sec. 83). Continuing this process, the 
various branches of z(w) map the two half planes on a finite or 
infinite system of non-overlapping circular arc triangles fitting 
together without lacune, each with angles Ar, ur, vz, and such 
that the inverse of any triangle in one of its sides gives another 
triangle of the system. 

It is customary to shade those triangles which are maps of 
the upper half plane. Then, the triangles are alternately shaded 
and unshaded. By an inversion in a side of any triangle, the 
system of triangles is carried into itself, each shaded triangle 
being carried into an unshaded triangle. 

114. The Riemann-Schwarz Triangle Functions.'—The inverse 
w = w(z) of the quotient of the two solutions is automorphic with 
respect to the group of linear transformations got by carrying any 
shaded triangle into any other shaded triangle by a sequence of 
inversions in sides. A shaded and an unshaded triangle together 
form a fundamental region for the group. Any simple auto- 
morphic function belonging to the group is called a “triangle 
function.” 

The function w(z) maps a shaded and an unshaded triangle 
on the whole w-plane. Hence, w(z) takes on each value once in 
the fundamental region. It follows that any triangle function is 
a rational function of w(z). 


1 RreMANN, B., Vorlesungen iiber die hyperg. Reihe, in his ‘‘ Werke, Nach- 
trige;’ Scuwarz, H. A., loc. cit. 
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The function w(z), which maps a triangle of the system 
on a half plane bounded by the real axis, is real on the boundary 
of each triangle and is not real within the triangle. At points 
inverse with respect to the side of any triangle, w(z) has conjugate 
imaginary values, 

As appears from Theorem 11, Sec. 95, w(z) is a polyhedral, 
periodic, or Fuchsian function according as \ + yw + » is greater 
than, equal to, or less than 1. The distinction between these 
three types can be made, however, by a direct study of the 
triangle. Let the two sides which issue from a vertex meet again 
ata point P. Ifalinear transformation carrying P to ~ be made, 
the two sides are carried into straight lines. The character of the 


Fig. 89. 


third side in each of the three cases is shown in Fig. 89. A is 
at «© and the two sides are parallel if the original two sides were 
tangent. 


Case I. } + u-+v = 1.—The sum of the angles is 7 and the 


third side is a straight line. ‘There are four possible sets of 
values: 

0) 4,4, }s; 0) %, MMs ©, 4,4; @2e, 220 
In (a), we have an evteteel triangle; in (b), an isosceles ries 
triangle; in (c), a 30-60-degree right triangle. In each case, by 
continued reflections in sides, the whole finite plane is covered 
by an infinite number of triangles. In (d), two sides are parallel 
and the third is a common perpendicular. The repeatéd reflec- 
tions of this half strip cover the finite plane with an infinite 
number of copies. 

The groups that appear here are those studied in Sec. 60. 
Each of these groups contains a periodic subgroup. The 
triangle function w(z) can be identified, except for possible linear 
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transformations, with the functions (a) $’(z); (6) B(z)2; (c) 
B’(z)?; (d) cos z, of Sec. 61. 

Case IT. } + 4+» >1.—The sum of the angles is greater 
than 7 and the third side is a circle concave toward A. A lies 
within this circle; otherwise, the triangles would overlap when 
an inversion in BC is made. Through A draw a chord SS’ of 


RASS 


\ y \ 
7S Sr / 
\ 


va 
<< 


A 


SS 


the circle of the third side which is bisected at A (SS’ is perpen- 
dicular to the radius through A). The circle Q with A as center 
and AS as radius is intersected by each side of the triangle at 
points which lie at opposite ends of a diameter. 

Now, let the plane be projected stereographically on a sphere 
with Q as equator. The points of Q remain fixed. The sides 
of the triangle are carried into three circular arcs on the sphere, 
each of which passes through opposite ends of a diameter. That 
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is, the sides of the corresponding triangle A’B’C’ on the sphere 
are arcs of great circles. 

Inversions in the sides of ABC correspond to reflections in 
the diametral planes containing the sides of A’B’C’. The new 
triangles are bounded by arcs of great circies; and all succeeding 
inversions in the plane correspond to reflections in diametral 
planes. The sphere is covered by a finite number of triangles; 
and the group is finite. 

The groups are those of the regular solids treated in Chap. VI. 
The triangle functions are the polyhedral functions. The set 
of triangles where \, uw, v have the values 44, 14, 14 is shown 
in Fig. 38, p. 136. 

Case III. }©+u+yv< 1.—The sum of the angles of the 
triangle is less than 7, and the third side is convex toward A. 
From A we can draw a tangent AT to the circle of the third 
side. A circle Q’ with center A and passing through the point 
of tangency T is orthogonal to all three sides. By an inversion 
in any side of the triangle, Q’ is carried into itself. The new 
triangles will have their sides orthogonal to Q’; and for all 
succeeding inversions Q’ is a fixed circle. The group is Fuchsian. 

There are infinitely many values of \, uw, v such that their sum 
is less than 1. Figure 90 shows the system of triangles for the 
values 14, }4, 4. 

The elliptic modular functions J(r) and X(r) are triangle 
functions. In the former, i, u, v have the values 44, 14, 0; in 
the latter 0, 0, 0. The fundamental regions of Figs. 46 and 48 
consist of two triangles. The imaginary axis in each figure 
separates the fundamental region into its two component 
triangles. 

115. Equations with Algebraic Coefficients.—Let the differ- 
ential equation be 


2 
oT + PW, w)"" + QW, w)n = 0, (58) 
where W and w are connected by a polynomial relation ®(W, w) = 
0, and P and Q are rational functions. We have found that 
every simple automorphic function is expressible as the inverse 
of the ratio of two solutions of an equation of this form (Theorem 
15, Sec. 44). 

The functions P and Q are single valued on the Riemann 
surface of the algebraic function W = W(w). Their singularities 
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are isolated. In order that the inverse of the quotient of two 
solutions be single valued at a singularity occurring at an ordinary 
point on the surface, the requirement of Theorem 4 must be 
met. Ata finite branch point a of order m, the point at infinity 
in a plane sheet, or an infinite branch point of order m, we make 
the change of variable w = a +t”, w = 1/t, or w = 1/t™ We 
then apply our previous theorems to the transformed differential 
equation at ¢ = 0. 

We shall not go into details, which are lengthy, in this case. 
With given regular singular points and given suitable exponents, 
it will be found here, as in the case of rational coefficients, that 
there are usually certain undefined constants appearing in the 
coefficients. That is, the singularities and exponents do not 
determine the coefficients uniquely, except in the simplest cases. 
A theorem analogous to Theorem 7, and proved in an identical 
manner, can be established to show that it is always possible 
to choose these constants, in essentially but one way, so that 
the inverse of the quotient of two solutions is a polyhedral, 
elliptic, or Fuchsian function. The kind of function depends 
upon the number of singularities, the exponent differences, and 
the genus of the surface, as stated in Theorems 9 to 11 of Chap. 
IX. 

The use of differential equations leads to the same auto- 
morphic functions as those given by the method of conformal 
mapping. We have, however, in the differential equation, in 
case the free constants can be actually determined, an analytical 
instrument of great value in the investigation of the properties 
of the automorphic functions. 


A BIBLIOGRAPHY OF 
AUTOMORPHIC FUNCTIONS 
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the general theory of automorphic functions was created. It seems undesir- 
able to attempt here a bibhography of these earlier ‘researches, and the 
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A 
Accessible boundary points, 189— 
195, 197, 199 
a-cuts, 229, 233, 266 
Algebraic functions, 221, 225, 229— 
249, 252, 266, 278, 308 
of genus greater than zero, 
233-244, 247-249, 252, 256, 
277, 278 
of genus one, 239, 240, 278 
of genus zero, 229-233, 245- 


247, 252 

relations between automorphic 
functions, 94-98, 149, 160, 
163, 231 


Analytic curve, 201 
Angles at vertices of ordinary cycle, 
62, 89, 93, 112, 130 
Anharmonic ratio. (See 
ratio.) 
ratios, group of, 34, 49, 78, 159 
Area of Ro, 75 
theorems, 167-169 
Automorphie function, 
of, 83 
functions, simple, 86-88 
algebraic relations, 94-98 
behavior at vertices and para- 
bole points, 88-91 
and differential equations, 98— 
101 
for finite group, 102, 131, 136 
for modular group, 155 
sub-group, 162 
for periodic and allied groups, 
144-146 
poles and zeros, 91-94 
uniformization by means of, 
233-247, 266-279 


Cross 


definition 
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B 


b-cuts, 229, 233, 266 
Boundary: 
behavior of mapping function on, 
187-203 
circular are, 202 
continuation of mapping function 
across, 201—203 
elements, 195-198 
of R, 47-49 
Branch points, 165, 181, 213, 226, 
227, 229, 249, 250, 290, 309 


C 


Chain of points, 176, 179 
Circle, 8-15. (See also Inversion, 
Conformal mapping, Fixed 
circles, Isometric circle, Unit 
circle, Etc.) 
Circular are boundaries, 202 
triangle, 305 
Combination, method of, 56-59, 279 
Combined regions, mapping of, 
203-205 
Concentric slits, 265, 266 
Conformal mapping, 164-219 
of circle on circle, 32 
of circle on plane finite region, 
169-175 
of combined regions, 203-205 
of finite plane on finite plane, 3 
and groups of linear transfor- 
mations, 216-219 
of half plane on circular are 
triangle, 305 
by J(r), 157 
of limit regions, 205-213 
of multiply connected region of 
planar character on slit 
region, 262-265 


328 


Conformal mapping of multiply 
connected region of planar 
character on region bounded 
by complete circles, 279-283 

of neighborhood of parabolic 
point, 90 

of neighborhood of regular singu- 
lar point, 298 

of plane on plane, 3 

of plane on plane region, 2 

of plane simply connected region 
on circle, 179-187 

of region bounded by complete 
circles on second such region, 
282 

of region and_ subregion, 

of semicircle on circle, 188 

of simply connected finite-sheeted 
regions, 213-216 

of surface of genus zero on plane, 
229 ( 

of two-sheeted circular region on 
circle, 181 

Congruent configurations, 37 

Conjugate imaginary, 8 

Connectivity: 

of algebraic surfaces, 
of regions, 221—229 

Constant automorphic function, 94 

Continuation of mapping function 
across the boundary, 201-203 

Convergence: 

of iterative process, 183, 184 

in mapping limit region, 
211 

of series for go, 151, 152 

of series and products connected 
with the group, 115, 116 

of subsequence of mapping func- 
tions, 271-273 

of subsequence of a set of func- 
tions, 267-271 

of theta series, 104-108 

Cosine, 85, 144, 220, 233, 307 

Cotangent, series for, 154 

Cross (anharmonic) ratio, 4, 7, 34, 
49, 78, 159 

Cross-cut, 222 

Cube, 124-127, 136-138 


166 


225-229 


207- 
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Curves defining boundary element 
196-198 

Cycles, ordinary, 59-62, 72, 73, 89, 
130 

parabolic, 62-64, 72 

Cyclic groups, 51-56, 66. (See also 
Elliptic, Parabolic, Hyperbolic, 
and Loxodromic cyclic groups.) 


D 


Deformation of lengths: 
by inversion in sphere, 118 
by linear transformation, 24, 
25 
theorem: 
for circle, 171-175 
general, 175-177, 274 
A, 150, 151, 155 
Derivative of automorphic function, 
98, 104, 131 
Schwarzian, 98, 291, 302 
Determinant of linear 
mation, 2 
Diameter of curve, 198 
Differential equations, 98-101, 284- 
309 
with algebraic coefficients, 308, 


transfor- 


309 

connection with groups, 284-286 

hypergeometric equation, 303- 
308 

quotient of two solutions, 287— 
293, 296-298 


with rational coefficients, 299-308 
regular singular points, 293-298 
with three singular points, 303- 
308 
triangle functions, 305-308 
with two singular points, 303 
Dihedral group, 129 
Discontinuous groups, 35 
Discrete set of points, 277 
Domain of existence of function, 
83 
Doubly periodic functions. 
Elliptic functions. ) 
groups, 35, 38, 189-146, 148-151, 
238, 243 


(See 
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E 


€1, €2, 3, 150, 157-162 
Edge separating square elements, 251 
Element, square, 213, 250 
Elementary groups, 66, 117-147 
allied to periodic, 140-143 
determination of all finite, 129- 
136 
finite, 117-138 
with one limit point, 
of regular solids, 123-129 
simply and doubly periodic, 139, 
140 
with two limit points, 146, 147 
Elliptic cyclic groups, 55, 109, 129, 
133, 217 
functions, 83, 144-146, 148-150, 
158, 159, 238, 240, 247, 307, 309 
modular functions, 148-163 
algebraic relations, 159, 160, 163 
definition, 148, 
J(r), 151-157 
A(r), 157-159, 160-162 
surface, 227, 257 
transformations, 19, 20, 23, 28, 
88, 121, 288, 298 
Equation, indicial, 294, 298 
Equations, differential. (See Differ- 
ential equations. ) 
Euler’s formula, 128, 228, 246 
Existence, domain of, 83 
Exponents at regular singular point, 
294, 298-301, 303 
Extended groups, 136-138 


F 


Families, normal, 268 
Finite groups, 34, 37, 38, 49, 55, 66, 
78, 102, 117-138, 245, 246, 303, 
308 
determination of all finite groups, 
129-136 
fixed points of, 132, 133 
of regular solids, 123-129 
Finite-sheeted simply connected 
regions, 213-216 
Fixed circles of linear transforma- 
tion, 19-22, 28-32, 66, 67 


139-146 
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Fixed points at infinity, 75-82, 105, 
139-147 

of linear transformation, 6-8, 

24, 67, 88, 109, 180-135, 141 


Four group, 129, 133 


Fuchsian functions, 87 
and differential equations, 302, 
303, 306, 309 
uniformization by means of, 
240, 241-244, 247 
(See also Automorphie func- 
tions, simple, Elliptic modular 
functions.) 
groups 66, 67-82 
cycles, 72, 73 
of the first kind, 68, 73-75, 108, 
114, 237, 308 
of first and second kinds, 73-75 
fixed points at infinity, 75-82 
fundamental region, 69-71, 73- 
(hs, ThE 
generating transformations, 71, 
72 
limit points, 67-69 
of the second kind, 68, 73-75, 
106-109, 116, 258 
the transformations, 67 
Function. (See Algebraic, Auto- 
morphic, Elliptic, Elliptic modu- 
lar, Periodic, Polyhedral, Ration- 
al, Triangle, Etc., function.) 
groups, 64-66, 86, 109 
Fundamental region of a group, 37— 
39, 65, 75, 77, 92, 94, 237, 240, 
243 
boundary of R, 47, 48 
the cycles, 59-64 J 
definition of region R, 44 
genus of, 238 
region Ro, 69 
regions congruent to R, 44-46 
the sides, 47 
the vertices, 48 
(See also figures illustrating funda- 
mental regions, pp. 38, 49, 54, 
55, 58, 61, 73, 74, 78, 80, 82, 
115, 1386, 142, 1438, 148, 153, 
161, 217, 238, 248, 258, 274, 
278, 307.) 
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G 


92, 93, 149, 151-157, 160 
Generating transformations, 34, 39, 
50, 51, 65, 71, 72 
relations between, 62 
Genus: 
of algebraic function, 227 
definition, 227 
of fundamental region, 238 


(See also Algebraic functions.) 


Geometric interpretation of linear 
transformation, 13, 14, 26-28 
Group of differential equation, 286 
Groups of linear transformations, 
33-66 
cycles, 59-64 
cyclic groups, 51-56 
function groups, 64-66 
fundamental region, 37-39 
generating transformations, 50, 51 
isometric circles, 39-41 
limit points, 41-44 
the method of combination, 56-59 
properly discontinuous, 35, 36 
region R, 44-50 
transforming a group, 36, 37 
(See also Fuchsian, Kleinian, 
Schottky, Ete., groups.) 


Jal 


Homographic transformation, 1 
Hurwitz’ theorem, 185 
Hyperbolic cyclic groups, 52-54, 147 
function, 83 
transformations, 18, 19, 238, 28 
Hyperelliptie functions, 247-249 
surface, 227, 229 
Hypergeometric equation, 303-308 


I 


Icosahedral group, 129 

Improperly discontinuous groups, 36 

Indicial equation, 294 

Infinitesimal transformations, 35 

Infinity, point at, 2, 7, 75-77, 165, 
293, 299, 309 

Integral, Poisson’s, 177-179 
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Inverse of linear transformation, 2, 
5, 25, 33 
points: 
with respect to circle, 10-12, 19, 
20, 29 
with respect to sphere, 117, 119 
of quotient of solutions of differ- 
ential equation, 287—293 
Inversion in circle, 10-15, 26, 28, 29, 
45, 104, 137, 202, 280, 282, 305— 
308 
in sphere, 117-119 
Isometric circles, 23-30 
deformation of lengths and areas, 
25 
and fixed circles, 28-30 
geometric interpretation of linear 
transformation, 26, 27 
of group, 39-42, 67 
prescribed circles, 57 
of product, 40, 53 
and theta series, 104, 114 
types of transformations, 27, 28 
Isomorphic groups, 36, 218, 236 
Iterative process, 179-186 


J 


J(r), 151-157, 159, 160, 168, 308 
Jordan curve, 189 
curves, regions bounded by, 198- 
202 


K 


K. (See Multiplier.) 

Keinian function, 87 
groups, 66 

Koebe’s lemma, 188 


L 


A(r), 157-163, 308 
Legendre’s differential equation, 304 
Limit points of group, 41—44, 46, 47, 
51, 58, 62-64, 67-69, 70, 85, 
108, 277 
regions, 205-213, 216, 218, 268-271 
application in uniformization, 
230, 234, 235, 237, 242, 245, 
248, 252, 253, 257, 278, 280, 
302 
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Linear transformation, 1-32 
carrying three points into three 
points, 7 
carrying unit circle into self, 31 
carries circle into circle, 9 
carries inverse points into inverse 
points, 11 
and circle, 8-15, 32, 282 
corresponding to rotation of the 
sphere, 122 
elliptic, 19, 23, 28 
equivalent to even number of 
inversions, 14 
fixed circles of, 19-22, 28-32 
fixed points of, 6-8 
geometric interpretations of, 18, 
14, 26, 27 
hyperbolic, 18, 23, 28 
inverse of, 2, 5 
isometric circle of, 23-30 
loxodromic, 20, 23, 28 
multiplier of, 15-18 
parabolic, 21-23, 28 
sufficient conditions for, 2, 3, 32, 
273-277, 282 
Linearly independent solutions, 284 
Loop-cut, 222, 225, 256, 266 


Loxodromie cyclic groups, 52-54, 
147 
transformations, 20, 21, 23, 28 
M 
Mapping. (See Conformal map- 
ping.) 
Method of combination, 56-59, 
279 


Modular functions. (See Elliptic 
modular functions. ) 
group, 35, 79-81, 151-157 
subgroups of, 81, 82, 159 
Multiplier of linear transformation, 
15-18, 24, 37, 140, 141 


N 
Normal families of functions, 268 


O 


Octahedral group, 127, 129 
One limit point, groups with, 139-146 
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Order of fixed point, 130 
Ordinary cycles, 59-62, 72, 73, 89, 
130 
point: 
of differential 
of group, 42 
Oscillation of funetion on curve, 275 


1 


p. (See Genus.) 
$(z), 83, 86, 88, 144-146, 
150, 158-162, 307 
Parabolic cycles, 62-64, 72 
cyclic groups, 55 
point, 63, 64 
behavior at: 
J (7), 158-155 
A(r), 160-162 
Schwarzian derivative, 99 
simple automorphie function, 
87 
theta function, 110-114 
transformations, 21-23, 28, 130, 
139, 288, 298 
Parallel slits, 266 
Parametric equations, 220, 254 
Perfect set, 48, 68 
Periodic functions. (See 
periodic functions, 
functions. ) 
groups, 34, 35, 37, 38, 139-146, 
148-151, 238, 306 
allied, 140-146, 306 
Period of linear transformation, 20 
parallelogram, 38, 139-146, 148- 
151, 240 
strip, 37, 38, 189-144 
Picard, group of, 35, 36 
Planar character, regions of, 256 
Poincaré theta series. (See Theta 
series. ) 
Point at infinity. (See Infinity.) 
Poisson’s integral, 177-179 
Poles: 
of J(z), 155 
of (7), 162 
of simple automorphic function, 
91-94 
of theta functions, 110, 112-115 


equation, 293 


148— 


Simply 
Elliptic 
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Polyhedral functions, 136, 247, 303, 
306, 308, 309 

Prime end, 195 

Primitive periods, 150, 151 

Principal circle, 67 

Products connected with group, 
115, 116, 258-261 

Projection, stereographic, 119, 120, 
307 

Properly discontinuous groups, 35 


Q 


Qo, 30 
a group allied to, 35, 78, 79 
Quotient of solutions of differential 
equation, 284, 287-293 
at regular singular point, 296-298 


R 


R, the region, defined, 44. 
Fundamental region.) 
Ro. (See Fundamental region.) 
Radial slits, 266 
Rational functions, 3, 96, 97, 100, 
102, 131, 144-146, 229-233, 
240, 247, 299, 305 
Reality: 
of J(r), 156, 157 
of A(r), 162 
of triangle function, 306 
Reflection: 
in line, 11, 18, 26, 28, 194, 306 
in plane, 119, 136-138, 308 
Regions bounded by complete 
circles, 279-283 
by Jordan curves, 198-202 
congruent to R, 44-46 
connectivity of, 221-229 
of planar character, 256 
R and Ro. (See Fundamental 
region.) 
simply connected. (See Simply 
connected regions.) 
Regular singular points of differ- 
ential equations, 293-298 
solids, groups of, 128, 124, 127- 
129, 133, 138, 308 


(See 
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Relations, algebraic. (See Alge- 
braic relations.) 
Removable singularities, 274-276 


Riemann surface, 96, 97, 165, 221, 
225-229, 249, 266, 287 
Riemann-Schwarz triangle  func- 
tions. (See Triangle functions. ) 
Rotation, 13, 28, 31 
Rotations, groups of, 34, 37, 38 
of sphere, 120-123 
and translations, groups of, 140— 
146 


S 


Schottky groups, 59 
type, groups of, 59, 277 
Schwarzian derivative, 98, 291, 302 
Schwarz’s lemma, 165, 182, 206 
Series connected with group, 115, 
116 
theta. (See Theta series.) 
Severing a surface, 228, 229 
Side, pole or zero on, 91 
Sides of R, 47, 48, 51, 65, 71, 72, 238, 
239 
Sigma cross-cut, 222 
Simple automorphic functions. 
(See Automorphic functions.) 
Simply connected regions, 70, 179, 
222 
finite-sheeted, 213-216 
(See also Algebraic functions of 
genus zero.) 
Simply periodic functions, 34, 144, 
247 
groups, 34, 37, 38, 139-146 
Sine, 34, 83, 88, 220, 233 
Singular point of differential equa- 
tion, 293 
Slit regions, 262-265 
Solids, regular. 
solids. ) 
Sphere: 
inversion in, 117-119 
rotations of, 120-123 
Square element, 218, 250 
Stereographic projection, 119, 120, 
307 


(See Regular 
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Stretchings, 13, 24 
group of, 38 
Subgroups: 
Ti, 46 
of modular group, 81, 82, 159 
Subregion, 166 
Symbolic notation, 4-6 


ab 


Tetrahedral group, 129 
Theta functions, properties of, 108— 
115 
series, 102-116 
behavior at parabolic point, 111 
convergence, 104-108 
for Fuchsian group of second 
kind, 106-108 
Theta-fuchsian series and functions, 
104 
Theta-kleinian series and functions, 
104 
Transcendental functions, 249-255 
Transformations, linear. (See 
Linear transformations.) 
of differential equations, 290, 300, 
301 
Transforming a group, 36, 107 
Transforms: 
of R, 44-46; 
of Ro, 70 
Translations, 13, 139 
Triangle functions, 138, 305-308. 
(See also J(r), \(7).) 
Two limit points, groups with, 146, 
147 


U 


Uniformization, 220-283 
of algebraic functions of genus 
one, 237-244, 278 
of algebraic functions of genus 
greater than zero, 233-244, 
247-249, 266-279 
of algebraic functions of genus 
zero, 229-233, 245-247 


333 
Uniformization by automorphic 
functions, 233-249, 266- 

279 


by automorphic functions belong- 
ing to Schottky groups, 277- 
279 

the concept, 220 

by elementary and  Fuchsian 
functions, 229-255 

by elliptic functions, 240, 247 

by Fuchsian functions of first 
kind, 240, 244, 247-249 

by rational functions, 229-233, 
240, 247 

by simply periodic functions, 247 

of transcendental functions, 249- 

255 
Unit circle, 30-32 


Vv 


Vertex, behavior at: 
automorphic function, 88, 89 
iG) L55,9156 
polyhedral function, 131 
theta function, 109, 110 
pole or zero at, 91 
Vertices of cycle, angles at, 62, 89, 
98, 112, 130 
of R, 48, 59-62, 72, 73 


WwW 


Weierstrassian function. (See 


B(z).) 
Whittaker’s groups, 247-249 
product, 116 


Z 
Zero, genus. (See Algebraic func- 
tions. ) 
Zeros: 
of J(r), 156 
of A(r), 162 
of simple automorphic functions, 
91-94 


of theta functions, 110, 112-115 
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